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INTRODUCTION 

Congratulations! You've taken a big step toward college success by purchasing 
McGraw-Hill’ 500 Calculus Questions. We are here to help you take the next step 
and prepare for your midterms, finals, and other exams so you can get the top 
grades you want! 

This book gives you 500 questions that cover the most essential concepts in 
elementary and intermediate calculus and in much of advanced calculus. In the 
Answers section, for each problem you'll find one way to reach the solution. The 
questions and solutions will give you valuable independent practice to supplement 
your regular textbook and the ground you have already covered in your calculus 
class. 

This book and the others in this series were written by expert teachers who 
know the subject inside and out and can indentify crucial information as well as 
the kinds of questions that are most likely to appear on your exams. 

You might be the kind of student who spends weeks preparing for an exam. Or 
you might be the kind of student who puts off your exam preparation until the last 
minute. No matter what your preparation style, you will benefit from reviewing 
these 500 questions, which cover the calculus concepts you need to know to get top 
scores. These questions and solutions are the ideal preparation tool for any college 
calculus test. 

If you practice with all the questions and solutions in this book, we are certain 
you will build the skills and confidence needed to excel on your exams. Good luck! 

—The Editors of McGraw-Hill Education 
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CHAPTER 4 

Inequalities 

Solve 2/x < 3. 
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—Z | 2. : 

| 
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Solve x° — 6x+5>0. 

5. Solve (2x + l)(« — 3)(«+ 7) <0. 

4, Solve (x — 1)'(x+4) <0. 

| 3. 

2 
Solve x > x’. No) 

Solve x? > x’. 
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Find all solutions of 8. 
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110. (A) 

9. (A) 
(B) 
(C) 
(D) 

(B) 
(C) 

(D Not 

}11. (A) 

(B) 

(A) 

(B) 

(C) 

114. (A) 

Jet arctsrme aa ee sora Ne ON ERR ETN He TEN i 

(B) 
(C) 

Solve |5 — 3x| < 2. 
Solve |3x—2]21. 
Solve |3-—x|=x-3. 
Solve |2x + 3] = 4. 

Solve |2x — 3] = |x + 2]. 
Solve 2x-— 1=|x+7|. 
Solve |2x — 3| < |x + 2|. 

Solve 0 < |3x+ 1] < >. 

Absolute Value 

The well-known triangle inequality asserts that |z + v| < 
|x| + |v|. Prove by mathematical induction that, for » > 2, 
|u,+u,+---+u,|S|u,|+|u,|+--+ |x, |. 
Prove |u — v| = ||u| — |x|. 

1 
x+—4>2. 

x 

Solve 

1 
x+—1<4, 

x 

Solve 

Solve x+ 1 < |x]. 

13. Prove |ab|=|a|-|d]. 

Solve |3x — 2] < |x- 1]. 
Solve |x — 2| + |x -—5|=9. 
Solve 4 — x 2 |5x+ 1]. 

15. Solve the inequality |x — 1| 2 |x — 3]. 
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CHAPTER 3 

Lines 

16. (A) Find the slope of the line through the points (—2, 5) and (7, 1). 
(B) Find a point-slope equation of the line through the points (1, 3) 

and (3, 6). 
(C) Write a point-slope equation of the line through the points (1, 2) 

and (1, 3). 

(D) Find a point-slope equation of the line going through the point 
(1, 3) with slope 5. 

(E) Find the slope-intercept equation of the line through the points 
(2, 4) and (4, 8). 

17. Show that every line has an equation of the form Ax + By = C, where A 
and B are not both 0, and that, conversely, every such equation is the 
equation of a line. 

18. Find an equation of the line Z through (—1, 4) and parallel to the line M@ 
with the equation 3x + 4y= 2. 

19. Show that the lines parallel to a line Ax + By = Care those lines having 

equations of the form Ax + By = E for some E. (Assume that B # 0.) 

20. Show that any line that is neither vertical nor horizontal and does not 

pass through the origin has an equation of the form te =1, where 6 
a 

is the y-intercept and a is the x-intercept (Figure 3.1). 
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(0, b) 

(a, 0) Fs 

Figure 3.1 

21. Find the slope-intercept equation of the line M through (1, 4) that is per- 
pendicular to the line Z with the equation 2x — 6y=5. 

22. Show that two lines, Z with equation A,x + B,y = C, and M with equation 
A,x + B,y = C,, are parallel if and only if their coefficients of x and y are 
proportional; that is, there is a nonzero number r such that A, = rA, and B, 
= rB,. 

23. (A) Use slopes to determine whether the points A(4, 1), B(7, 3), and 
C(3, 9) are the vertices of a right triangle. 

(B) Determine & so that the points A(7, 5), B(-l, 2), and C(&, 0) are the 
vertices of a right triangle with right angle at B. 

24. (A) Find the midpoint of the line segment between (2, 5) and (-1, 3). 
(B) A triangle has vertices A(1, 2), B(8, 1), and C(2, 3). Find the equation 

of the median from A to the midpoint M of the opposite side. 
(C) For the triangle of Question 24(B), find an equation of the altitude 

from B to the opposite side AC, 

25. Ifa line Z has the equation 3x + 2y = 4, prove that a point P(x, y) is above 
L if and only if 3x + 2y> 4, 

26. (A) Describe geometrically the family of lines y = mx + 2. 
(B) Describe geometrically the family of lines y= 3x + 6. 

27. Prove by use of coordinates that the altitudes of any triangle meet at a 
common point. 



28. 

29. 

30. 

OL. 

32. 

biases 

Using coordinates, prove that the figure obtained by joining midpoints of 
consecutive sides of a quadrilateral ABCD is a parallelogram. 

Using coordinates, prove that, if the medians AM, and BM, of AABC 
are equal, then CA = CB. 

Find the distance from the point (1, 2) to the line 3x — 4y= 10. 

Find the equations of the lines through (4, —2) and at a perpendicular dis- 
tance of 2 units from the origin. 

Temperature is usually measured either in degrees Fahrenheit or Celsius. 
The relation between Fahrenheit and Celsius temperatures is given bya 
linear equation. The freezing point of water is 0° Celsius or 32° Fahrenheit, 
and the boiling point of water is 100° Celsius or 212° Fahrenheit. Find an 
equation giving Fahrenheit temperature y in terms of Celsius temperature x. 
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CHAPTER 4 

Circles 
RECS ais RASS 

RTECS 

SNR RAIS IL PEGS 

LSTA I SRT ONIN TIT TSR NE BSS E ENAY OO BD PE ENS OI 

_ 33. Write the standard equation for a circle with center at (a, 6) and 
radius 7. 

34. Identify the graph of the equation x* + y’ — 12x + 20y + 15 =0. 

35. Find the standard equation of a circle with radius 13 that passes 
through the origin and whose center has abscissa ~12. 

36. Find the standard equation of the circle with center at (1, 3) and 
tangent to the line 5x — 12y— 8 =0. 

TA AION SPIED 

137. Let x" oy + C\x+ Dy + E, = 0 be the equation of a circle @,, and 
x+y + Cxt hey +E, = 0 be the equation of a circle @, that 
intersects @, at two points. Show that, as k varies over Naa 

sHounneein 

Reeser 

i numbers # —1, the ce (x+y + CxtD yt E) + 
' R(x’ + y° Cx + D,y + E,) = 0 yields all circles through the 
/ intersection points of ¢ and ©, except @, itself. 

38. Find an equation of the circle that contains the point (3, 1) and 
passes through the points of intersection of the two circles 

i EE Gee es 2=Oandx’+ y+ 4x—4y-8=0. 
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CHAPTER 5 

Functions and Their Graphs 

39. Find the domain and range of each of the functions determined by the 
formulas (A) through (H) and draw the graphs of those functions. 

(A) H(x)=V4-<x’. 

(B) V(x)=|x-1]. 

ie) Foye. 
x 

IEE TTT ES TITIES YELLE EAE AA 

eee 
x—-1 

(E) K(x)=-4x’. 

Gy tata cee 
x +2 

eT ox s2 

© Hte)=| AAI ee 

i) foots. 
x 

40. (A) Is Figure 5.1 the graph of a function? 

- 
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Figure 5.1 

YR SILANE ELIOT ETE ITS MT IIL I I DIS RTT AT IO TNS LTE SAB IE AIAG NS DARHT ACRES ECTS SSCS AARC ACO TO SS RRC IE TOR ET ee [nha a Wasarermenceran AEN SENSED ROLAND NETL ATLASES AION BOE DRAMAS AOE ENS TNA RL SE OS ASSEN AN A CSIC SURE NLS TES AGRI NaN ON StS A COE NUR o zea ten scasegsmReMaaT EE 



12 > McGraw-Hill’s 500 Calculus Questions 

(B) Is Figure 5.2 the graph of a function? 

y 

Figure 5.2 

41. Specify the domain and range of each of the functions defined in (A) 
through (E) below. 

1 
(A) re Bay 

(B) g(x)= 
l-x 

x+1l if -l<x<l 

© ss)=| a Vil. Mie 

Pe Sie ee 
D) ris)=| x-2 if 3<x<4 

CE Geel are 

42. Specify the domain and range of each of the functions defined in (A) 
through (C) below. 

(A) fyi Vx for all nonnegative x. 

(B) f(x)=<x? for all x. 

COP a lCoie a for all nonzero x. 
x 



43, 

44, 

45. 

Functions and Their Graphs < 13 

For each of the functions f(x) defined in (A) through (E) below, evaluate 

the expression fee, 

(A) f(x)=x? —2x. 

(B) f(x)=x«+4, 

(C) f(x)=2x? +1, 

(D) f(x)=Vx. 

Rees 
x 

For each of the one-one functions f(x) in (A) and (B), find a formula for 
the inverse function f"'(y). 

(ADF (eye ls 

(By FOS. 

Find all real roots of each of the following polynomials. 

(A) x'-10x? +9. 

(B) x° +2x° —16x—32. 

(C) x? —9x? +26x +24. 

(D) x? -5x-2. 
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CHAPTER 6 

Limits — 

© 46. Define lim fo=HL | 

eA Find lim “oo. | m5 y—5 

: 
; l 
' (B) Find lim 

/ ' xl x — i 
‘ 

' faa 
[ eG Wadi ' u>0 yt] i 

| dip | ' (D) Find lim 2 eens 
x4 x 4 

| 

x? —5x°+2x-4 
(E) Find lim 

(F) Find lim 

(G) Find lim 

(H) Find lim 

48. (A) Evaluate lim (2x''—5x° +3x? +1). 

(B) Evaluate lim (2x? -12x* +x-—7). 

RAR OT BULA OTROS LAR ONT LG SIT NSN ETDS LETANI RD TEL DTS 

PROGRES TPL TEER ARSED EVAN TANITA RR LANDES UPON AST PLIES ITN SAFES IRATE UDG A FESPA MMOL WPM NO SGURYON INN A RETAIN RAFAL 

, 2x+5 
(C}" Pind lint =——————, i 

pee as Tx 3 : 
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> 4x42 Sern ee ee. 
x49 Woe +5 

5 
—] 

(E) Evaluate lim ssh : 
x—+00 3x +7 

—] Opie tee, 
Pe WN He 

(G) Evaluate lim tion 
X—+00 bee eS 

3 
2 

(H) Evaluate lim cha ; 
xa txt 2 

49. (A) Find any vertical and horizontal asymptotes of the graph of the 
function f(x) = (4x —5)/(3x +2). 

(B) Find the vertical and horizontal asymptotes of the graph of the 

function f(x) =(2x+3)/x* —2x—3. 

(C) Find the vertical and horizontal asymptotes of the graph of the 
function f(x) =Jx+1—-Vx. 

50. Evaluate lim and lim E ae eee 

: 1 ; 1 
51. Evaluate lim —————— and lim se 

x3" xy — 7x +12 x93 x —7 x +12 

5 Find ieee 
4-0 h 

when f(x)=4x?—x. 

53. Find lim SERA Le) when f(x) = De. 
h->0 

54. Evaluate eee 
a eR maa 



55. (A) 

(B) 

(D) 

(I) 

Limits ¢ 

Let f(x) =4,x" +4, x"! +-+-+ax+a, with a, >0. Prove that 

lim F(x) =+ 00. 
y—? 

a,x" +--+axta 
If f (x) = +4. with 2, # 0 and 6, # 0, show that 

bX” te + bx +b, 

pe 
"eh ait 

hea eC ar te ee een with a, > 0 and 6, > 0, prove that 
bx" to +bx +b, 

lim f(x)=+ if n> &. 

Ee Naa 

bx® to tbx + by 

that lim f(x) =0. 

be ge? 

3 2 pe +2 ‘4 

Find lim eee 

wot Ax” — x 
4 
+2x— 

Find lim STEN 
ease =P LOO 

4x? +20x? 
Find lim SSS ae 

x— too Bee =| 

3x—4 

3 
Find lim 

x -1 

2x+1 
Find lim a 3f 2 . 

x— +00 ey) 

17 

with a, > 0 and 6,>0, and n< k, prove 
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CHAPTER 7 

Continuity 

56. Define: f(x) is continuous at x = a. 

57. (A) Find the points of discontinuity (if any) of the function f(x) 
whose graph is shown in Figure 7.1. 

LS aT RETRO NUT PE NM IED ERT SENSI EES SRST EAS ETE MSE EER TTBS TIT SIS CLE EONS CIR 

ESD AUS ITN EER EI TS REIT A STN AUDIO TN 

Figure 7.1 

Ta ASEAN JIN TRAE YC BPP Y ATED 3 CTP TOMMY ICTR TNE NTT UOCNSTERA WANS NOIRE TI NY 

(B) Determine the points of discontinuity (if any) of the function 

f(x)such that f(x) =x? ifeSOand f(x)=~ if x> 9, 
| (C) Determine the points of discontinuity (if any) of the function 

' f(x) such that f(x) =1ifx 20 and f(x) =—-lifx <0. (See 

Figure 7.2.) : 
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(D) Determine the points of discontinuity (if any) of the function 

J (x) such that f(x) = 

(See Figure 7.3.) 

x’ -4 

x+2 
if x #—2 and f(x)=0 if x =—-2. 

Figure 7.3 

pcan (E) Find the points of discontinuity of the function f(x) = 
eal 

(F) Find the points of discontinuity (if any) of the function F(x) such 
y) 

that f(x) == = forx #3 and f(x)=6 for x =3., 

(G) Find the points of discontinuity (if any) of the function Ax) such 
that 

eel i eee 

F(x)=4 Qe-l if l<x <2, 

x—l if «<1 

(See Figure 7.4.) 



Continuity ¢ 21 

Figure 7.4 

: : eS ere 3x +3 
(H) Find the points of discontinuity (if any) of f(x) = SORES and 

Ce hes 
write an equation for each vertical and horizontal asymptote of the 

graph of f 

58. Define: (A) f(x) is continuous on the left at x = a. (B) f(x) is continuous 

on the right at x= a. 

59. Consider the function f(x) graphed in Figure 7.5. At all points of disconti- 
nuity, determine whether f(x) is continuous on the left and whether f(x) is 
continuous on the right. 

Figure 7.5 
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60. 

6l. 

63. 

» McGraw-Hill’s 500 Calculus Questions 

Show that the function f(x) =2x° —4x° +5x—4 has a zero between x = 1 
anid anesia: 

Verify the intermediate value theorem in the case of the function 

f(x) =~16— x’, the interval [—4, 0], and the intermediate. value Ae 

(A) Is the function f such that f(x) = for x >O and f(0) =0 
continuous over [0, 1]? % 

(B) Consider the function fsuch that f(x) = 2x if0 < « <1land 
f(x)=x—-1ifx> 1. Is continuous over [0, 1]? 

(C) Is the function of part (B) continuous over [1, 2]? 

Let 

3x°-1 if x<0 

P= ser tO Sa a 

Vx+8 if x>1 

Determine ¢ and d so that f is continuous everywhere (as indicated in 
Figure 7.6). 

Figure 7.6 



CHAPTER 8 

The Derivative 

64. (A) Using the A-definition, show that the derivative of any linear 
function f(x) = Ax + Bis f’(x) = A. 

(B) Using the A-definition, find the derivative f’(x) of the function Ff) 
= 2x" — 3x45. 

/ (C) Using the A-definition, find the derivative f’(x) of the function f (x) 
: 3 
i =X. 

ASBESTOS RRS TAT NOUR TP LIN TT NS LIFTER ILE CETTE LS 65. (A) State the formula for the derivative of an arbitrary polynomial 

function f(x) =a,x«" + a,x" +++ a,x° +axtdy. 

(B) Write the derivative of the function f(x) = 7x’ — 3x‘ + 6x? + 3x + 4. 
(NTRS 

ASTER! 

BITES | 66. (A) Given functions f(x) and g(x), state the formulas for the derivatives 

: of the sum f(x) + g(x), the product f(x) « g(x), and the quotient : 

| FSA | 
(B) Using the product rule, find the derivative of f(x) = (5x° — 20x + [ 

13)(4x° + 2x° — 7x? + 2x). : 

: (C) Using the formula from Question 66(A), find the derivative of 

' 3x—-2 i 

i (D) Using formulas, find the derivatives of the following functions: : 

(Said 3x ble IS ioe” 43x? 140 + et. 

| 67. (A) Find the slope-intercept equation of the tangent line to the graph of 
the function f (x) = 4x° — 7x’ at the point corresponding to x = 3. 

(B) At what point(s) of the graph of y= x’ + 4x — 3 does the tangent 
line to the graph also pass through the point B(0, 1)? SIR TSI PST ETO: 

Se 

SRE TATRA 68. Find the slope-intercept equation of the normal line to the graph of 
; y =x? —x° at the point where x= 1. 

CRNA 
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5(4+ 4) -5(4)' 
a ae 69. Evaluate lim 

Le 
70. Find the points on the curve y=—x’ — x where the tangent line is parallel 

to the line y= 3x. 3 

71. (A) Show that a differentiable function f(x) is continuous. 

(B) Show that the converse of part (A) is false. 

72. Let f(x) = 3x° — 11x* — 15x + 63. Find all points on the graph of fwhere 
the tangent line is horizontal. 

73. Determine the points at which the function f(x) = |x — 3| is differentiable. 



CHAPTER 9 

The Chain Rule 

74, If f(x) =x° + 2x-5 and g(x) =x’, find formulas for the composite func- 
tions fog and gof, 

75. Write the function /3x—5 as the composition of two functions. 

76. If f(x) = 2x and g(x) = 1/(x — 1), find all solutions of the equation 

i (fo g(x) = (ge f)(x). 

' 77. (A) Write the chain rule formula for the derivative of fo g. 

: (B) If y= F(u) and w= G(x), then we can write y= F(G(x)). Write 

the chain rule formula for dy/dx, where we think of y as a 
function of x. 

| (C) Find the derivative of (x? — 2x° + 7x — 3). 

5 ARTS EM TST TET STU ASAT NE STO NSTI EERE TER ST TEA NNEC BS ETT 

RASS WEOID EL ITN EET AIS LISTS 

; 1 
i gD) Pind: the derivarives'of = ———, 
i (3x° +5) i 

(E) Find the derivative of 2x +7. : 

i (F) Find the derivative of( ae ; i 

78. Find the derivative of (4x° — 3)°(x + 5)°, : 

: 79. Find the slope-intercept equation of the tangent line to the graph of 

| alata at the point [2 :| | 
Pex £1 2 5) : 

80. Find the slope-intercept equation of the normal line to the curve 

y=vVx° +16 at the point (3, 5). 



26 

81. 

82. 

83. 

84. 

> McGraw-Hill’s 500 Calculus Questions 

If y= x° — 2 and x = 3z’ + 5, then y can be considered a function of z. 

dy Express is in terms of z. 

Let F and G be differentiable functions such that F(3) = 5, G(3) = 7, 

PB3y= 13, 6B) =6,.F (7) =2, G7) = 0) If Ain) = Gia), find 7 GB), 

Find the derivations of F(x) = /(1+x’)’. 

i 
A point moves along the curve y =x’ — 3x +5 so that x =—VJ¢ +3, where ¢ 
is time. At what rate is y changing when ¢ = 4? 2 



Trigonometric Functions and 
Their Derivatives 

Define radian measure, that is, describe an angle of 1 radian. 

Give the equations relating degree measure and radian measure of angles. 

Give the radian measure of angles of 30°, 45°, 60°, 90°, 120°, 135°, 

180°, 270°, and 360°. 

Give the degree measure of angles of 377/5 radians and 57/6 radians. 

In a circle of radius 10 inches, what arc length along the circumference is 
intercepted by a central angle of 77/5 radians? 

Draw a picture of the rotation determining an angle of —7/3 radians. 

Give the definition of sin @ and cos 0. 

State the values of cos @ and sin @ for 

0=0, 7/6, 2/4, 10/3, 1/2, 1, 370/2,27, 9790/4. 

Evaluate: 

(A) cos (—7/6). 

(B) sin (—77/6). 

(Gye 270 3). 

(D) sin (27/3). 

Sketch the graph of the cosine and sine functions. 

Sketch the graph of y = cos 3x. 

TEN RCTS 

DDR SUNT LS ST BST STR TUSSLE STS TI YE Ee ATS OH IL TESS BI IPSS STH FE SNAPS SIRT STE RRL AONNS 

DNS RITE 

27 
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96. 

97. 

98. 

99. 

100. 

102. 

103. 

Sketch the graph of y= 1.5 sin 4x. 

(A) Calculate lim umes : 
x0 6G 

sin 2x 
(B) Calculate lim 

x0 sin3x 

—cosx 
(C) Calculate lim 

x 

(A) Using the A-definition, calculate “in x). 

(B) Calculate < (cs x) from the known derivative of sin x. 

ane 
(C) Calculate a (sin 3x). 

(D) Calculate g (cos* x) alculate — (cos* x). 
dx 

(E) Calculate “Wy sinx). 

Find an equation of the tangent line to the graph of y = sin’ at the point 
where x = 77/3. 

(A) Derive the formula = (tan x) = sec’ x. 

(B) Find an equation of the tangent line to the curve y = tan’ x at the 
point (77/3, 3). 

(C) Show that “ (secx) = sec x tan x. 

- Find an equation of the normal line to the curve y = 3 sec? x at the point 
(77/6, 4). 

tan x 
Evaluate lim 

x30 x 

At what values of x does the graph of y = sec x have a horizontal tangent? 



104. 

105. 

106. 

107. 

108. 

a 
t 

§ 
& : 
i 
4 
. 

i 
2 

i 
£ 
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109. 

PR ASS BUSI SRIEE EH MAR NOTA A AE ET C2 STE AL 

CHAPTER 1 1 

Rolle’s Theorem, the Mean 
Value Theorem, and the Sign 

of the Derivative 

State Rolle’s theorem. 

In Questions 105 through 107, determine whether the hypotheses of 
Rolle’s theorem hold for the function f(x) in the given interval, and, if 
they do, verify the conclusion. 

f(x) =x —2x-30n [-1, 3]. 

ee eG 
f(x) =——— on [-2, 3]. 

x-1 

f(x) =x? — 2x'” on [0, 8]. 

(A) State the mean value theorem. 

For parts (B), (C), and (D), determine whether the hypotheses of the 

mean value theorem hold for the function f(x) on the given interval, 

and, if they do, find a value c satisfying the conclusion of the theorem. 

(B) f(x)=2x +3 on [1, 4]. 
(C) f@= 3x° — 5x +1 on [2, 5]. 

(D) f= x on [0, 16]. 

Prove that, if f’(x) > 0 for all x in the open interval (a, 6), then f(x) is an 
increasing function on (a, 6). 

Bcrreezre re tty RC VA MITER YA AERIS SAMBA AD AM EURN KML SMT SPD LM tr we ARERR ATS 

RSLS PAM SORES PITTS ASRS TR EAI RI ETI 

SUSE AREEY 

DERE LAE TSS 

FORTS DIS TTI SER TS LAO OT 
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110. 

111. 

112. 

113. 

For each function f(x), determine where f(x) is increasing and where it is 
decreasing, 

(A) f@) = 3x41. 
(B) f@) =x —4n+7. 

CG ae) = x — 907 + 15x — 3. 

(D) f(x) =x + 1/x. 

Consider the polynomial f(x) = 5x — 2x’ + 3x—4. Prove that f(x) has a 

zero between 0 and | that is the only zero of f(x). 

Show that x° + 2x — 5 = 0 has exactly one real root. y 

(A) Iff’(x) =0 throughout an interval [a, 6], prove that f(x) is constant 
on that interval. 

(B) Iff’(x) =g¢’(x) for all x in an interval [a, 6], show that there is a 
constant K such that f(x) = g(x) + K for all x in [a, 4]. 



Higher-Order Derivatives and 
Implicit Differentiation 

Find all derivatives y” of the function y = mx’ — 7x. 

Find all derivatives y” of the function y = 1/3 + x). 

Find all derivatives y” of the function y = sin x. 

On the circle x° + y° = a’, find y”. 

If x? + 2xy + 3y° = 2, find y’ and y” when y= 1. 

Evaluate y” on the ellipse Ox? + ay =a°0’. 

GR SSN TA I TCR SETA INSITE TAMSIN EEN DGUSD ES SERED TSP SRS PSOE NNSA SESS ARS SED 
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ESS AST ERASING 
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121. 

Maxima and Minima 

~ 120. State the second-derivative test for relative extrema. 

State the first-derivative test for relative extrema. 

(B) 

(C) 

(D) 

whether they yield relative maxima, relative minima, or inflection 
points. 

Find the critical numbers of f(x) = x° — 5x’ — 8x + 3, and deter- 
mine whether they yield relative maxima, relative minima, or 
inflection points. 

Find the critical numbers of f (x) = x(x —1)°, and determine 

whether they yield relative maxima, relative minima, or inflection 
points. 

Find the critical numbers of f(x) = sin x — x, and determine 

whether they yield relative maxima, relative minima, or inflection 
points. 

Find the critical numbers of f(x) = (x — 1)*?, and determine whether 

they yield relative maxima, relative minima, or inflection points. 

(A) 

(B) 

(C) 

(D) 

(E) 

(F) 

Describe a procedure for finding the absolute maximum and 
absolute minimum values of a continuous function f(x) ona 
closed interval [a, 6]. 

Find the absolute maximum and minimum of the function 

f (x) = 4x° — 7x + 3 on the interval [—2, 3]. 

Find the absolute maximum and minimum of f (x) = 4x’ — 8x7 + 1 

on the closed interval [—1, 1]. 

Find the absolute maximum and minimum of f(x) = x‘ — 2x’ — 
x — 4x +3 on the interval [0, 4]. 

Find the absolute maximum and minimum of f(x) = x°/(« + 2) 

on the interval [—1, 1]. 

Find the absolute extrema of f(x) = sin x + x on [0, 27]. 

FE BON GPS NT APE OSES BISTER SEE FSS ASME TOPS ULE 

ASANTE 

ELENA ALS OROTSTSIOS 

SRLS 

SASS TERI 

; 

; 
5 
B 
1 
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125. Show that f(x) = (x — a,)’ + (x — a,)’ + ++ + («-a,)” has an absolute mini- 

mum when x= (a, + 4, +--- +a,)/n. (In words: the least-squares estimate 

of a finite set of numbers is their arithmetic mean.) 

126. (A) Find the absolute maximum and minimum (if they exist) of 

f(x) = xl (x? + 1)?” on [0, +e). 

(B) a the absolute maximum and minimum of f(x) = 

n [0, 27]. 
(C} Find the absolute maximum and minimum (if they exist) of 

FF) =@+2)/(~- 1). 

2 sinx + sin 2x 



CHAPTER 1 4 

Related Rates OSES RS SIRES 

127. ‘The top of a 25-foot ladder leaning against a vertical wall is slipping 
down the wall at the rate of 1 foot per second. How fast is the bottom 
of the ladder slipping along the ground when the bottom of the ladder 
is 7 feet away from the base of the wall? i 

128. A cylindrical tank of radius 10 feet is being filled with wheat at the 
: rate of 314 cubic feet per minute. How fast is the depth of the wheat 
: increasing? (The volume of a cylinder is 27°, where r is its radius and i 

' / is its height.) : 

(129. A5-foot girl is walking toward a 20-foot lamppost at the rate of 
6 feet per second. How fast is the tip of her shadow (cast by the lamp) 
moving? rea 

AUTONET 

IUD 

130. A rocket is shot vertically upward with an initial velocity of 400 feet 
‘ per second. Its height s after ¢ seconds is s = 400¢— 162°. How fast is 
i the distance changing from the rocket to an observer on the ground 
[ 1,800 feet away from the launching site, when the rocket is still rising 
i and is 2,400 feet above the ground? 

- 131. A plane flying parallel to the ground at a height of 4 kilometers passes 
over a radar station R (Figure 14.1). A short time later, the radar equip- 

ment reveals that the distance between the plane and the station is 
5 kilometers and that the distance between the plane and the station is 
increasing at a rate of 300 kilometers per hour. At that moment, how 
fast is the plane moving horizontally? 

a 

PPLE TL LIAN SC TLL ST TITRE BELTS TST OTA 

SRR 
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132. 

133. 

Figure 14.1 

A boat passes a fixed buoy at 9 a.m. heading due west at 3 miles per hour. 
Another boat passes the same buoy at 10 a.m. heading due north at 5 miles 
per hour. How fast is the distance between the boats changing at 
11:30 a.m.? 

A revolving beacon is situated 3,600 feet off a straight shore. If the beacon 
turns at 47 radians per minute, how fast does its beam sweep along the 
shore at its nearest point A? 



Chia Sketching (Graphs) 

When sketching a graph, show all relative extrema, inflection points, and 
asymptotes. Indicate concavity, and suggest the behavior at infinity. 

In Questions 134 and 135, determine the intervals where the graphs 
of the following functions are concave upward and where they are concave 
downward. Find all inflection points and draw the graphs. 

134. 

135. 

f(x) =x? + 15x° + 6x41. 

Ff) sa + 18x" + 1200 +x +1. 

In Questions 136 through 141, find the critical numbers and determine 
whether they yield relative maxima, relative minima, or inflection points, or 

none of these. 

136. 

137. 

—:138. 
; 

f(x) =x? — 5x? — 8x + 3. 

f(x) = x7/(x° + 1). 

f(x) = x4 + 4x’. 

139. f(x) = 3x? — 20%’. 
§ 

Cv ARENAS DADRA OME TNOEIN 

140. 

141. 

142. 

f(x) =x? + 2/x. 

f (0) = (&? — 3)/x°. 

If for all x, f(x) > 0 and f”(x) < 0, which of the curves in Figure 15.1 

could be part of the graph of f? 

(TUTTE OAT A 

FTIR LNCS I 

SMALE IITA ISNA SRN AE BM SS SREP RE CURA 

SNES DESERT RTA 

AEE ATA IRE IEIE NT 
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RSLS a 

RMT TRC 
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Ne 
(b) (c) 

) 

A 

(a) 

A 

| 
(d) (e 

Figure 15.1 

In Questions 143 through 147, sketch the graphs of the given functions. 

143. f(x) =sin’x. 

144. f(x) =sin x +cos x. 

147. f(*) = 3x — 5x? +1, 



gSPRASMPNERE OU ANETTA AO 

NEDO: 

Applied Maximum 
and Minimum Problems 

148. Find the point(s) on the hyperbola x° — y* = 2 closest to the point 
(0, 1) (Figure 16.1). 

(0, 1) 

Figure 16.1 

149. Find the dimensions of the closed cylindrical can that will have a 
capacity of & units of volume and will use the minimum amount of 
material. Find the ratio of the height / to the radius r of the top and 
bottom. 

150. A man ata point ? on the shore of a circular lake of radius 1 mile 
wants to reach the point Q on the shore diametrically opposite P 
(Figure 16.2). He can row 1.5 miles per hour and walk 3 miles per 
hour. At what angle 9 (0<@ 77/2) to the diameter PQ should he row 

in order to minimize the time required to reach Q? 

AAS EIT ITED REREAD 

SENSU ROBIN: 

1 NEAR OOS BESANT ASTER 

a 
i 

a 
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151. 

152. 

Figure 16.2 

A wire 16 feet long has to be formed into a rectangle. What dimensions 

should the rectangle have to maximize the area? 

A rectangular box with an open top is to be formed from a rectangular 
piece of cardboard that is 3 inches X 8 inches (Figure 16.3). What size 

square should be cut from each corner to form the box with maximum 
volume? (The cardboard is folded along the dotted lines to form the box.) 

xX x 

x x X X 

ee] XG 

Figure 16.3 



Applied Maximum and Minimum Problems <« 41 

153. A telephone company has to run a line from‘a point A on one side of a 
river to another point B that is on the other side, 5 miles down from the 
point opposite A (Figure 16.4). The river is uniformly 12 miles wide. The 

company can run the line along the shoreline to a point Cand then run 
the line under the river to B. The cost of laying the line along the shore 
is $1000 per mile, and the cost of laying it underwater is twice as great. 
Where should the point C be located to minimize the cost? 

Figure 16.4 
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1155. 

| 156. 

157. 

Rectilinear Motion 

A 154. (A) The equation of the free fall of an object (under the influence of 

gravity alone) is s= s, + vyt— 162°, where s, is the initial position 
and w is the initial velocity at time t= 0. (We assume that the s-axis 

is directed upward away from the earth, along the vertical line on 
which the object moves, with s = 0 at the earth’s surface. s is meas- 
ured in feet and ¢ in seconds.) Show that, if an object is released 

from rest at any given height, it will have dropped 167° feet after ¢ 

seconds. 

(B) How many seconds does it take the object released from rest to 

fall 64 feet? . 

SEB SNS SORA LDS OTN 

SPEER PH ES RITE SSTES 

(C) A rock is dropped down a well that is 256 feet deep. When will it 
hit the bottom of the well? . 

(D) Assuming that one story of a building is 10 feet, with what speed, 
in miles per hour, does an object dropped from the top of a 
40-story building hit the ground? 

An automobile moves along a straight highway, with its position s given 
by s= 127° — 184° + 9¢— 1.5 (s in feet, t in seconds). When is the car 
moving to the right, when to the left, and where and when does it 
change direction? 

A particle moves along the x-axis according to the equation x = 
10¢— 24°. What is the total distance covered by the particle between 
t=O and t= 3? 

A rocket was shot straight up from the ground. What must its initial 
velocity have been if it returned to earth in 20 seconds? 

TTR AEST AE UN CTS IM 

SEAIGALI 
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158. 

159. 

160. 

161. 

> McGraw-Hill’s 500 Calculus Questions 

Two particles move along the x-axis. Their positions f(¢) and g(z) are given 
by f (2) = 6t— ¢° and g(t) = ¢° — 4t. 

(A) When do they have the same position? 

(B) When do they have the same velocity? 

(C) When they have the same position, are they moving in the same 

direction? 

A particle moving on a line is at position s = ¢° — 6¢? + 9t— 4 at time ¢. At 
which time(s) ¢, if any, does it change direction? 

(A) A ball is thrown vertically upward. Its height s (in feet) after ¢ seconds is 

given by s= 40¢— 167°. Find (i) when the ball hits the ground, (ii) the 

instantaneous velocity at ¢= 1, and (iii) the maximum height. 

(B) An object is thrown straight up from the ground with an initial 
velocity v, feet per second. Show that the time taken on the upward 
flight is equal to the time taken on the way down. 

(C) Under the conditions of Question 160(B), show that the object hits 

the ground with the same speed at which it was initially thrown. 

A stone is dropped from the roof of a building 256 feet high. Two seconds 
later a second stone is thrown downward from the roof of the same 
building with an initial velocity of v, feet per second. If both stones hit 
the ground at the same time, what is v,? 
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163. 

164. 

166. 

167. 

Approximation by Differentials 

©, 162. (A) State the approximation principle for a differentiable function f(x). 

In Questions 162(B) and (C), estimate the value of the given quantity 

(B) V51 
(GC) 4123 

If the side of a cube is measured with an error of at most 3 percent, 
estimate the percentage error in the volume of the cube. 

Assume, contrary to fact, that the earth is a perfect sphere, with a 
radius of 4,000 miles. The volume of ice at the north and south poles 
is estimated to be about 8,000,000 cubic miles. If this ice were melted 
and if the resulting water were distributed uniformly over the globe, 
approximately what would be the depth of the added water at any 
point on the earth? 

Let y= x”, When x = 4 and dx = 2, find the value of dy. 

A cubical box is to be built so that it holds 125 cm’. How precisely 
should the edge be made so that the volume will be correct to within 
3.cm’? 

Show that the relative error in the nth power of a number is about 

times the relative error in the number. 
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170. A particle moves along the x-axis with acceleration a = 2¢— 3 feet per 

171. A motorist applies the brakes on a car moving at 45 miles per hour 

168. 

169. 

CHAPTER 1 9 

Antiderivatives 
(Indefinite Integrals) 

(A) Evaluate [ (g(x))’ g’(x) de. 

(B) Evaluate |x” de for r #1. 

(C) Evaluate | (3 sinx+5 cosx) de. 

(D) Find [(7 sec? x—secxtan.x) dr. 

(E) Evaluate f (csc’ x +3x*) dk. 

(A) Evaluate [7x +4 dx. 

(B) Evaluate J pene dx. 
os 

sin’ 3x 

second square. At time ¢= 0 it is at the origin and moving with a speed 
of 4 ft/s in the positive direction. Find formulas for its velocity v and 
position s, and determine where it changes direction and where it is 
moving to the left. 

on a straight road, and the brakes cause a constant deceleration of 

22 feet per second square. In how many seconds will the car stop, and 
how many feet will the car have traveled after the time the brakes were 

applied? : 
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172. Suppose that a particle moves along the x-axis, and its velocity at time ¢ is 
given by v= ¢* —t—2 for 1 < r< 4. Find the total distance traveled in the 
period from ¢= 1 to t= 4. 

173. Evaluate J sec’ x tan x dx. 

174. Compute J cos” x dx. 



CHAPTER 20 

he Definite Integral and 
: the Fundamental eek 
: of Calculus LG ERLINDA EAN CD OT 

; b b° : 
_ 175. Show that i) x dx = — by the direct definition of the integral. i 

: ; 
j i 5 ; 
176. For the function fgraphed in Figure 20. 1, express I, f(x) de in terms | 
' 5 ‘ of the areas A,, A,, and A,. i 
: 

i | 2 : 5 

| | 

; ; 
i : 
) Ka 5 | 
j E 

( 
) Figure 20.1 ' 

In Questions 177 and 179, evaluate the indicated definite integrals. In i 

~ Question 178, find the definite integrals of the indicated functions on the | 

_ given intervals. | 
i t 

: 3 
(177. (A) f (3x? = 2x41) de. 

' (B) [ cos x dx. 
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178. 

179. 

180. 

181. 

182. 

183. 

184. 

185. 

186. 

(A) 7 @) Ssin 2 70/6) 0 = a1 3. 

(B) f@) =x + 4x, a= 0, b= 3. 

(C) Ff Gol = sin’ eos ata = OO 70/2: 

m/2 

(A) Ih cos x sin x dx. 

m/4 

(B) Fe tanxsec’x dx. 

(C) [ vev2x dx. 

Find the average value of f(x) = Ye on (Osi 

(A) State the mean-value theorem for integrals. 
(B) Verify the mean-value theorem for integrals for the function 

FQ xa ow [190k 

If, in a period of time 7, an object moves along the x-axis from x, to x,, 
find a formula for its average velocity. 

(A) Prove that, if fis continuous on [a, 4], D, [icra =x )e 

(Bieend ao) f fdr 

The region above the x-axis and under the curve y = sin x, between x = 0 
and x = 7, is divided into two parts by the line x = c. If the area of the left 
part is one-third the area of the right part, find c. 

The velocity v of an object moving on the x-axis is cos 3¢, and the object 
is at the origin at ¢= 0. Find the average value of the position x over the 
interval 0 < ¢< 77/3. 

(A) State the trapezoidal rule for approximation of integrals. 

(B) State Simpson’s rule for approximation of integrals. 

(C) Apply Simpson’s rule with 7 = 4 to approximate ih x" dx. 

(D) Use the trapezoidal rule with 2 = 10 to approximate [2 dx. 
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187. Use geometric reasoning to calculate Je Va’ —x° dx. 

188. Find the area inside the ellipse x*/a7 + y’/b? =1. 

189. Find the volume of the solid generated when the region between the 

semicircle y=1—¥V1—- x and the line y= 1 is rotated around the x-axis 

(see Figure 20.2). 

-| 

Figure 20.2 
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; Area and Arc Length 

190. Sketch and find the area of the region to the left of the parabola 

x = 2y’, to the right of the y-axis, and between y= 1 and y= 3. 
5 

i 
~191. Sketch and find the area of the region above the line y = 3x — 2 in the 

first quadrant, and below the line y = 4. 

. 192. Find the area of the regions in parts (A) and (B). 

' (A) The bounded region between the parabola x = —y’ and the line 
i y=x+6. 
: (B) The bounded region between the parabola y = x° — x— 6 and the 
| line y= —4. 

Find the arc lengths of the curves in Questions 193 and 194. 
F 

: iG 1 
1193. y=—+—; from x=1 tox=2. 
' 8 4x 

1194. «7° +9? =4 fromx=1 tox=8. 

| 
195. Find the area under the arch of y = sin x between x = 0 and x = a. 
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196. Derive the formula V = sar for the volume of a sphere of radius r. 

197. Derive the formula V = str for the volume of a right circular cone 

of height / and radius of base r. 

198. Find the volume generated by revolving the given region about the 
given axis. a 

(A) The region above the curve y= x’, under the line y= 1, and 
between x = 0 and x= 1, about the x-axis. 

(B) ‘The region of part (A), about the y-axis. 

(C) The region inside the circle x” +y' =r with 0O<x<a<r, about 
AAAI MEST AAT MSE NS APM TCU SPS NUN IAIN ATF A 

: the y-axis. (This gives the volume cut from a sphere of radius r by 
' a pipe of radius a whose axis is a diameter of the sphere.) 
i (D) The region below the quarter-circle x* + y” = r? (x 2 0, y 2 0) and 
[ above the line y = a, where 0 < a <r, about the y-axis. (This gives 
' the volume of a polar cap of a sphere.) 
: (E) The region inside the circle x* + (y- bY =a’ (0<a<b), about 

' the x-axis. (This yields the volume of a doughnut.) 
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199. Use the cross-section formula to find the volume of the given solid. 

200. 

201. 

202. 

(A) ‘The solid has a base which is a circle of radius 7. Each cross-section 

perpendicular to a fixed diameter of the circle is an isosceles triangle 
with altitude equal to one-half of its base. 

(B) ‘The solid is a wedge, cut from a perfectly round tree of radius r by 
two planes, one perpendicular to the axis of the tree and the other 
intersecting the first plane at an angle of 30° along a diameter. (See 
Figure 22.1.) 

Figure 22.1 

(C) A square pyramid with a height of / units and a base of side r units. 
(D) The tetrahedron formed by three mutually perpendicular edges of 

lengths a, 6, c. 

Let R be the region bounded by the curves y= x? — 4x +6 and y=x+2. 
Find the volume of the solid generated when & is rotated about the x-axis. 

Find the volume of the solid generated when the region in the first quad- 
rant under the hyperbola xy = 1, between x = 1 and x= 6 > 1, is rotated 
about the x-axis. 

ane 
Find the volume of the ellipsoid obtained when the ellipse ae = [ris 
rotated ab 
(A) about the x-axis, and 

(B) about the y-axis. 
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203. Find the volume of the solid obtained by rotating about the x-axis the 
region in the first quadrant under the line segment from (0, 7.) to. (byt); 
where 0 < 7, <r, and 0 <A, (See Figure 22.2. Note that this is the volume 
of a frustum of a cone with height 4 and radii 7, and r, of the bases.) 

Figure 22.2 
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: © 204. 

205. 

207. (A) Show that f ee ain oe 
g(x) 

x 

; 
' (C) Find f tan x dx. 
' 

208. Use logarithmic differentiation to find the derivative of y= x°V4- x’. 
H 

rhe Natural Logarithm 

Ay Stace thedetintion of lnve-and show thar D. (Inu) ue 
x 

(B) Show that [rae =In|x]+C forx #0. 
‘ 

Find the derivative of the given function. 
(A) In(4x—- 1). 
(B) In(Inx). 

(C) in =") 
xt+l1 

Find the indicated antiderivative. 

(A) [- ie 

(B) Is ie 

(C) j= a 

(D) | FF ae 
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209. Express the given numbers in terms of In2 and In5. 

(A) In10. 

(B) In-. 

(C) In-. 

(D) in 25. 

(E) Inv2. 
(F) Ind/s. 

(G) In—. 

(H) In2™. 

i 
210. (A) Show thatl1—-—<Inx<x-1. 

x 

(B) Show that le < ss 
NES 

(C) Prove that lim we =) 
x+e0 x! 

(D) Prove that lim xInx =0. 

(E) Prove that lim (« —Inx) =, 
xt 

2] 
211. Use the trapezoidal rule, with 7 = 10, to approximate In2 = i me Aix: 

x 

212. Prove that |Inb—Ina| <|4—a| for any distinct a, 6 in [1, +e). 

213. Prove the basic property of logarithms: In wv = Inu + Inv. 



Exponential Functions 

4 214. (A) Evaluate e*, 

(B) Evaluate Ine™. 

(C). Find (¢7)""*. 

STORAGE 

In Question 215, find the derivative of the given function. 

215. Find the derivative of the given function. 

(Ale 
(B) el. 

(Ghver*. 

(D) x”. 
(E) 77. 

(F) Ine™. 

(G) ee. 

In Problem 216, evaluate the given antiderivative. 

216. Evaluate the given antiderivative. 
RELIES ERAT TPRE SNE NIWA TEE WEE UE I ERTIES SRE RI GOODS T I RER SESS ITS (AIOE 

' (A) Je dk. 
(B) Je* de. 
(C) Je** sin x dx. 
(D) Ja* dx, fora #1. 

- 217. Find the derivative of y= yay 

218. (A) Solve e* =2 for x. 
; (B) Solve Inx’ =-1 for x. 

j (C) Solve e* —2e*=1 for x. 

PETE CANTIDAD II DAL TGR TRIDENT NY BLL LI GEY TEED LS EDR AEDS GEL TEN ATT IIL SERIES SES EE LENE ELODIE T VERSE IDEN GO PIES EMEP RY ENE CEN SERRE AI 

' (D) Solve In (Inx) = 1 for x. 

(E) Solve In (x—- 1) =0 for x. 

/ 219. (A) Let & be the region under the curve y = ¢’, above the x-axis, and 
: between x = 0 and x= 1. Find the area of &. i 
i (B) Find the volume of the solid generated by rotating the region of 

Part (A) around the x-axis. 
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220. Find the absolute extrema of y = eon [7% 70. 

221. (A) Graph y=e™. 
(B) Graph y=x Inx. 

(C) Graph y= as 

(D) Sketch the graph of y= e™. 

Question 222 refers to the function log, x = a the so-called logarithm of x 
to the base a. (Assume a > 0 and a # 1.) 

1 

xIna 
222. (A) Show that D, (log, x)= 

(B) Show that ae = x, 

(C) Show that log, a* =x. 
(D) Show that log, x = Inx. 

(E) Show that log, wv = log, u+log, v. 

(F) Show that log, “= log, u—log, v. 
v 

(G) Show that log, uv” =rlog, u. 

log, x 
(H) Prove that Inx = 

loge 

223. Prove that the only solutions of the differential equation f’ (x) = f(x) are 

the functions Ce*, where C is a constant. 

u—> +00 

224. Prove e* = lim [+=] : 
u 

n 

225. Prove that, for any positive z, lim —=0. 
x3+o0 p” (2 

226. Evaluate lim ao 

227. Evaluate lim(sin Sy eee 

228. Show that e= lim [+= ; 
u—-> +00 Uu 

229. Graph y= xe. 

230. (A) Find D, (sinh x) and D, (cosh x), 

(B) Find D? (sinh x) and D? (cosh x). 
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L’H6pital’s Rule 

State L’H6pital’s rule. 

In Questions 232-240, evaluate the given limit. 
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Exponential Growth and Decay 

241. (A) A quantity y is said to grow or decay exponentially in time if 
Dy = Ky for some constant K. (XK is called the growth constant or 
decay constant, depending on whether it is positive or negative.) 
Show that y = y,e“, where y, is the value of y at time t= 0. ' 

(B) A bacteria culture grows exponentially so that the initial number 

: has doubled in 3 hours. How many times the initial number will 
' be present after 9 hours? 
' (C) A certain chemical decomposes exponentially. Assume that 

' 200 grams becomes 50 grams in 1 hour. How much will remain 
after 3 hours? : 

(D) Ifa quantity y grows exponentially with a growth constant Kand — 

if during each unit of time there is an increase in y of r percent, 
' find the relationship between K and r. 

242. Ifa population is increasing exponentially at the rate of 2 percent per | 
' year, what will be the percentage increase over a period of 10 years? : 

_ 243. (A) Ifan amount of money y, is invested at a rate of r percent per 
year, compounded z times per year, what is the amount of money 
that will be available after & years? i 

: (B) An amount of money y, earning r percent per year is compounded — 
continuously (that is, assume that it is compounded 7 times per 

i year, and then let 7 approach infinity). How much is available 
: after & years? 

(C) Ifan amount of money earning 8 percent per year is compounded — 
: quarterly, what is the equivalent yearly rate of return? i 

(D) If money is invested at 5 percent, compounded continuously, in ' 

how many years will it double in value? 
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244. (A) Assume that a quantity y decays exponentially, with a decay constant 
K. The half-life T is defined to be the time interval after which half of 
the original quantity remains. Find the relationship between K and T. 

(B) The half-life of radium is 1,690 years. If 10 percent of an original 
quantity of radium remains, how long ago was the radium created? 

(C) If radioactive carbon-14 has a half-life of 5,750 years, what will 
remain of 1 gram after 3,000 years? 

(D) If20 percent of a radioactive element disappears in 1 year, compute 
its half-life. 

245. If y represents the amount by which the temperature of a body exceeds 
that of the surrounding air, then the rate at which y decreases is 
proportional to y (Newton's law of cooling). If y was initially 8 degrees 

and was 7 degrees after 1 minute, what will it be after 2 minutes? 

246. A tank initially contains 400 gallons of brine in which 100 pounds 
of salt are dissolved. Pure water is running into the tank at the rate 

of 20 gallons per minute, and the mixture (which is kept uniform 
by stirring) is drained off at the same rate. How many pounds of 
salt remain in the tank after 30 minutes? 



£255. 

Show that D,(sin™' x) = VW1—x’. 

Draw the graph of y= tan’ ' x, 

Show that D,(tan™ x) = 1/(1 +x’). 

Find the indicated numbers. 

(A) cos '(—J3/2). 
(B) sin (V2/2). 
(C) sin? (—J2/2). 

(Dyers 4, 

(E) tan! (./3/3). 

Compute the indicated functional values. 

(A) sin cos" = 

(B) cos sin - sec 3 

(C) sin! (sin 2). 

Evaluate the indicated antiderivatives. 

(A) f a ae 

dx 

Cibrrars 

DRASTIC: 
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68 » McGraw-Hill’s 500 Calculus Questions 

254. A person is viewing a painting hung high on a wall. The vertical 
dimension of the painting is 2 feet and the bottom of the painting is 
2 feet above the eye level of the viewer. Find the distance x that the 
viewer should stand from the wall in order to maximize the angle 0 
subtended by the painting. 



Integration by Parts 

In Questions 255 through 261, find the indicated antiderivative. 

Tle aur 

256. J e* sinx de. 

257. J sin" xdx. 

258. J xsinxdx. 

259. J sin? xd. 

(260. J xe*dx. 

261. Find Jx"Inxdx forn#-1. 
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267. 
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Trigonometric Integrands 
and Substitutions 

In Questions 262 through 268, find the indicated antiderivatives. 

Jsin x cos’ x dx. 

Jsin’ x cos* x dx. 

J sinztx cos3mx dx. 

j sin5x sin7x dx. 

z 

Ise 
pelea, ae 

x 

(a 
xx? -9 

Find the arc length of the curve y= Incos x from (0, 0) to (77/3, — In2). 
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Integration of Rational Functions: 
The Method of Partial Fractions 

In Questions 270 through 275, evaluate the indicated antiderivative. 

dx 

ears 

x(x +1) 

dx 

x(x? +5) 

3 +1)" 

J 

J 

leaesa 
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he Lec 
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Find J (x= 1° (e+) 
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Integrals for Surface Area, 
Work, Centroids 

Surface Area of a Solid of Revolution 

_ 277. Wf the region under a curve y = f(x), above the x-axis, and between x = 
and x = 8, is revolved about the x-axis, state a formula for the surface 
area S of the resulting solid. 

278. Find the surface area of a sphere of radius r. 

279. Find the surface generated when the given arc is revolved about the 
given axis. 

(A) y=x’,0<x< 1; about the x-axis, 

(B) y= ren +, Sx S52; about the y-axis: 

280. Find the surface area of a right circular cone of height 4 and radius of 
base 7. 

_ Work 

281. A spring with a natural length of 10 inches is stretched ; inch by a 

12-pound force. Find the work done in stretching the spring from 10 

) to 18 inches. 

a 

=U AERTS PLS RUT TERT SRD ILENE TESTI TAI IN ISRO 
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Centroid of a Planar Region 

In Questions 282 and 283, find the centroid of the given planar region. 

282. The region bounded by y= rom y= 0,and *= 1 (See Figures! 1). 

(, 1) 

Figure 31.1 

283. The region bounded by the semicircle y= Va’ — x’, and y= 0. 



| 284. 
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286. 

287. 

288. 

nN lo) ‘oS 

290. 

291. 

Improper Integrals 

Determine whether the area in the first quadrant under the curve 
y= 1/x, for x = 1, is finite. 

(A) Determine whether [> ate?) abe converges. 

(B) For what values of p is J aiey dx convergent? 

. felnx 
(A) For p> 1, %s i, — 4 convergent? 

x = 

(Bye bn 2 SL as ie dx convergent? 
x 

Evaluate iP xe dx. 

dx 

(Inx)? 

(By EF if J (x) dx =+00 and g(x) 2 f(x) for all x > x), show that 

(A) Is J convergent when p 2 1? 

i g(x) dx is divergent. 

Show that J 
oe 

é 

is divergent for p< 1. 
dx 

(In x)? 

dx 
2 D* 

x Re 
Evaluate (* 

Evaluate te e* dx. 
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292. (A) Investigate f= de. 
x 

(B) Investigate (ie 
0 x : 

il 
(C) Investigate i == ak. 

x 
1 

0 
(D) For what values of &, with &# 1 and & > 0, does I oe converge? 

x 

293. Evaluate fF a 
aes 

ee 
8 

“DE 
ly 

294. Evaluate J 

295. Evaluate J. Inx dx. 
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296. 

297. 

298. 

299. 

300. 

301. 

i i q 4 ty 

Planar Vectors 

Find the vector from the point A(1, —2) to the point B (3, 7). 

Given A = 3i + 4j and C = 2i — j, find the magnitude and direction 
of A+C, 

Describe a method for resolving a vector A into components A, 
and A, that are, respectively, parallel and perpendicular to a given 
nonzero vector B. 

Use vector methods to find the distance from P(2, 3) to the line 

3x + 4y — 12 = 0. See Figure 33.1. 

Figure 33.1 

Generalize the method of Question 299 to find a formula for the dis- 
tance from a point P(x,, y,) to the line ax + by + c=0. 

Write the vector of length 2 and direction 150° in the form ai + 6j. 
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302. Given O(0, 0), A(3, 1), and B(1, 5) as vertices of the parallelogram 

OAPB, find the coordinates of P (see Figure 33.2). 

A 

Figure 33.2 

303. Find a vector perpendicular to the vector (2, 5). 



Parametric Equations, Vector 

Functions, Curvilinear Motion 

Parametric Equations of Plane Curves i 
2 
5 
2 
2 
: 304. (A) Sketch the curve given by the parametric equations x = a cos 8, 

y=asin 0. 

(B) Sketch the curve with the parametric equations x = 2 cos 6, 

y=3 sin 6. 
(C) Sketch the curve with the parametric equations x= 4, y= 1. 

/ 305. Find the arc length of the curve x = e’ cos ¢, y= e’ sin ¢, from t= 0 
to t= 2. 

: Vector-Valued Functions 

306. F(u) = (f(u), g(u)) is a two-dimensional vector function, 

lim F(z) = (lim f(w),lim g(u)), where the limit on the left exists if and 

only if the limits on the right exist. Taking this as the definition of 
vector convergence, show that F’(u)=(f’(u), g’(u)). 

i 
- 307. Show that, if R(w) traces out a curve, then R’() is a tangent vector 

i pointing in the direction of motion along the curve. 

then R(d)is the velocity vector—that is, its direction is the direction of 

motion and its length is the speed. 

ERTS ITNT SRR PESO RS NSE 

309. If A(u) = F(u) - G(w), show that h’(u) = F(u) - G’(u) + F’(w) - Gu), 
: another analogue of the product formula for derivatives. 

ASR TITTY TEN SRA ESE APES 

308. Show that, if R(¢) traces out a curve and the parameter ¢ represents time, — 
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310. If |R(z)| is a constant ¢ > 0, show that the tangent vector R’(?) is 

perpendicular to the position vector R(#). 

311. For any vector function F(z) and scalar function /(w), prove a chain rule: 

2 FAG) = FGF ilu). 
du 

312. Assume that an object moves on a circle of radius 7 with constant speed 
v > 0. Show that the acceleration vector is directed toward the center of the 

, 2 
circle and has length v‘/r. 

313. (A) Let be the angle between the velocity vector and the positive x-axis. 

Show that |dT/d@| =1. 
(B) Define the curvature K and radius of curvature Pp of a curve R(Z). 

(C) Fora circle of radius 4, traced out in the counterclockwise direction, 

show that the curvature is 1/2, and the radius of curvature is a, the 

radius of the circle. 

(D) Find the curvature of a straight line R() = A+ 2B. 

(E) Show that, for a curve y = f(x), the curvature is given by the 
formula «= y"/[1+(y’)’P”. (We assume that ds/dx > O—that is, 

the arc length increases with x.) 
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Polar Coordinates 

(A) Write the relations between polar coordinates (7, 8) and 

rectangular coordinates (x, y). 
(B) Give all possible polar representations of the point with 

rectangular coordinates (1, 0). 

(A) Describe the graph of the polar equation r= 2. 

(B) Describe the graph of the polar equation 0= 77/4. 
(C) Describe the graph of the polar equation 0= 0. 

Write a polar equation for the y-axis. 

Describe the graph of the polar equation r= 2 sin 0. 

Transform the rectangular equation x = 3 into a polar equation. 

(A) Sketch the graph of r= 1+ cos 0. 

(B) Sketch the graph of r= 1+2 cos @. 
(C) Sketch the graph of 7’ = cos 20. 

(D) Sketch the graph of r= sin 20. 

(A) Sketch the graph of r= sin 30. 
(B) Sketch the graph of r= sin 40. 

Find all points of intersection of the curves r= 1 + sin’ @and 
7% 

r=—l-—sin’ @. 

Find the area enclosed by the cardioid r= 1 + cos 6. 

(A) Find the arc length of the spiral r= 6 from O9= 0 to O= 1. 

(B) Find the arc length of the spiral r= e°. from 0= 0 to 9=In2. 
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In Questions 324 through 332, write a formula for the mth term a, of 
the sequence and determine its limit (if it exists). It is understood that 
[=e See 

4n+5 
alr aeameae 

n —2n+3 

_ 2n? —3n+20 
fi = 

i 5n' +2 

a, =VJn+1—NVn. 

és HG 
4, =2nsin—. 

Infinite Sequences 
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333. Show that a, = 2n/(3n + 1) is an increasing sequence. 

Ta Pe oar OA Nash 
ae Seas aT Se 334. (A) Determine whether the sequence 4, = 
Nga a me A) 

increasing, decreasing, or neither. 

(B) Show that the sequence (a) of Question 334(A) is convergent. 



CHAPTER 3/ 

Infinite Series 

335. Prove that, if a, converges, then lim a, =0. 
n> +03 

336. (A) Show that the harmonic series Yun =1+ ; + : +++» diverges. 

(B) Does lim a, =0 imply that % a, converges? 
n—H00 

e 

5 
oe 

337. (A) Let S,=atar+---+ar”', with r# 1. Show that S, ee a 
ta 

(B) Let a# 0. Show that the infinite geometric series Sar" ead if 
|r| < 1 and diverges if |r| 2 1. 7=0 aod 

— 1 i sel 
C) Evaluate § —=1+—+—+:«. (C) Ev 2 = Hy 

arc NL NC 
(D) Evaluate the infinite repeating decimal d= 0.215626262 .... 

1 i 
eee 338. Investigate the series = ++ fae pert 

25 ose n(n+1) 

339. Find the sum of the series 4— ara an 

Dia cae 
340. Test the convergence of SaaS te) oe 

7 il 1 
Evaluate ss : — + 

—7+100 100 101 
. 
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342. 

343. 

344. 

345. 

346. 

347. 

348. 

349. 

Zeno’s paradox: Achilles (A) and a tortoise (7) have a race. J gets a 
1000-ft head start, but A runs at 10 ft/s while the tortoise only does 
0.01 ft/s. When A reaches 7’s starting point, J has moved a short 

distance ahead. When A reaches that point, 7 again has moved a short 

distance ahead, etc. Zeno claimed that A would never catch 7. Show 

that is not so. 

Investigate Nie 

n=) 
5762. 

If 0 <p $1, show that the series y= = Ieee ahi is divergent. 
n=\ 

anil 
Determine whether » ay 1S convergent. 

n=0 

(A) State the integral test. 1 

(B) For p> 1, show that the so-called p-series ye — converges. 
n= nt 

(Compare with Problem 344.) 
co 

(C) Determine whether » 
> ainn 

n=L 

converges, 

(A) State the limit eae test. 

(B) Determine whether y converges, 

n=) Vn? oes) 

(C) Determine whether x 
n=l 

n 
; is convergent. 

2n +1 

Co) 

Determine whether » aa is convergent. 

nN n=l 

; — Inn 
Determine whether » —— converges. 

n 
n=| 



350. 

351. 

352. 

353. 

354. 

355. 

356. 

357. 

358. 

Infinite Series € 89 

Give an example of a series that is conditionally convergent (that is, 
convergent but not absolutely convergent). 

(A) State the ratio test for a series ¥ a,. 
co 2 

‘ ie oe 
(B) Determine whether Ds — is convergent. 

n=! 

Find the error if the sum of the first three terms is used as an approximation 
r ‘ — ll 

to the sum of the alternating series iene -. 
n=] 

Study the convergence of See a 
n=0 Nn. 

Determine whether yen eae converges. 
n n=l 

(A) Prove the root test: A series of positive terms 2 a, converges if 

lim sla, <1 and diverges if lim da, Sal 
n— +oo n—+e0 

] 
(B) Test S nny’ 

n=2 

for convergence. 

Determine the nth term of and test for convergence the series 

Show how to rearrange the terms of the conditionally convergent series 

ea ‘ ; ; 
]1——+—-——+-:: so as to obtain a series whose sum is 1. 

Show that the ratio test gives no information when lim |a,,,/a,|=1. n+ 
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359. Show that, in Figure 37.1, the areas in the rectangles and above y = 1/x 

add up to a nuinber Y between ; and 1. (Yis called Euler’s constant.) 

Figure 37.1 

360. (A) 

(B) 

Find the values of x for which the series 1 +x +x +>: converges, 

and express the sum as a function of x. 
Find the values of x for which the series Inx + (Inx)* + (Inx)? + -- 

converges, and express the sum as a function of x. 
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362. 

363. 

364. 

365. 

366. 

Power Series 

In Question 361, find the interval of convergence of the given power 
series. Use the ratio test unless otherwise instructed. 

(A) dX x"/n. 

(B) Sx"/n’. 
(C) dx"/n!. 
(D) din!x” 
(BE) dx". 
(F) dx"/(n-2”). 
(G) 5D 700% 

ese ee Find the radius of convergence of the power series y (an)! 
n=l ny}: 

Prove that, if a power series }ia,x” converges for x = 6, then it con- 
verges absolutely for all x such that |x| < | 9]. 

If lim 4/|a,|=L>0, show that the radius of convergence of Ya, x” is 1/L. 
nto 

Find the radius of convergence of the binomial series 
2 -1\(n—2 

es me) 2 x tata Ta) Mee! ee 
1 be2e3 

If Xa,x” has a radius of convergence 7, and if 1)6,x” has a radius 
of convergence 7, > 7,, what is the radius of convergence of the sum 
(4, +6,)x”? 

‘ 

| E 

: 

€ 

i 
i 
NM 
i 
= 

i 
i 
# 
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) 

367. (A) Show that =l—-xtxe oes Si(-1)"x" for |x| <1. 
1+x cary 

1 s 

(B) Show that 5 = bow? x eee Si (-1)" x7" bon |e sels 
Were ea 

3 5 x Hay n 2n+l r 

(C) Show that tan” x = x Beas Sy es for |x|<1. 
eh sag ener 

(D) Find a power series representation for a . a 
—x 

(E) Find a power series representation for In(1 + x) for |xi< 1. 

368. (A) Show that e* =) — for all x. 
canentt 

(B) Find a power series representation for ¢°. 
; : : ~x7/2 

(C) Find a power series representation for e*. 

369. Approximate 1/e correct to two decimal places. 

370. (A) Find a power series representation for In (1 — x). 

. : : Ly 
(B) Find a power series representation for In 

—x 
3 Gs 

(C) Use the power series for In ; * to approximate In 2. 

371. (A) Show directly that, if y” =—y, and y’ = 1, and y= 0 when x=0, 
then y = sin x. 

°9 2n+1 

(B) Show that sin x= (-1)”7——_. 
nine 2 " Gnan! 

oo 2n 

(C) Show that cos x =) (-1)” oak 
eer (2n)! 

vt ] 1 1 °° eine 

372. (A) Show that In2=1--+---4..=¥) : 
Ze 34 

U9 Lee al = 
(B) Show that —=1-—+—-—+...= 

4 Ses 2 

373. Find a power series for sin’ x. 



374. 

O73. 

376. 

3/7. 

378. 

a/9. 

380. 

Power Series € 93 

For what values of x can sin x be replaced by x if the allowable error 
is 0.0005? © 

Find the first five terms of the power series for ¢ cos x by multiplication 
of power series. 

Let f@®=>, a,x". Show that f(x%=>, (dy Fayed.) 
n=0 Te n=0 

co 

Use the result of Question 376 to evaluate Ds (n+1)x". 
n=0 

Evaluate x/2! + x7/3! + 20°/4! + x4/5! +... 

(A) For the binomial series (Question 365), fx) = 1 + mx+ aes De + 

eG Ee 854) Mets, which j is convergent for |x| < 1, show 
n! 

that Alt x) f(s) = if (x). 

(B) Prove that the binomial series f(x) of Question 379(A) is equal to 
(1 +x)”. 

(C) Show that ae aseron tetees RE Es 
DI 2:4 2-4-6 

5 Cae ieee 
2” -n! 

(D) Derive the series 29 i Remraiteia pe 
l-x oe 2:4-6 

] 
(E) Obtain the series sin’! x = ie Soe Mae Ae aes, 

2 Oo 284554 254° s/; 

(F) By means of the binomial series, approximate V33 correct to three 
decimal places. 

If infinitely many coefficients of a power series are nonzero integers, 
show that the radius of convergence r< 1. 
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381. 

7 

SHOR NTR PAB LN OW TB EMSAM DY 
382. 

383. 

ORBITORGIY RELEVENT OMT EARP RANSD 

Yenc ere nN 

ere 

384. 

eT PaP MVEA LENE POL Ea HENCE 

gomevetermesomem UDC teME! Pid 

(A) 
(B) 
(C) 
(D) 

(A) 
(B) 

(A) 

(B) 

(C) 

CHAPTER 39 

Taylor and Maclaurin Series 

Find the Maclaurin series of e”. 

Find the Maclaurin series for sin x. 

Find the Maclaurin series for In (1 — x). 
Compute the first three nonzero terms of the Maclaurin series 

COS x 
fore oo 

Find the Taylor series for sin x about 77/4. 

Calculate the Taylor series for 1/x about 1. 

. = (&) 
It f(x) = 4, («-a)" for |x-a| <r, prove that a, Lo In 

n=0 

other words, if f(x) has a power series expansion about a, that 
power series must be the Taylor series for f(x) about a. 

Find the Maclaurin series for } : 
l+x 

Obtain the Maclaurin series for cos’ x. 

State Taylor's formula with Lagrange’s form of the remainder and 
indicate how it is used to show that a function is represented by its 
Taylor series. 

Show that e= MS 

=o 2+ 

. Des . 

Estimate the error when Ve =e'” is approximated by the first four 
terms of the Maclaurin series for ¢”. 

STH TESTI ETP YET LIN SSID LYELL RSP BOSE TERS eISSN TEST ASSP TSS 
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sere 

= 

so a 



96 » McGraw-Hill’s 500 Calculus Questions 

387. Use the Maclaurin series to estimate e to within two-decimal-place 

accuracy. 

388. If f(x)=>02"x", find f°(0). 
n=O 

389. Approximate i: e” dx to within two-decimal-place accuracy. 



Vectors in Space; Lines and Planes 

390. 

#391. 

398. 

(A) Find the equation of a sphere YW of radius r and center (a, , c). 
(B) Describe the graph of the equation, x +4xty' +2? -8z= 5. 
(C) When does an equation x° + y’ + 2° + Ax+ By + Cz+ D=0 

represent a sphere? 

Show that the three points P(1, 2, 3), Q(4, 5, 2), and R(0, 0, 0) are 
the vertices of a right triangle. 

Show that the points P(2, —1, 5), QA6, 0, 6), and R(14, 2, 8) are 
collinear. 

Describe the intersection of the graphs of x* + y* = 1 and g=2. 

Find the direction cosines of A = 3i+ 12j + 4k. (Recall that i= (1, 0, 0), 
j=@,1, 0), and k=, 0,1), 

Find the angle @ between the vectors A = (1, 2, 3) and B = (2, —3, -1). 

Find a value of c for which A = 3i — 2j + 5k and B= 2i+ 4j + ck will 
be perpendicular. 

Write the formula for the cross product A X B, where A = (a,, a), 4;) 
and B= (d,, b,, 6,). 

Find a vector N that is perpendicular to the plane of the three points 
Pie 41,0. 1), and RIO, 2, 3Y. 

Find the volume of the parallelepiped formed by the vectors PQ and 
PR of Question 398 and the vector PS where S = (3, 5, 7). 

OTT LTO META PIT SRITE NRR I 
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400. 

401. 

402. 

403. 

404. 

405. 

406. 

407. 

408. 

Establish the formula 

a ads 

A(BXC)=| 62, e, 

Cie 38 We 

where A=(4,,4,,4,), B=(4,6,,6,;), C=(c,¢), 65). 

Verify that Bx A=—(A XB). 

Show that the points (0, 0, 0), (a,, 4), a), (0, 4, 8), and (¢,, ¢,, ¢;) are 
coplanar if and only if 

ay ay Wa, 

0 0, 0, Vea 

Ce shoe 1G 

(A) Find the vector representation, the parametric equations, and the 

rectangular equations for the line through the points P(1, —2, 5) 

and Q(3, 4, 6). 
(B) Find the points at which the line of Problem 403(A) cuts the 

coordinate planes. 

Write equations for the line through the point (1, 2, —6) and parallel to 
the vector (4, 1, 3). 

By the methods of calculus, find the point P,(x, y, z) on the linex=3 +4, 
y=2+4 and z= 1+ +4 that is closest to the point P,(1, 2, 1), and verify 
that PF is perpendicular to the line. 

Find an equation of the plane containing the point P,(3, —2, 5) and 
perpendicular to the vector N = (4, 2, —-7). 

Find an equation for the plane through the points P(1, 3, 5), Q(-1, 2, 4), 
and R(4, 4, 0). 

Find the cosine of the angle @ between the planes 4x + 4y — 22 = 9 and 
26 yg 3. 



Vectors in Space; Lines and Planes < 99 

409. Find an equation of the plane containing the point P(1, 3, 1) and the line 
Lix=ty=t2= Bo. 

410. (A) Show that the distance D from the point P(x,, y,; z,) to the 
plane ax + by + cz+d=0 is given by D= |ax, + by, + cz, + d|/ 

Va +h te. | 
(B) Find the distance D from the point (3, -5, 2) to the plane 

SY 2742 5. 

411. Consider the sphere of radius 3 and center at the origin. Pind the coor- 
dinates of the point P where the plane tangent to this sphere at (1, 2, 2) 
cuts the x-axis. 

412. Check that the planes x - 2y+ 2z= 1 and 3x - y - z=2 intersect, and 
find their line of intersection. 

413. Find an equation of a plane containing the intersection of the planes 
3x — 2y + 4z=5 and 2x + 4y - z=7 and passing through the point 
(2152): 

414, Find the coordinates of the point P at which the line = = i= 3 = 

cuts the plane 3x + 4y + 5z= 76. 

415. Find an equation of the line through P(4, 2, -1) and perpendicular to 
the plane 6x — 3y+ z= 5. 
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Multivariate Functions and Their Graphs 

2 z 

416. (A) Describe and sketch the graph of sae crite > +—>=1 where 
a 

Gr Divee> 
x? #4 z 

(B) Describe and sketch the graph of ares =1 where a, 6, c> 0. 
c 

ee 2 

(C) Describe and sketch the graph of 5 Saal Go ke re = 1 where a, 6, c>0. 
a 

2 ?) 

Ban (D) Describe and sketch the graph of flip J = els where a, 6, c> 0. 
a 

(E) 
(F) 
(G) Describe and sketch the graph of z= y* — x’. 

x Zz 
417. Find the volume of the ellipsoid pees =1. 

a c 

418. (A) Find lim ae if it exists. 
J 

(B) 

eee 
(C) Is it possible to define f(x, y)= : ot 

SEEMS Functions of Several Variables 
VINA 

bc 

Describe and sketch the graph of the function f(x, yaxt y. 
Describe and sketch the graph of the function flex, y) = 2x + 5y— 10. 

PT LISTEN MTD A ES FTN FRE ET TIS UR TLD IY STS AES OES I IRS ROG ECGS ULE ESI 

2 2 
J 

PSR TTT LIS 

Zz 

(x, y)—(0, 0) xo+ 

d : oxy ee. 
Find ~lim eee. if it exists. 

(x, y)-9(0,0) 4¢ ay 

at (0, 0) so that f(x, y) 
STEAD STINE SEND ETDS ESTADO TEA EY 

NNER 

is continuous? 

Beeres 

LITERS ETO SBISE 

€ 101 
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(D) Determine whether the function 

1 if (x, y)#(0,0) 
f(x, y=) x+y 

0 if (x, y) =(0, 0) 

is continuous at the origin. 

Cylindrical and Spherical Coordinates 

419, (A) 

(B) 
(C) 
(D) 

(E) 

(F) 

420. (A) 

Give the equations connecting rectangular and cylindrical coordinates 

of a point in space. 

Describe the surface with the cylindrical equation r= &. 

Describe the surface with the cylindrical equation 0 = &. 

Find cylindrical coordinates for the point with rectangular coordinates 

(2, 2/3, 8). 
Find a rectangular equation for the surface with the cylindrical equa- 
tion 0= 77/3. 

Find a rectangular equation for the surface with the cylindrical 
equation r= 2 sin 0, 

Write down the equations connecting spherical coordinates (9, , 8) 
with rectangular and cylindrical coordinates. 
Describe the surface with the equation 9 = & in spherical coordinates. 
Describe the surface with the equation @ = k (0 < &< 7/2) in spherical 

coordinates. 
Find a set of spherical coordinates for the point whose rectangular 
coordinates are (1, 1, VG). 

Find the rectangular coordinates of the point with spherical coordinates 
(4, 27/3, 7/3). 

421. Find a spherical equation for the surface whose rectangular equation is 
) 

x+y +e+6z=0. 

422. Describe the surface whose equation in spherical coordinates is p sin @ = 3. 



ACUMINATE 

426. 

COTY AE ROLY) 

Partial Derivatives 

If f(x, y) = 4x? — 3x7y? + 2x + 3y, find the partial derivatives f. and f.. 

Give an example of a function f(x, y) such that F.(0, 0) = f,(0, 0) = 
but fis not continuous at (0, 0). Hence, the existence of the frst ae 
derivatives does not ensure continuity. 

(A) State a set of conditions under which the mixed partial derivatives 
Foy (Xo Yo)» and F(X» Jo) are equal. 

(B) For fs 9) = 3x7y = Dey Sy’, verify that f,, 

(A) Hoty Gy 9y'= wo COS 9; verify that f, =f. 
(B) Iff@, ») = 3x" — 2xy + Sy verify that f, = wend 
(C) Iff(x, y) =x* cos y+ y’ sin x, verify that f., = 

(A) For f(x, y) =3x‘—2x°y’ +7, find Son tear) pi and fy: 

a ie 

(B) Se St find f.f,) f..end f.. 

(C) If f(x, y, 2) = x°y + y°z — 2xz, find Too Tye tot dot Spend yy 

Give an example to show that the equation f,, =f, is not always valid. 

pe oz dz 
If z= e sin ay, show that —>+——=0. 

Ox’ oy 

If z=e '(sin x + cos y), show that g —+— =. 
Ox* dy’ OF 

If f(x, y) = g(x)A(y), show that f, = f,. 

J 

SSUES RM ESRC CON EGTA 

PEEBLES TEA TIS I MEER SAL DELETE BENT NAS 

= 

pane 
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432. 

433. 

434. 

435. 

436. 

437. 

438. 

439. 

440. 

441. 

> McGraw-Hill’s 500 Calculus Questions 

(A) Show that f(x, ve (x + at)’ satisfies the wave equation a ie 2 pe 
(B) Show that f(x, 4) = sin («+ a?) satisfies the wave equation ig pees en 
(C) Show that f(x, 2) = e*~“ satisfies the wave equation a*f,, = f,,. 

(A) Ib ce fess... X,) anc w= Py nae = 2b state the chain ruledor 

dul dt. 

(B) Ifu=x?—2y? +2? andx=sint y=e', z= 34, find duldt. 
(C) If w=, y, z) andx=f(u, v), y=¢(u, v), =A (u, v), state the 

chain rule for dw/du and dw/dv. 

How fast is the volume V of a rectangular box changing when its length / 
is 10 feet and increasing at the rate of 2 feet per second, its width w is 
5 feet and decreasing at the rate of 1 feet per second, and its height / is 

3 feet and increasing at the rate of 2 feet per second? 

(A) Prove Euler’s theorem: if f(x, y) is homogeneous of degree n, then 

9 Aes = nf. (Recall that f(x, y) is homogeneous of degree n if and 
only if f rey by) = 0° Fw, 9) Lor i x, y.and for all ¢> 0.) 

(B) Verify Euler’s theorem (Question 435(A)) for the function 

f(x, 9) =xy? +x7y—y?, 
(C) Verify Euler’s theorem (Question 435(A)) for the function 

f(x 9) S| +y° , 

(D) Verify Euler’s theorem (Question 435(A)) for the function 

f (x, y, 2) = 3x2? —2xyzt yz. 

If z= 2x" — 3xy + 7y*, x = sin t, y= cos ¢, find dz/dt. 

Ths Sino 9), AS euclidelde 

fs SP Gh9) Se By Syd enw! Mnelidel 

If c= f(x, y)=xy? +x? y and y=Inx, find dz/dx and deldy. 

If the radius 7 of a right circular cylinder is increasing at the rate of 
3 inches per second and the altitude / is increasing at the rate of 2 inches 
per second, how fast is the surface area S changing when r= 10 inches and 
h=5 inches? 

Ifa point is moving on the curve of intersection of x* + 3xy+ 3y° = 2° and 
the plane x — 2y + 4 = 0, how fast is it moving, when x = 2, if x is increasing 
at the rate of 3 units per second? 



442, 

443. 

444, 

445. 

446. 

Partial Derivatives < 105 

(A) Prove Leibniz’s formula for differentiable functions u(x) and v(x), 
(B) Verify Leibniz’s formula (Question 442(A)) for u=x, v= x’, and 

Fx 9) = x79? + x7y?, 

(A) Show that the tangent plane to a surface z= f(x, y) ata point 
(Xp) Yoo Z) has a normal vector (f. (x), Io)» £, %o> yo —V). 

(B) Ifa surface has the equation F(x, y, 2) = 0, show that a normal 
vector to the tangent plane at (xp, yo, 2) is (EA Xe tas-2h) ae Mn Wis Zp) 

F(xXo:Vo> %)). 

Find an equation of the tangent plane to the sphere x? + y’ + z= 1 at 

pak 
the point (=. =, uN? | 

PRD 

Find an equation of the tangent plane to z + xyz—2 = Oat (1, 1, 1). 

Pa iz oe 

Find an equation of the tangent plane to the ellipsoid aca ae =1 at 
a c 

a DOE (Xe, Fy Sal 
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Directional Derivatives and 
the Gradient; Extreme Values 

SFU EROTS 

PEATE REOIET 

Given a function f(x, y) and a unit vector u, define the derivative of : 
fin the direction u, at a point (Xp) Yo)> and state its connection with the i 

. 
g gradient Vf= (f, f). i 
i 

Show that the direction of the gradient Vis the direction in which the : 
derivative achieves its maximum, |Vf|, and the direction of —Vfis the : i 
direction in which the derivative achieves its minimum, -|Vf]. 

Find the derivative of f(x, y) = 2x° — 3xy + 5y° at the point (1, 2) in the i yr dy P : 
direction of the unit vector u making an angle of 45° with the positive i 
x-axis. : 

H 

Find the derivative of z= x Iny at the point (1, 2) in the direction mak- } 
ing an angle of 30° with the positive x-axis. i 

If the temperature is given by f(x, y, z) = 3x — Sy’ + 22° and you are i 

ia lod Mrmr : located | ~, =, — | and want to get cool as soon as possible, in which i 

direction should you set out? i 

Prove that the gradient VF of a function F(x, y, 2) at a point P(x, Yo» 2) | 
is perpendicular to the level surface of F going through P. i 

In what direction should one initially travel, starting at the origin, 
to obtain the most rapid rate of increase of the function f(x, y, z) = 

(3—x+y) + (4x—y+2+ 2)? 

If z= f(x, y) has a relative maximum or minimum at a point (xp, y), 
show that Vz= 0 at (x,, ). 

< 107 



456. 

457. 

458. 

459. 

460. 

461. 

> McGraw-Hill’s 500 Calculus Questions 

. (A) Assume that f(x, y) has continuous second partial derivatives in 

a disk containing the point (x, yo) inside it. Assume also that 

(Xs Np) is a critical point of f— that is, f, =f, = 0 at (x, yo). Let 
A= Tely Sah (the Hessian deinen: State sufficient condi- 

tions for fto have a relative maximum or minimum at (Xp, J). 
Using the assumptions and notation of Question 455(A), give exam- 

ples to show that Case 3, where A = 0, allows no conclusions to be 

drawn. 

B 

Find the relative maxima and minima of the function f(x, y) = 
2x + 4y—x° —y — 3. 

Determine the values of p and q so that the sum S of the squares of the 

vertical distances of the points (0, 2), (1, 3), and (2, 5) from the line 

y = px + q shall be a minimum (method of least squares). 

Find the absolute maximum and minimum of f(x, y) = 4x° + 2xy — 3y 
on the unit squareO <x<1,0<y<1. 

Find the absolute extrema of f(x, y) = sin x+ sin y+ sin (x+y). 

Find the point(s) on the sphere x° + y° + z° = 1 farthest from the 
PoMmbiz al ee): 

Find the point(s) on the cone x* = y* + 2” nearest the point (0, 1, 3). 
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Multiple Integrals and 
Their Applications 

(A) Evaluate the iterated integral J = fer Pak p sin@ dp dé. 
1 fl x 

(B) Evaluate J = I. Je dx dy. 

Evaluate J = iP [fot dx dy. 

(A) Evaluate J = [J« dA, where & is the region bounded by y = x 
R 

and y=x’. 

(B) Evaluate J = J i y dA, where & is the region bounded by y= 2x, 
aR 

y= 5x, andx=2. 

Find the volume V under the plane z= 3x + 4y and over the rectangle 
R1Sx<2,0Sys3. 

Find the volume V in the first octant bounded by z= 9’, x= 2, and y= 4. 

Find J= | fine dA, if R is the region outside the circle 7 = 1 
R 

and inside the cardioid r= 1 + cos @ (see Figure A44.4 in the Answers 
section). 

Use cylindrical coordinates to calculate the volume of a sphere of 
radius a. 

Fae ASSET 
a 
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469. 

470. 

471. 

472. 

473. 

474. 

> McGraw-Hill’s 500 Calculus Questions 

Show that [re be = va 
° ey 

Use spherical coordinates to find the volume of a sphere of radius a. 

Find the mass of a circular plate & of radius a whose density is numeri- 
cally equal to the distance from the center. 

Find the center of mass of the first-quadrant part of the disk of radius a 
with center at the origin, if the density function is y. 

Find the moments of inertia of the triangle bounded by 3x + 4y = 24, 
x = 0, and y= 0, and having density 1. 

Find the centroid (x, 7) of the region in the first quadrant bounded by 
y’ = 6x, y= 0, and x = 6 (Figure A44.5 in the Answers section). 



CHAPTER 45 

Vector Functions in Space; 
Divergence and Curl; 

Line Integrals 

NCAT ADSI 

cSESTRTN 

ELSES RESETS SUTTER 

(A) For the space curve R(z) = (¢, ¢’, #), find a tangent vector and 
the tangent line at the point (1, 1, 1). 

(B) Find the speed of a particle tracing the curve of Question ' 
475(A) at time t= 1. (The parameter tf is usually, but not neces- i 

sarily, interpreted as the time.) : 

Find a tangent vector, the tangent line, the speed, and the normal 

plane to the helical curve R(é) = (a cos 27, a sin 27, bf) at r= 1. 

Prove that the angle @ between a tangent vector and the positive z-axis — 

is the same for all points of the helix of Question 476. ; 

If F(4) = (sin ¢ cos ¢, 4) and G(4)= (¢, 1, Ind), find “IF -G(t)]. 
t 

If G(3) = (1, 1, 2) and G'G) = 3,-2.5). find SG] acr= 3. | 
bs i 

Let F(#) = G() x H’(. Prove F’ = (G x H’) + (G’ x H). 

d : 
Prove that as) xR(t)]=R(t)xR’(z). : 

t i 

If G’(z) is perpendicular to G(?) for all ¢, show that |G(d| is constant— 
that is, the point G(Z) lies on the surface of a sphere with center at the 

origin. 
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483. 

484. 

485. 

486. 

487. 

488. 

489. 

490. 

491. 

492. 

493, 

494. 

495. 

496, 

> McGraw-Hill’s 500 Calculus Questions 

Derive the converse of Question 482: if |G(A)| is constant, then G() - G’(#) = 0. 

Find the principal unit normal vector N to the curve R() = (¢, eae) 

when t= 1. 

Find a formula for the binormal vector B = T X N in the case of the helix 

R(A = (3 cos 26 Bisin 24, 82): 

Find an equation of the osculating plane to the curve R(¢) = (2¢- £,¢,2¢4+7) 

ant PSS Ih. 

Show that a normal vector to the osculating plane of a curve R(z) is given 

by R’ x R”. 

] 
Find the curvature «K of the curve R(d) = sin cos | at f= 0; 

|R’XR’| 
IR’? 

Prove the following formula for the curvature: K = 

Compute the divergence, div F, for the vector field F = (xy, yz, xz): 

For any vector field F(x, y, z) = (f(x, y, 2), ex, »» 2), A(x, y, 2), define 
curl F, 

Find curl F when F = (yz, xz, xy). 

Show that, for any scalar function f(x, y, 2), div Vf= f+ f, ie 
(The latter sum, called the Laplacian of oy is often notated as V*f) 

For any scalar function f(x, y, z) with continuous mixed second partial 
derivatives, show that curl Vf= 0. 

For a vector field F(x, y, z) = (f(x, » 2), g(x, y, 2), A(x, y, 2), where f, g, 

and # have continuous mixed second partial derivatives, show that div 

curl P10. 

For a scalar field fand a vector field F, prove the product rule div (fF) = f 
div F+ Vfx F. 



497. 

498. 

499, 

500. 
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Fora scalar field fand a vector field F = (6 y, n), prove the product rule 
curl (fF) = fcurl F+ Vfx F. 

For vector fields F = (f g, 4) and G=(@, y, 0), prove div (F x G) = curl 
F-G-—F.- curl G. 

Find the work W done by done by a force F = (xy, yz, xz) acting on an 
object moving along the curve R(d) = (4 ’, 2°) for0 <¢< 1. 

Let € be any curve in the xy-plane. Show that Jy y dv + x dy depends only 
on the endpoints of €. 
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“ANSWERS 

Chapter 1: Inequalities 

1. x may be positive or negative. Case 1. x > 0. 2/x < 3.2 < 3x [Multiply by x.], ae is 
3 

[Divide by 3.] Case 2. x < 0, 2/x < 3, 2 > 3x [Multiply by x. Reverse the inequality.], 

#3 one mre z > x [Divide by 3.] Notice that this condition Si > x is satisfied whenever x < 0. Hence, 

in the case where x < 0, the inequality is satisfied by all such x. Hence, 2 <x orx <0. As 

shown in Figure Al.1, the solution is the union of the intervals & ~| and (—s9, 0). 

—— SS ——# $F 

——_ SSD 
2 

: 3 

Figure Al.1 

2. We cannot simply multiply both sides by x — 3, because we do not know whether 
x — 3 is positive or negative. Case 1. x — 3 > 0 [This is equivalent to x > 3.] Multiplying 
the given inequality (/) by the positive quantity x — 3 preserves the inequality: x + 4 < 
2x — 6, 4<x— 6 [Subtract x.], 10 < x [Add 6.] Thus, when x > 3, the given inequality 
holds when and only when x > 10. Case 2. x — 3 < 0 [This is equivalent to x < 3.) Multi- 
plying the given inequality (7) by the negative quantity « — 3 reverses the inequality: « + 
4>2x—6,4>x-6 [Subtract x.], 10 > x« [Add 6.] Thus, when x < 3, the inequality (Z) 
holds when and only when x < 10. But x < 3 implies x < 10, and, therefore, the inequality 
(1) holds for all x < 3. Thus, «> 10 or x < 3. As shown in Figure Al.2, the solution is the 
union of the intervals (10, 0°) and (—ce, 3). 

—— SSS SS SS 

oO 
0 3 10 

Figure Al.2 

3. Factor: x° — 6x +5 =(x%—-1)(x—5). Let A(x) = (x—1)(«—5). To the left of x=], both 

x— 1 and x — 5 are negative and, therefore, A(x) is positive. When we pass through 

x= 1, x-1 changes sign and /(x) becomes negative. When we move further to the right 

and pass through x = 5, x — 5 changes sign and A(x) becomes positive again. Thus, /(x) is 

om 115 
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positive for x < 1 and for x > 5. Hence « > 5 or x < 1. This is the union of the intervals 

(5, oo) and (—0, 1). 

4, (x— 1)’ is always positive except when x= 1 (when it is 0). So, the only solutions 

occur when x + 4<0 and «#1. x < —4 [In interval notation, (—e, —4).] 

5. See Figure A1.3. The key points for the function K(x) = (2x + I)(« — 3)(« +7) are x=—-7, 

ee -5. and x = 3. For x to the left of x = —7, all three factors are negative and, therefore, 

K(x) is negative. When we pass from left to right through x = —7, x + 7 changes sign, and, 

therefore, K(x) becomes positive. When we later pass through x = -5. 2x +1 changes 

sign, and, therefore, K(x) becomes negative again. Finally, as we pass through x = 3, x — 3 
changes sign, and K(x) becomes and remains positive. Hence, K(x) is negative when and 

only when x < -7 or 3< x <7. 

= + = + 
a cc Sc 

4 ze 3 
Nl 

Figure Al.3 

6. x>x’ is equivalent to x? —x% <0, x(x — 1) < 0; hence one of x and (x — 1) is positive 

and the other negative. Since x > x — 1, x must be positive and x — 1 must be negative 
(that is, x - 1 <0, which implies x < 1). Thus, 0<«< 1. 

7. x’ >x° is equivalent to x° — x° <0, x°(x— 1) <0,x*< 1, andx#0. 

8. ‘This is clearly true when x is negative and y positive, and false when x is positive and y 
negative. When x and y are both positive, or x and y are both negative, multiplication by 
the positive quantity xy yields the equivalent inequality y < x. 

Chapter 2: Absolute Value 

9. (A) ae x >1 (Divide by —3 and reverse the inequalities.) In interval notation, the solu- 

tion is the set Le. |5 — 3x] < 2 if and only if—2 <5 — 3x <2, -7 <—3x <—3 [Subtract 5.] 

(B) Let us solve the negation of the given relation: |3x —2|<1. This is equivalent to 

—-1<3x-2<1,1<3x<3 [Add 2 e<acl [Divide by 3]. 

, aie : ase 1 
‘The points not satisfying this condition correspond to x such that x < - or 21. 
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(C) |u|= —w when and only when w $ 0. So, |3— x}= x —3 when and only when 
3—x $0; that is, 3 < x, 

(D) If c> 0, |u| = c if and only if u = +c. So, |2x + 3] = 4 when and only when 2x +3 = 

+4. There are two cases: Case 1. 2x + 3 = 4, 2x= lee > Case 2. 2x + 3 =—4. 2x =-7, 
vi 

gre ia 

2 

1 
So, either x = . or x Cel 

D 

10. (A) There are two cases: Case 1. 2x —3 =x+2.x-3=2,"=5. Case 2. 2x—3=- 

(w+ 2). 2x-3=-x-2, 3x-3=-2, 3x= Less. 

’ 1 
So; either x=5 of x =—. 

3 

(B) Since an absolute value is never negative, 2x — 1 = 0. There are two cases: Case 1. 
x+7 20. 2x-l=x+7,x-1=7,x~=8. Case 2.*x+7 <0. 2x—1=-(x+7), 2x-1= 
—=x— 7, 3x — 1 ==/, 3x=-6,% =—2; But then, 2x =.1-=*5'< 0. 

So, the only solution is x= 8. 

(C) This is equivalent to —|x + 2| < 2x - 3 < |x + 2]. There are two cases: Case 1. x + 
1 220.—(«+2) <2x-3<x4+2,-x-2<2x-—3<%4+2,1< 3x andx< agi ESO 

Case 2:x+2<0.—(«+2)>2x-3>x+2,-x-2>2x-3>x+2,1>3xandx>5, 
1 

; >x and x>5 (Impossible). So, 3 <x <5 is the solution. 

(D) First solve |3x + 1| < ‘This is equivalent to = re ted > 4 ek de -: 

(Subtract 1.), -* <x< “5 (Divide by 3.) The inequality 0 < |3x + 1] excludes the case 

1 
where 0 = |3x + 1], tharis, where x = ae 

1 
All x for which ha < hm = except x =—-—, 

2) 4 3 

11. (A) The case v= 2 is the triangle inequality. Assume the result true for some n. By 
the triangle inequality and the inductive hypothesis, 

WigPhithes tor eth tH, | Sa [sh tty beced we| + lea | Sie, [tn (ney | Hee [ee [+ load 

and, therefore, the result also holds for 7 + 1. 
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(B) |u| = |v + (uw — v)| < |v] + |w — >| (Triangle inequality.) Hence, |v — v| 2 |u| — |. 
Similarly, |» — u| 2 |o| — |u|. But, |v — u| = |u — v|. So, ja — v| 2 (maximum of || — |o| and 

[2] — ll) = | lal — lel]. 

x +1 

|| 
x? +1 

x 

x? — 2|x| +1 >0, |x|? — 2|x| + 1 > 0 [Since x? = |x|], (|x| - 1)’ > 0, |x] # 1. 

12. (A) This is equivalent to > 2 [Since x + 1 >0.], x° + 1 > 2|x1, SS, 

All x except x= 1 andx=~—1. 

x +1 
(B) This is equivalent a <4, x°+1<4 |x|, x? -—4|x|+1<0, |x|? -4]x]+ 

a 
1<0, (\x|-2)? <3 [completing the square], ||x|—2| < V3, - V3 <|x|-2< V3, 

2-3 <|x|<24+3. 

When x >0,2-J3 <x <2+3, and, when x <0,-2-/3 <x <—2+3. 

(C) When x 2 0, this reduces to x + 1 <x, which is impossible. When x < 0, the inequal- 
1 

ity becomes x + 1 <— x, which is equivalent to 2x + 1 <0, or 2x<-l, orx< es 

13. From the definition of absolute value, |a| = +a and |b] = +6. Hence, |a|-|4|= 
(ta) -(+6) = +(ab). Since |a|-|b| is nonnegative, |a|-|6| must be |ad]. 

14. (A) This is equivalent to —|x — 1] < 3x —2 < |x— 1]. Case 1. x— 1 > 0. Then — (x — 1) 

Saye 2Se=— ere! < jv =e Is the fist icqualiw is cquivalent rsx and 
1 

the second to x < a But this is impossible. Case 2. x-— 1 <0.-x+1>3x-—22>x-—1; the 

3 1 ] 
first inequality is equivalent to x $ : and the second to x 2 eA Hence, we have 5 =a Zz 

a 

(B) Case 1.x 25. Thenx-2+x-5=9, 2x-—7=9, 2x=16,x=8. Case2.2<x< 

5. Then x-2+5-—x=9,3=9, which is impossible. Case 3. x <2. Then 2-x+5-—x= 
9,7 —2x=9, 2x =—-2,x=-1. So, the solutions are 8 and —1. 

1 
(C) Case 1. 5x + 1 20, that eee. Then 4-—x«>5x+1, 3 > 6x, see. ‘Thus, 

1 1 
we obtain the solutions me <x< a Case 2. 5x + 1 < 0; that is, x < oe Then 4 — «> 

5 i 
-5x- 1,4" 2-5, x2 =o Thus, we obtain the solutions -2 Sx< oz Hence, the set of 

solutions is} -—,— |U| -—,-— |=] -—, —]. 
By 2 Bo 5 4D) 
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15. We argue geometrically from Figure A2.1. |x —1| is the distance of x from 1, and 
|x — 3] is the distance of x from 3. The point x = 2 is equidistant from 1 and 3. Hence, the 
solutions consist of all x > 2. 

Figure A2.1 

Chapter 3: Lines 

16. (A) Remember that the slope m of the line through two points (x,, y,) and 

(x,, 72) is given by the equation m = a Hence, the slope of the given line is 
ee ee ay wis 2 

7 65) - 9-9. 

1 

(B) ‘The slope m of the given line is (6 — 3)/(3 — 1) = =. Recall that the point-slope 

equation of the line through point (x,, y,) and with slope m is y— y, = m(x— x,). Hence, 

one point-slope equation of the given line using the point (1, 3) is y— 3 == Ca) 

Another point-slope equation, using the point (3, 6), is y — 6 =< Kp), 

(C) The line through (1, 2) and (1, 3) is vertical and, therefore, does not have a 
slope. Thus, there is no point-slope equation of the line. 

(D) y- 3 =5(x—1). 

(E) Remember that the slope-intercept equation of a line is y = mx + 6, where m is 
the slope and 6 is the y-intercept (that is, the y-coordinate of the point where the line cuts 

the y-axis). In this case, the slope m = (8 — 4)/(4— 2) = “ =) 

Method 1. A point-slope equation of the line is y~ 8 = 2(x — 4). This is equivalent to 
y — 8 = 2x — 8, or, finally, to y = 2x. 

Method 2. ‘The slope-intercept equation has the form y = 2x + 6. Since (2, 4) lies on 
the line, we may substitute 2 for x and 4 for y. So, 4 = 2-2 + b, and, therefore, b= 0. 
Hence, the equation is y = 2x. 

17. Ifa given line is vertical it has an equation x = C. In this case, we can let A = 1 and 
B= 0. If the given line is not vertical, it has a slope-intercept equation y = mx + 4, or, 
equivalently, —mx + y= 6. So, let A=— m, B=1, and C= 6. Conversely, assume that 

we are given an equation Ax + By= C, with A and B not both 0. If B= 0, the equation is 
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equivalent to x = C/A, which is the equation of a vertical line. If B # 0, solve the equation 
Gh A 

for y: y= -2 + = This is the slope-intercept equation of the line with slope fae and 

int cS -1nterce * 

} P B 

18. Remember that two lines are parallel if and only if their slopes are equal. If we solve 

3x + 4y = 2 for y, namely, y = -2x F -, we obtain the slope-intercept equation for /. 

Hence, the slope of M is a and, therefore, the slope of the parallel line L also is -2. 

So, L has a slope-intercept equation of the form y = ~2x + 6. Since L goes through 

(-1,4),4= -2-(-1 +6, and, therefore, 6 = 4— = =. Thus, the equation of L is 

: Ae 
19. If we solve Ax + By = C for y, we obtain the slope-intercept equation y = fan ot a 

So, the slope is —A/B. Given a parallel line, it must also have slope —A/B and, therefore, 
A A 

has a slope-intercept equation y = eo + 6, which is equivalent to aa + y = 6, and, 

thence to Ax + By = 6B. Conversely, a line with equation Ax + By = E must have slope 

—A/B (obtained by putting the equation in slope-intercept form) and is, therefore, parallel 
to the line with equation Ax + By = C. 

20. In Question 17, set C/A = a4 and C/B= 6. Notice that, when y = 0, the equation 

yields the value x = a, and, therefore, a is the x-intercept of the line, similarly for the 
y-intercept, 

21. Solve 2x — 6y=5 for y, obtaining y = oe = 2. So, the slope of L is : Recall that 

two lines with slopes m, and m, are perpendicular if and only if m,m, =—1, or, equiva- 

lently, m, =—1/m,. Hence, the slope of / is the negative reciprocal ae that is, —3. 

The slope-intercept equation of M has the form y = —3x + b. Since (1, 4) is on M, 
4=-3.1+ 6. Hence, 6=7, and the required equation is y=—3x + 7. 

22. Assume that A, = rA, and B, = rB,, with r # 0. Then the equation of M is rA,x + 

rB,y = C,, which is equivalent to Ax +B, y = = -C,. Then, by Question 19, is parallel to 

L. Conversely, assume M is parallel to L. By solving the equations of Z and M for y, we see 
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that the slope of Z is —(A,/B,) and the slope of M is —(A5/ B,). Since M and L are parallel, 
their slopes are equal: 

A, SSS Git SSS Seay 
A, 

(In the special case where the lines are vertical, B, = B, = 0, and we can set r = A,/A,.) 

23. (A) The slope m, of line AB is (3 — )/(7 —4) = : ‘The slope m, of line BC is 

ae JO a Ea O-IG-)=a2= 5. 

Since m, is the negative reciprocal of m,, the lines AB and BC are perpendicular. 
Hence, AABC has a right angle at B. 

(B) The slope of line AB is (5 ~ 2)/[7 ~ (-1)] ==. The slope of line BC is (2 ~ Oy 
(-l — &) = -2/(1 + &). The condition for AABC to have a right angle at B is that lines AB 

and BC are perpendicular, which holds when and only when the product of their slopes 

is —1; that is, (2-20 + k)|=~-1. This is equivalent to 6 = 8(1 + 4), or 8& =-2, or 

Fee 
4 

24. (A) By the midpoint formula, the coordinates of the midpoint are the averages of the 
coordinates of the endpoints. In this case, the midpoint (x, y) is given by ([2 + (-l)]/2, 

1 
Os 3)/2) = (~. 4), 

(B) The midpoint M of segment BC is ((8 + 2)/2, (1 + 3)/2) = (5, 2). So, AM is 
horizontal, with equation y = 2. 

(C) The slope of AC is (3 - 2)/(2 — 1) =1. Hence, the slope of the altitude is the 
negative reciprocal of 1, namely, —1. Thus, its slope-intercept equation has the form 
y= —x + 6. Since B(8, 1) is on the altitude, 1 =—8 + 4, and, so, 6= 9. Hence, the equation 
isy=—x +9. 

25. Solving for y, we obtain the equation y = ~2 +2. For any fixed x, the vertical line 

3 
with that x-coordinate cuts the line at the point Q where the y-coordinate is a oe +2 

(see Figure A3.1). The points along that vertical line and above Q have y-coordinates 

y> -=x +2. This is equivalent to 2y > — 3x + 4, and thence to 3x + 2y > 4. 
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Figure A3.1 

26. (A) The set of all nonvertical lines through (0, 2). 

(B) The family of mutually parallel lines of slope 3. 

27. Given AABC, choose the coordinate system so that A and B lie on the x-axis and C 
lies on the y-axis (Figure A3.2). Let the coordinates of A, B, and C be (u, 0), (v, 0), and (0, w). 

(i) The altitude from C to AB is the y-axis. (#2) The slope of BC is — w/v. So, the altitude 

from A to BC has slope v/w. Its slope-intercept equation has the form y = (v/w)x + b. 
Since (w, 0) lies on the line, 0 = (v/w)(u) + 6; hence, its y-intercept 6 = —vu/w. Thus, this 

altitude intersects the altitude from C (the y-axis) at the point (0, — vu/w). (é7) The slope 

of AC is — w/u. So, the altitude from B to AC has slope u/w, and its slope-intercept equa- 

tion is y = (u/w)x + 6. Since (v, 0) lies on the altitude, 0 = (u/w)(v) + 6, and its y-intercept 

b = —uv/w. Thus, this altitude also goes through the point (0, — vu/w). 

A (u, 0) B (v, 0) 

Figure A3.2 
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Figure A3.3 

28. Refer to Figure A3.3. Let A be the origin and let B be on the x-axis, with coordinates 
(v, 0). Let C be (c, e) and let D be (d, f). The midpoint M, of AB has coordinates 
(v/2, 0), the midpoint M, of BC is ((c + v)/2, e/2), the midpoint M, of CD is (e+ d)/2, 

(e+f/)/2), and the midpoint M, of AD is (d/2, 72). 

goth Wear ae a a Se a ae Spear Wie AEM” Sine fling AT a ee fie tie dite ef 4 av lin C= BD dese all Cie (a aaa 

Thus, M,M, and M,M, are parallel. Similarly, the slopes of M,M, and M,M, both 

turn out to be f/(d— v), and, therefore, MM, and MM, are parallel. Thus, 1,/,M,M, 

is a parallelogram. (Note two special cases. When c= 0, both MM , and M,M 4 are verti- 

cal and, therefore, parallel. When d= v, both MM, and MM, are vertical and, there- 

fore, parallel.) 

29. 
t C (c,d) 

B (-a, 0) A (a, 0) 

Figure A3.4 

See Figure A3.4. Choose the x-axis so that it goes through A and B and let the origin 
be halfway between A and B. Let A be (a, 0). Then B is (~a, 0). Let C be (c, d). Then M, is 

((c — a)/2, d/2), and M, is ((c + a)/2, d/2). By the distance formula, 
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mf O 
gi a [44-0] +(4-0) = are; 

Setting AM, = BM, and squaring both sides, we obtain [(3a — o/2)’ + (d2) = [Bat 

c)/2]° + (d/2)’, and, simplifying, (34 — c)’ = (3a +c)’. So, (34 +c) — (3a— cc)’ = 0, and, 

factoring the left-hand side, [(3a+ c) + (34 —c)] - [(3a+ c) — (34 — c)] = 0; that is, (62) - 

(2c) = 0. Since a # 0, c= 0. Now the distance formula gives 

=¥(0-a)’ +(d—-0)’ = yl0-(-a)P +(d - 0)’ =CB QI 

as required. 

30. Remember that the distance from a point (x,, y,) to a line Ax + By + C=0 is |Ax, + 

By, + C/V A? + B’. In our case, A= 3, B=—4, C= 10, and VA? + B? = J25 =5. So the 
15 

distance is |3(1) — 4(2) — 10]/5 = ae = 3). 

31. A point-slope equation of a line through (4, —2) with slope m is y + 2 = m(x — 4) or 

mx — y — (4m + 2)'= 0. The distance of (0, 0) from this line is |47 + 2|/¥m? +1. Hence, 

|4m+2|/Vm? +1 =2. So (4m + 2) =4(m’ + 1), or (2m +1)? = m’ + 1. Simplifying, 
4 

m(3m + 4) = 0, and, therefore, m= 0 or m=——. The required equations are y=—2 and 
4x + 3y- 10 =0. 3 

32. Since the equation is linear, we can write it as y= mx + 6. From the information 
about the freezing point of water, we see that 6 = 32. From the information about the 

boiling point, we have 212 = 100m + 32, 180 = 100m, m= = Soy= ea +32. 

Chapter 4: Circles 

33. By the distance formula, a point (x, y) is on the circle if and only if 

(x-a)?+(y-6) =r. Squaring both sides, we obtain the standard equation: (x — a)’ + 

(y— by =r’. 

34. Complete the square in x and in y: (x — 6)’ + (y+ 10)? + 15 = 36 + 100. (Here the —6 
in (x — 6) is half of the coefficient, —12, of x in the original equation, and the +10 in (y+ 

10) is half of the coefficient, 20, of y. The 36 and 100 on the right balance the squares of 
—6 and +10 that have in effect been added on the left.) Simplifying, we obtain (x — 6)° + 
(y+ 10)* = 121, the standard equation of a circle with center at (6, -10) and radius 11. 
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35. Let the center be (—12, 6). The distance formula yields 13 = .f(-12-0)° + (6-0) = 

V¥144+6°.So 144+ 6? = 169, 6?=25, and b=+5. Hence, there are two circles, with 
equations (x + 12)° + (y— 5)’ = 169 and (x + 12)? + (y+ 5)? = 169. 

36. ‘The radius is the perpendicular distance from the center (1, 3) to the line: 

ee = 3. So the standard equation is (x — 1)? + (y— 3) =9., 

37. Clearly, the indicated equation yields the equation of a circle that contains the inter- 
section points. Conversely, given a circle €# @, that goes through those intersection 
points, take a point (x, y)) of @ that does not lie on ©, and substitute % for x and y, for 
y in the indicated equation. By choice of (x,, y,) the coefficient of & is nonzero, so we can 
solve for &. If we then put this value of & in the indicated equation, we obtain an equation 
of a circle that is satisfied by (x,, y) and by the intersection points of 6, and ©,. Since three 
noncollinear points determine a circle, we have an equation for &. [Again, it is the choice 
of (x,, y)) that makes the three points noncollinear, i.e., #—1.] 

38. Using Question 37, substitute (3, 1) for (x, y) in the equation (x? +y?—x—y-2)4+ 

R(x* + y° + 4x — 4y — 8) =0. Then 4+ 10h=0, k= 2s So the desired equation can be 
written as 

S(x° + y? — x — y—2)— 2(x? + y? + 4x —4y—8) =0 or 3x? +3y? -13x4+3y+6=0. 

Chapter 5: Functions and Their Graphs 

39. (A) The domain is the closed interval [—2, 2], since ¥4—x° is defined when and 

only when x° < 4. The graph (Figure A5.1) is the upper half of the circle x? + y =4with 
center at the origin and radius 2. The range is the closed interval [0, 2]. 
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Figure A5.1 
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(B) The domain is the set of all real numbers. The range is the set of all nonnegative 

real numbers. The graph (Figure A5.2) is the graph of y =|.x| shifted one unit to the right. 

ay 
A 

Figure A5.2 

(C) The domain is the set of all nonzero real numbers, and the range is the same set. 

The graph (Figure A5.3) is the hyperbola xy. =1. 

yy 

Figure A5.3 

Figure A5.4 
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(D) The domain is the set of all real numbers #1. The graph (Figure A5.4) is 
Figure A5.3 shifted one unit to the right. The range consists of all nonzero real numbers. 

(E) The domain is the set of all real numbers, and the range is the same set. See 
Figure A5.5. 

Figure A5.5 

+2)(x-2 (F) The domain is the set of all real numbers excepi—2, Since G(x) = oe =x-—2 
x 

for x #—2, the graph (Figure A5.6) consists of all points on the line y=x—2 except the 
point (—2, — 4). The range is the set of all real numbers except —4, 

L 
ma wow fb 

Figure A5.7 
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(G) The domain is the set of all real numbers. The graph (Figure A5.7) is made up 

of the left half of the line y = x for x < 2 and the right half of the line y = 4 for x > 2. 

‘The range consists of all real numbers < 2, plus the number 4. 

(H) The domain is the set of all nonzero real numbers. The graph (Figure A5.8) is 
the right half of the line y= 1 for x > 0, plus the left half of the line y =—1 for x < 0. The 

range is {1, —1}. 

y 

Figure A5.8 

Figure A5.9 

The domain is the set of all real numbers. The graph (Figure A5.9) is a continuous curve 
consisting of three pieces: the half of the line y= 1 — x to the left of x = +1, the horizontal 
segment y = 2 between x =—1 and x= 1, and the part of the parabola y = x’ + 1 to the 
right of x = 1. The range consists of all real numbers > 2. 

40. (A) Since some vertical lines cut the graph in more than one point, this cannot be 
the graph of a function. 

(B) Since each vertical line cuts the graph in at most one point, this is the graph of a 
function. 

41. (A) The domain consists of all real numbers except 2 and 3. To determine the range, 

1 
set_y = ———__ = ———_. 

(x-2)(x-3) x -—5x+6 
and solve for x. x” —5x+ [s- 4 = 0. This has a 

Hf 
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solution when and only when 6° — 4ac = (—5)? — «a6 - 1) =25-24+ - =]+ ct > 0. 
vy a y 

This holds if and only if 4/y 2-1. This holds when y > 0, and, if y <0, when y <—4. 
Hence the range is (0, + 0°) U (—ce, — 4]. 

(B) x is in the domain if and only if x’ <1. Thus, the domain is (-1, 1). 

To find the range, first note that g(x) > 0. Then set y =1/V1— x? and solve for x. 
y =1/(1—x’), x? =1-1/y" 20,12 l/y’, y’ =1, y21. Thus, the range is [1, +09), 

(C) The domain is (—1, + 0). The graph consists of the open segment from (—1,0) to 
(1, 2) plus the half-line of y = 2, with x > 1. Hence, the range is the half-open interval 
(0, 2). 

(D) The domain is [0, 4). Inspection of the graph shows that the range is [—1, 2]. 

(E) The domain is the set of all real numbers. To determine the range, note that 
G(x) =0 if x 20, and G(x) =—2x if x < 0. Hence, the range consists of all nonnegative 
real numbers. 

42. (A) Assume f(u) = f(v). Then Vu =v. Square both sides; # =v. Thus, f is 
one-one. 

(B) f(-1)=1= f(1). Hence, f is not one-one. 

1 
(C) Assume f(u) = f(v). Then 2 =—. Hence, w= v. Thus, fis one-one. 

u Vv 

43. (A) f(x+h)=(x+h)’ —2(x+h) =(x? +2xh+h*)-2x-2h So, fxth)—-f)= 
[(x? + 2xh + h?)— 2x —2h]—(x? —2x) = 2xh+h? -2h= h(2x + h—2). Hence, 

LOA LS oye 2. 

(B) f(x+h)=x+h+4. So, f(x+h)—- f(x) =(x+h+4)—(x+4) =h. Hence, 

f(x +h)— f(x) _ 

h 
ii 

(C) f(xth)=(xthy +1= x? +3x°h+3xh? +h? +1. So, f(x+h)— f(x) = 

(0° + 3x7h + 3xh? +h? +1)—(0? +1) =3x°b+3xh?> +h? = A(3x? + 3xh+ h’). Hence, 

ff(xth)— f(x) 

h 

(D) 
if h x+h)- Flat) fe) = Veh = eB APO = DT 

= 3x7? +3xh+h’. 

h 

x thovx 
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is VxthtJdx 

fy thee phic tealvshb) oats! ON alah disown nay caper a aT 

Hence, J ea ee ee 
h x(x +h) 

1 1 
44, (A) Let y=2x+1 and solve for x. a Thus, UCSD 

(B) Let y= x’. Then x= d/y. So, f(y) = ay. 

45. (A) x —10x? +9 = (x? —9)(x? —1) = (x — 3)(« +3)(x—1)(x +1). Hence, the roots are 

3, -3,1,-1. 

(B) Inspection of the divisors of the constant term 32 reveals that —2 is a root. Divi- 

sion by x + 2 yields the factorization 

(x +2)(x? —16) =(% +2)(x? +4) (x? — 4) =(% +2)(x? +4) (x —2)(x + 2). 

So, the roots are 2 and —2. 

(C) Testing the divisors of 24 reveals the root —2. Dividing by x + 2 yields the factor- 

ization (x + 2)(x? +7x* +12) = (x +2)(x+3)(x+4). Thus, the roots are —2, —3, and —4. 

(D) —2 is a root. Dividing by x + 2 yields the factorization (x + 2)(x* — 2x —1). The 

quadratic formula applied to x° — 2x —1 gives the additional roots 1+ V2. 

Chapter 6: Limits 

46. Intuitively, this means that, as x gets closer and closer to a, f(x) gets closer and closer 
to L. We can state this in more precise language as follows: For any € > 0, there exists 

6 > 0 such that, if |x —a|<6, then | f(x)—L|< e. Here, we assume that, for any 6 > 0, 
there exists at least one x in the domain of f(x) such that |x —a|< 6. 

47. (A) The numerator and denominator both approach 0. However, u*— 25 = (u +5) 
2 2 
D'S) eae 

s > =u +5, Thus, lim — Z 
u— w5 y— 

(u—5). Hence, = lim (u+5)=10. 

(B) Both the numerator and denominator approach 0. However, 
Shams 

x? —1=(*-1)(x? +.x+1). Hence, lim= melts’ eet tes 
x91 x ] xl 
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(C) lim 5u’—4=-4 and lim (u+1)=1. Hence, by the quotient law for limits, 

(D) Both the numerator and denominator approach 0. However, x? — x—12 = 
2 —_— —_— 

(x +3)(x—4). Hence, lim rere = lim (x + 3) =7. 
x34 x x4 

(E) In this case, neither the numerator nor the denominator approaches (). In fact, 

lim (x? —5x? +2x—4)=-12 and lim (x? —3x+3)=1. Hence, our limit is = == 12) 

(F) Both the numerator and denominator approach 0. “Rationalize” the numerator by 
multiplying both numerator and denominator by Jx +3 + V3: 

V¥x+3-V3 Vx+34+V3_— (~+3)-3 l 
“ vce tal: aaa het ye G5 5uus 

l 1 1 
So, we obtain lim —————_— = —=—__ = —_" 

0 x4 34+)3 34/3 273 

(G) As x — 3, from either the right or the left, (x — 3)’ remains positive and approaches 
0. Hence, 1/ (x — 3)’, becomes larger and larger without bound and is positive. Hence, 

lim ; 
x33 (x — 3) 

= +e, an improper limit. 

(H) As x — 2 from the right (that is, with x > 2), «— 2 approaches 0 and positive; 
therefore, 3/(x — 2) approaches +ee. However, as x > 2 from the left (that is, with x < 2), 
x — 2 approaches () and is negative; therefore, 3x — 2) approaches — 0, Hence, nothing 

can be said about lim 
x2 x- Y 

= ce to indicate that the magnitude , 
foes 

(Some people prefer to write lim 
x92 x — 

approaches +°.) 

1 y 3 ] 
48. (A) 2x'' —5x°+3x? ti=x"(2-34344) But —; and —> and —; all 

KES Fi i Bs is 
1 

approach 0 as x — +e. Thus, 2 — = +—>+—; approaches 2. At the same time x"! 
owe 

approaches +e. Hence, the limit is +0, 
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2 1 ah 7 
(B) 2x? —12x* +%-7=x° (2-245 -4) AS Hi? 0, —, =, and os all 

Ee ig Se oe x 

pr ik ; 
approach 0). Hence, 2~— +—; ~~ approaches 2. But x° approaches —v. Therefore, 

ae 
the limit is —o. (Note that the limit will always be --e when x —> —ce and the function is a 

polynomial of odd degree with a positive leading coefficient.) 

(C) The numerator and denominator both approach oe. Hence, we divide the 

numerator and denominator by x’, the highest power of x in the denominator. We 
obtain 

Lae + 5)? [ey 0+0 0 
ge a ee 2 eee 

pore en Tf xy 8 /og0 Msi, 1 bien (7/3) 9 lia 3) WOOO] 

(D) Both the numerator and denominator approach 0. So we divide both of them by 

x°, the highest power of x in the denominator. 

lim 3— lim (4/x*) + lim (2/x°) aes Acai ree eee esi =o70+0, 3 
xt 745/07 lim 7+ lim (5/x°) 7+0 @ 

(For a generalization, see Question 55(B).) 

(E) Both the numerator and denominator approach oo. So we divide both of them by 

x°, the highest power of x in the denominator. 

Ay? jf? lim 4x° — lim (1/x?) lim 4x?-0 lim 4x? 
im ; ne : are : = x—>+0e0 = x—>+6° = +oo 

xote 34-7/x lim 3+ lim (7/x°) 3+0 3 

(For a generalization, see Question 55(C).) 

(F) When f(x) is a polynomial of degree 2, it is useful to think of the degree of 

Vf (x) as being n/2. Thus, in this question, the denominator has a degree of 1, and, 
therefore, in line with the procedure that has worked before, we divide the numerator 

and denominator by x. Notice that, when x > 0, as it is when x — +00, x = Vx’. So, we 

obtain 

xX +00 X— +09 
SO = 4. 

Loe (x —e sera 1+(2/x?) flim 1+ lim (2/x*) ¥1+0 
X—> +00 
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(G) We divide the numerator and denominator by x°*?. Note that x? =x? when 
x > 0. So, we obtain 

7INx —4/x3? lim (71 4x)— lim (4/x?)— g_9 
lim = SS SE Xoo 3 =f 

(H) We divide the numerator and denominator by x*. Note that x? = Nae . We 
obtain 

ea Diy (bh -3.8 Diy? oblim.o2> lit, 2ie7) lim 3x +0 
im ————— = lim === = 2 gn 
= I(x4 = 2x? = 1-2/4 fi— lim (2/x*) v1-0 

49. (A) Remember that a vertical asymptote is a vertical line = ¢ to which the graph gets 
closer and closer as x approaches c from the right or from the left. Hence, we obtain verti- 
cal asymptotes by setting the denominator 3x + 2 = 0. Thus, the only vertical asymptote 

is the line x = £3 Recall that a horizontal asymptote is a line y = d to which the graph 
? 4x-5_ 4, 4-Six 4 

= lim ==. 
4 sts Site 2 ee oe 

Thus, the line y = = is a horizontal asymptote both on the right and the left. 

gets closer and closer as x > +0 or x  —o, In this case, lim 

(B) x? —2x-—3 =(x—3)(x+1). Hence, the denominator is 0 when x = 3 and 
when x =—1. So those lines are the vertical asymptotes. (Observe that the numerator 
is not 0 when x = 3 and when x = —1.) To obtain horizontal asymptotes, we compute 

2x+3 2x+3 
lim ———=———— and lim ——————. In both cases, we divide the numerator and 
xt Ie? 2% —3 x9-@ AI x07 — 2x —3 

denominator by x. The first limit becomes 

2+3/x f 24+3/x 2+0 
in ———————- = [jm — = — = 
#94 (47 2% —3)lx? 8 4/1 —2/n —3/x? = V¥1-0-0 

¥ « 2 
For the second limit, remember that x =—Vx* when x <0: 

2S : Oe Po mibs 2+0 
lin SS = Lim = li KS = — ee = 2 
9 I? — De — 3 PMLA (x? = 2x0 —3)/x? w- _11 — 2x —3/x? —Vv¥1-0-0 

Hence, the horizontal asymptotes are y = 2 on the right and y = —2 on the left. 
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(C) The function is defined only for x 2 0. There are no values x =c such that f(x) 

approaches ce as x —> c. So there are no vertical asymptotes. To find out whether there is 

a horizontal asymptote, we compute lim ¥x+1—Vx : 
X—+e0 

Vx +1 l+Vx (a Ls 1 
| Iie hia) Se Se pas gd ics Tre as eae 

‘Thus, y = 0 is a horizontal asymptote on the right. 

50. As x approaches 4 from the right, x - 4 > 0 and, therefore, 3/(x — 4).> 0; hence, since 

3/(x — 4) is getting larger and larger in magnitude, lim [3/(x — 4)] =+©0. As x approaches 
“> 

4 from the left, x -4<0, and, therefore, 3/(x — 4) <0; hence, since 3/(x — 4) is getting 

larger and larger in magnitude, lim [3/(« — 4)|=—©e. 

51. x? —7x+12=(x—-4)(x— 3). As x approaches 3 from the right, x — 3 > 0, and, 

therefore, 1/(«—3)>0 and 1/(x—3) is approaching +¢9; at the same time, 1/(x — 4) is 

approaching —1 and is negative. So, as x approaches.3 from the right, 1/(x° — 7x +12) is 

approaching —ce, Thus, Nn ee = = —oo, As x approaches 3 from the left, the only 

difference from Bee case just analyzed is that x — 3 < 0, and, therefore, 1/ (« — 3) approaches 

—oo, Hence, lin ———_—— 
x3 mir Prep ie 

52. f(x +h) =4(e + bY — (xe + b) = A(x? + 2xh +h’) — x — h= 4x? + 8xh + 4h? — xh. 

Hence, f(x + h) — f(x) = (4x? + 8xh + 4h? — x — h) — (4x? — x) = 8xh + 4h°— hb. So, 

LORD) A SE set Miad, 

VC) eh) 
h 

Hence, lim 
430 

= lim(8x + 44-1) =8x—1. 

v2 2(x+h) + 
h)- =./ —V2x% =(./2 Poe i eo ea i aa 3. f(x+h) 2(x + A) Dire (x +h) BS resa sem 

SAS ss 

© f2(x +h) + V2x 
2h 

Wont b) de 

he + vn elite) re )) 2 

rat 130 /2(x+hy+V2x 22x 
Hence 
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54. Rationalize the numerator: 

Nx $523 Wah $5 +3 (x° +5)-9 
x’ —2x Viet 54S “x (e ll) ees erst 

if x —4 

- xe— 2) nia? 5 43) 
(«+ 2)(x — 2) 

. x(x —2)(fx? +5 +3) 

x+2 

‘ x(x? +5 +3) 

We obtain pene sie ee ol 
#92 (4/0? +5 +3) 2(¥9+3) 3° 

55. (A) flx)=x'(a,+ tet +S | 

9 x x 

(hall a a, > =. . 1 = s — . . - -= lim —} = lim —-=0 So the sum inside the parentheses 
400 x+s0 x x 

Now, lim 
x4 ue 

approaches a,. Since lim x” =+00, lim f(x) =+ee. 
¢ X50 X+te0 

(B) Dividing the numerator and denominator by x”, 

ee 4, + (a,_,1x)+++-+(a, 1 x%"")+(a,/x”) 

b, +(b,_,1x) +++ +(B, 1 x") + (dy lx”) 
n-l 

Since each a,_,/x’ and 6, _,/x/ approaches 0, lim. F(x) =4,/6,. 

(C) Factoring out x” from the numerator and then dividing the numerator and 

denominator by x“, f(x) becomes 

= 5 + (a, ,/x) +++ +(a,lx"1) + (a, hx" 
b, + (B_,1) +++ + (Gx) + (by lx") 

As x ~ +e, all the quotients a, _;/x’ and b,_,/x’ approach 0, and, therefore, the quantity 
inside the parentheses approaches a,/b, > 0. Since x"~“ approaches +00, lim f(x) =+<0. 

x—~>+400 

(D) Dividing the numerator and denominator by xt, 

f(x)= (a, lx°") + (a, 1x8") +++ (a, lx") + (a,/x*) 
b, + (b,_,1x) +++ + (b x") + (b, lx") 
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Since each of the quotients a,_,/x‘~"*! and b,_,/x’ approaches 0, the denominator 
approaches 6, > 0, and the numerator approaches 0. Hence, lim Fie=0, 

(E) By Question 55(B), the limit is 2 

(F) By Question 55(C), the limit is +2. 

(G) By Question 55(D), the limit is 0. 

(H) Divide the numerator and denominator by x’, which is essentially the 
“highest power of x” in the denominator (pay attention only to the term of highest 

30 —4]x7!9 30"? — 4]??? 

Ae? =D? 1 —Afx? 

Since 1/x* approaches 0, the denominator approaches 1. In the numerator, 4/x 
approaches 0. Since x” approaches +2, our limit is tee. (Note that the situation is 

order). We obtain 

2/3 

essentially the same as in Question 55(C).) 

(I) Divide the numerator and denominator by x, which is essentially the highest power 
: 2+1/ 2+1/ 

in the denominator (forgetting about —2 in x? — 2). We obtain ee He 
(0% —2)/ 0? =*f1-2/ x? 

Since 2/x° and 1/x approach 0, our limit is 2. (This is essentially the same situation as in 
Question 55(B).) 

Chapter 7: Continuity 

56. f(a) is defined, lim f(x) exists, and lim f(x) = f(a). 

57. (A) x =0 is a point of discontinuity because lim f(x) does not exist. x =1 is a point 

of discontinuity because lim (x) # f (0) (since lim J (2) =0 and fl) =2). 

(B) f(x) is continuous everywhere. In particular, f(x) is continuous at x = 0 because 

f(0)=(0) =0 and lim f(s) =0. 

(C) f(x) is not continuous at x = 0 because lim F(x) does not exist. 

(D) Since x? — 4 = (x —2)(x +2), f(x) =*-—2 if x #-2. So f(x) is not continuous 

at x =—2 because lim f(x) # f(—2) (since f(—2) =0 but lim f(x) = —4 However, 

x =—2 is called a removable discontinuity because, if we redefine f (x).at x =—2 by setting 
f(-2) =—4 then the new function is continuous at x = —2. (Compare Question 57(A).) 
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(E) Since x* -1= (x =1)(x+1), ), f(x) =x +1 wherever it is defined. However, f(x) 
is not defined when x = 1, since (x* — 1) / (x —1) does not make sense when x =1. There- 
fore, f(x) is not continuous at x = 1. 

(F) Since x? —9 = (x —3)( (x+3), f(x) =x+3 for x #3. However, f(x) = %* +3 also 
when x = 3, since f(3) =6=3+3. Thus, f(x) =x +3 for all x, and, therefore, f(x) is 
continuous everywhere. 

(G) f(x) is discontinuous at x = 1 because lim f(x) does not exist. f(x) is 
x1 

continuous at x = 2 because f(2)=2+1=3 and lim f(x) = 3. Obviously f(x) is 

continuous for all other x. 

Age ta 

(x+1)(x-4) x-4 
x =—1 because it is not defined at those points. (However, x =—1 is a removable disconti- 

(H) See Figure A7.1. f(x) = . f(x) is discontinuous at x = 4 and 

nuity. If we let f(—1) = = the new function is continuous at x =—1.) The only vertical 

Diet 3 , : asymptote is x = 4. Since lim ————— = 0, the x-axis, y = 0, is a horizontal asymptote 
xis x? —3y—4 

to the right and to the left. 

Figure A7.1 
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58. (A) f(a) is defined, lim fe exists, and lim f(x) = f(a). (B) f(a) is defined, 

lim F(x) exists, and la re mT a) 

59. At x=0, f(x) is not continuous on the left, since lim f(x)=341= f(0). Atx=0, 

F(x) is continuous on the right, since lim F(x)=1= f(0). Atx= 2, f@)\is continuous 

neither on the left nor the right, since lim Vike a ewe? lim f(x) = 0, but f(2) =3. Acx= 3, 

F(x) is continuous on the left, since lim f(x) =2= f(3). Atx = 3, f(x) is not continuous 

on the right since lim f(s) =0% fF) 

60. f(x) is continuous, f(1)=—1, and f(2) =6. Since f(1)<0< f(2), the intermedi- 

ate value theorem implies that there must be a number c in the interval (1, 2) such that 

Ffey=0; 

61. f(-4) =0, f(0) =4, fis continuous on [—4, 0], and 0< <7. <4, We must find a 

number c in [—4, 0] such that f(c) = J/7.So, V16—-¢? = /7, lO=e m7. =o, c= 13: 

Hence, the desired value of c is —3. 

1 
62. (A) No. fO)= 0, but lim Fe= )= lim — = +o, 

x bie 

(B) Yes. When continuity over an interval is considered, at the endpoints we are con- 

cerned with only the one-sided limit. So, although f is discontinuous at « = 1, the left-hand 
limit at 1 is 2 and f(1) = 

(C) No. The right-hand limit at x = 1 is lim (x—1)=0, whereas (1) = 
xolt 

63. Since lim 3x? —1=-1, the value of cx + dat x = 0 must be -1; that is, d=—1. 
x= 0" 

Since lim Vx +8 = 3, the value of ex+datx=1 must be 3; that is, 3=c(1)—1, c= 4. 

Chapter 8: The Derivative 

64. (A) f(x + Ax) = Ae + Ax) + B= Ax+ A Ax t B. Then f(x + Ax) — f(«) = (Ax +A Av+ 
B)— (Ax +B) =A Ax, 

Hence, EEO a ieaicy ito Oty 
(B) f(x + Ax) = 2( + Ax)’ — 3(x +Ax) +5 = 2[x? + 2x Aw + (Ax)] —3x-3Ax+5= 

2x + 4x Ax + 2(Ax)? — 3x - 3 Ax +5. So, f(x + Ax) —f (x) = [2x? + 4x Ax + 2(Ax)? — 3x 

— 3 Ax +5] - (2x? -— 3x +5) = 4x Ax + 2(Ax)? — 3 Ax = (Ax)(4x+ 2 Ax — 3). 
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Thus, et Ax) f(x) _ Ae DA — * Hence, f’(x) = “es tim f(x + Ax)—~ f(x) _ 

Ax Ax) Ax 

lim (4x + 2 Ax — 3) = 4x - 3, 
Ax0 

(C) fe + Ax) = (x + Ax)? = x? + 3x? Aw + 3x(Aw)? + (Ax’). So, f(x + Ax) aah (eo) ae 
[x° + 3x? Ax + 3x(Ax)? + (Ax)}] =n, = 3x* Ax + 3x(Ax)? + (Ax)? = (Ax) (3x? + 3x Ax + (Ax)), 

So fore = 3x" 13 Ax +(Ax)’. Thus, £’(x) = by SORE = 

lim [3° + 3x Ax +(Ax)*]= 

65. (A) f’(x) = na,x"" + (n-l)a,_ x"? +++ 2a,x ta, 

(B) f’ (x) = 35x%* — 12x? + 12x +3. 

66. (A) D.[ f(x) + ¢(x)] = D, f(x) + D,g(x) 

Df (x): g(x)]= f(x): D.g(x)+ g(x): Df (x) 

p| £2. g(x): D, f(x) = f(x): D, g(x) 
*) g(x) [g(x)} 

(Note the various ways of denoting a derivative: PD. fe).Z,y') 

(B) F’ (x) = (5x? — 20x + 13)(24x° + 10x«4 — 14” + 2) + (4x° + 2x? — 7x? + 2x) (15x? - 
20). (In such cases, do not bother to carry out the tedious multiplications unless a particular 
question requires it.) 

(x? +7)(3) — (3x — 2)(2x) = 3x° +21-6x? +4x > =3x° +44 421 
(x? +7) (x? +7)? (x? +7)? 

(D) (i) —40x* + 3./3x? + 4rrx. 

(C) G(x)= 

(ii) 102” + 36x'' —28+4/7. 

67. (A) When x= 3, f(x) = 45. So the point is (3, 45). Recall that the slope sy the 

neem line is the derivative f’(x), evaluated for the given value of x. But f’(x 
12x? — 14x. Hence, f’(3) = 12(9) — 14(3) = 66. Thus, the slope-intercept cate of 

the tangent line has the form y = 66x + 6. Since the point (3, 45) is on the tangent line, 

45 = 66(3) + 4, and, therefore, b= —153. Thus, the equation is y= 66x — 153. 

(B) The derivative is y’ = 5x‘ + 4. Hence, the slope of the tangent line at a point 

(xp te oh g a x, + 4x, —4 

x) — 0 x) 

A(xps Yo) of the graph is 5x, +4. The line AB has slope 

So the line AB is the tangent line if and only if (x? + 4x, — 4\ x, = 5x, +4. Solving, 
%y =—1. So there is only one point (—1, 8). 
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68. ‘The normal line is the line perpendicular to the tangent line. Since y’ = 3x° ~ 2x, the 
slope of the tangent line at x= 1 is 3(1)° — 2(1) = 1. Hence, the slope of the normal line is the 

negative reciprocal of 1, namely —1. Thus, the required slope-intercept equation has the form 
y=—x + 6. On the curve, when x= 1, y= (1)? -(1)’ = 0. So the point (1, 0) is on the normal 

line, and, therefore, 0 =—1+ 6. Thus, 6=1, and the required equation is y=—x + 1. 

5(x + Ax)‘ — 5x4 
69. Recall the definition of the derivative: When f(x) = Sx, FXx= ig See ) iat a 

4 4 
Die An = 5(= 

In particular, for x = LF(5) =? lim 5(4+ Ax) -5(4)" 
3) 3 Av30 Ax 

limit, we obtain the limit to be evaluated, which is therefore equal to f’ (=) But f “(x)= 

. If we replace Ax by / in this 

3 
x 20 

20x°. So the value of the limit is 20{ =) =—., 
By Oy 

70. y’=x° — 1 is the slope of the tangent line. To be parallel to the line y = 3x having 
slope 3, it also must have slope 3. Hence, x’ -1=3,x’ =4, x=+2. Thus, the points are 

(22) n(2-2} 
71. (A) fle + Ax) — f(x) = {if + Ax) — fe) |/Ax} Ax. Thus, 

see — f(x)] etd aay ieee ek al lim Ax = f’(x)-0=0. 
Ax 0) Ax Av—>() 

Hence, 0 = = lim[ f(x + Ax) f(x)] = lim fe + Ax) — lim f(x) = lim f(x + Ax) — f(x). 
0 

So lim f(x + Ax) = f(x), and fis continuous at x. 

(B) Consider the function f(x) = |x| at x = 0. Clearly, f is continuous everywhere. 

However, flat dt UO ea Kose Fel . When Ax > 0, |Ax|/Ax = 1, and, when Ax 
Ax Ax Ax 

<0, |Ax|/Ax =—- 

|Ax| Therefore, lim —~ = f’(0) does not exist. 
Axr>0 Ax 

72. ‘The slope of the tangent line is the derivative f’(x) = 9x° — 22x — 15. The tangent line 
is horizontal when and only when its slope is 0. Hence, we set 92x” — 22x— 15 =0, (9x +5) 

(+3) =0; v= 3 ofg= ae ‘Thus, the desired points are (3, 0) an nd(- ad} 

a 9° 243 

73. ‘The graph (Figure A8.1), reveals a sharp point at x = 3, y=0, where there is no 
unique tangent line. Thus the function is not differentiable at x = 3. (This can be verified 
in a more rigorous way by considering the A-definition.) 
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Figure A8.1 

Chapter 9: The Chain Rule 

74. (fo Q(x) =f (g(x) =f (x*) = (@*)’ + 2(x) — 5 = x6 + 2x? — 5 

(go f)(x) = ¢( f(x) = g(x? + 2x — 5) = (x? + 2x - 5)? 

75. Let g(x) =3x—5 and let f(x) = Vx. Then (fo g(x) = flg(x)) =fGx - 5) =V3x-5. 

76. 

(fo g)(x)= f(g(x)) = (5) = : 
ie i ee 

andiles- Pin) aes ee 
1 peut 

1 

pa 
So we must solve , 4nx-2=x-1, 3x=1, ne 

77. (A) (fe 9)"(x) =f) - ge’). 

bd du 
dx du dx 

the second occurrence of y (on the right side) refers to y as a function of u. 

(B) . Here the first occurrence of y refers to y as a function of x, while 

(C) Use the chain rule. Think of the function as a composition (fo g)(x) where 

f(%) =x? and g(x) =«°— 2x? + 7x — 3. Then f’(x) = 4x° and g’(x) = 3x?— 4x + 7. Hence, 

S (x0? — 2x? + 7x — 3)* = A(x? —2x? + 7x —3)° « (3x? — de + WD. 

(D) We can write T= (3x° +5)“. Now we can use the chain rule. 
1 

(3x7 +5) 

Remember that val = rx’ for any real number r. In particular, ox =—4x”. By the 

24x 
chain rule, (3x +5)* =-4(3x? +5)” (6x) = Gxt 45: 
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(E) We can write (2x +7 = (2x+7)'. By the chain rule, 

d v2 1 1/2 V2 1 (Qx+7)" = 5Qx+7)" -(2)=(2x+7) ~Oxt7) Jax t7 

d 1 d ‘ h > ae) =a y ~1/2 d Boe 2) a 2 
[Her we have used ad, 5 an (24+7)= 

3 2 . 

(F) Use the chain rule. 4(=%2) -3(2) 4 (=), Here we must 

“(2 a (x -3)-1—(*%+2)-1 5 
calculate — — |=+ =, 

dx\ x- x-3 (%—3)° (x —3)° 

Hence, 4 (22) -3(22) |- 5 7] =-1s 22h. 
dx \x—3 x-3 (x — 3) (x — 3) 

78. Think of this function as a product of (4x° — 3)’ and (x + 5)’, and first apply the 

product rule: < [(4x7 — 3)? («* +5)?] = (4x? — 3)? 4 (x +5)? +(x +5) (a = 3)*. By 

aa d 
by th i le: — y the quotient rule ral 

the chain rule, “ (x'+5)° = 3(x% +5)? -1=3(x +5)’, and . (4x7 — 3)? = 2(4x? —3)-(8x) = 

16x(4x° — 3). Thus, [(4x? — 3)? (x + 5)°] = (4x? — 3)? - 3(x + 5)? +(x +5)? 16x(4x? — 3). 

We can factor out (4x” — 3) and (x + 5)’ to obtain (4x* — 3)(x + 5)?[3(4x7— 3) + 16x(4x + 5)] = 

(4x* — 3)(x + 5)°(12x? — 9 + 16x? + 80x) = (4x? — 3)(x + 5)?(28x7 + 80x — 9). 

(x? +1) oe ae 
79. By the quotient rule, y’ = a 5 

Xe 

By the chain rule, Vx-l= a (x1)? = s(x Ea? 

(x? + Je —2xV x= 

Thus, y= Be ASME Fel Sate a HN 
(x? +1)? 
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When x = 2, Vx —1=1, and therefore, at the point & :} ye Bek Hence, a 
50. 

ates 1 3 point-slope equation of the tangent line is y— Bias ge 2). Solving for y, we obtain 

the slope-intercept equation y = a : a 
50 Doi 

80. y= (x° + 16)". Hence, by the chain rule, 

pee eee Sis a 
y = —(x" +16) M2 (x? +16) = Ee +16) 1? (2x0) = (0? 416)? = —eecemscer , 

2 dx 2 Vx? +16 

2 a 3 

At the point (3, 5), ¥x° +16 =5, and, therefore, y” = 3 This is the slope tangent 

line. Hence, the slope of the normal line is -2, and a point-slope equation for it is 
5 : 

y-S= at (x —3). Solving for y, we obtain the slope-intercept equation y = —s +1 0. 

by kk 

dz dx dz 
81. = 3x? -(6z) =18zx* = 182(3z7 +5)’. 

82. By the chain rule, H’(x) = F’(G(x)) - G’(x). Hence, H’(3) = F’(G(3)) - G’(3) = 

F'(D)-622-6=A2. 

83. F(x) =(1+x7)?. By the chain rule, 

4 F(x) =s(1+x) SZ 0bx)=S04s%)" (x)= 5x re 

84. We are asked to find the value of dy/dt when t= 4. dyldx = 3x° — 3 = 3(x’ — 1), and 

dxldt= WA). 

Hence, WY _Y oe 3(x* =) when ver aes! wa eee 
dt dx dt At dt 8 

per unit of time. 

Chapter 10: Trigonometric Functions and Their Derivatives 

85. Consider a circle with a radius of one unit (Figure A10.1). Let the center be C, and 

let CA and CB be two radii for which the intercepted arc AB of the circle has length 1. 
Then the central angle £ ABC has a measure of one radian. 
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~—-— 

Figure A10.1 

86. 27 radians is the same as 360 degrees. Hence, 1 radian = 180/7 degrees, and 1 
degree = 77/180 radians. So if an angle has a measure of D degrees and K radians, then D 

= (180/m) Rand R= (z/180)D. 

87. We use the formula R= (77/180)D. Hence 30° =-27/6 radians, 45° = 77/4 radians, 

60° = 77/3 radians, 90° = 7/2 radians, 120° = 277/3 radians, 135° = 37/4 radians, 180° = 

m radians, 270° = 37/2 radians, 360° = 27 radians. 

88. We use the formula D = (180/7) R. Thus, 3277/5 radians = 108° and 52/6 radians = 
USO. 

89. ‘The arc length s, the radius 7, and the central angle @ (measured in radians) are 
related by the equation s = 7@. In this case, r= 10 inches and 0= 77/5. Hence, s = 27 
inches. 

90. See Figure A10.2. 77/3 radians = 60°, and the minus sign indicates that a 60° 
rotation is to be taken in the clockwise direction. (Positive angles correspond to counter- 
clockwise rotations.) 

Figure A10.2 
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B (cos @, sin 6) 

Figure A10.3 

91. Refer to Figure A10.3. Place an arrow OA of unit length so that its initial point O is 

the origin of a coordinate system and its endpoint A is (1, 0). Rotate OA about the point 

O through an angle with radian measure @. Let OB be the final position of the arrow after 
the rotation. Then cos @ is defined to be the x-coordinate of B, and sin @ is defined to be 
the y-coordinate of B. 

a2. 

Notice that 977/4 = 27+ 7/4, and the sine and cosine functions have a period of 27% 

that is, sin (9+ 27) =sin Oand cos (9+ 27) = cos O. Hence, sin (9707/4) = sin (71/4) = 

2/2 and cos (92/4) = cos (1/4) = V2/2. 

93. (A) In general, cos (—@) = cos @. Hence, cos (—77/6) = cos (7/6) = 3/2. (B) In gen- 

1 
eral, sin (—@) =—sin @. Hence, sin (—7t/6) = —sin (70/6) = = (C) 27/3 = 1/2+7/6. We 

1 
use the identity cos (9+ 77/2) =—sin @. ‘Thus, cos (27/3) =— sin (77/6) = or (D) We use 

the identity sin (9+ 7/2) = cos @. Thus, sin (27/3) = cos (77/6) = 3/2. 
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94, We use the values calculated in Question 92 to draw Figure A10.4. 

(b) y=sin x 

Figure A10.4 

95. Because cos 3(x + 27/3) = cos (3x + 27) = cos 3x, the function is of period p = 27/3. 
Hence, the length of each wave is 277/3. The number fof waves over an interval of length 
27 is 3. (In general, this number f called the frequency of the function, is given by the 
equation f= 27/p.) The graph is indicated in Figure A10.5. 

Figure A10.5 
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96. ‘The period p = 77/2. (In general, p = 27/6, where 6 is the coefficient of x.) The coef- 
ficient 1.5 is the amplitude, the greatest height above the x-axis reached by points of the 
graph. The graph looks like Figure A10.6. 

Figure A10.6 

97. (A) lim sin 3x = lim3 sin3x Ws sey sin 3x Bate sin@ Ling 

x30 x x30 3x x30 3x 030 @ 

(B) lim sin 2x 4 im sin2x oat 2) 

Ogi Ss NI | Sing 

ae sin2x ae 3x 2 

pO Dye 0 Sinan 

i Cae Tio) 
Sines i 

630 @ 6sinO 3 ory es) 

~ - 1+ (©) ae cos x neni COS x cos x 

x30 Bs x0 x 1+ cosx 

_ 1=cos*x 
= lim —————_ 

x0 x(1+ cos x) 
ee ° . 0 

Tien sin’ x = fim Lin sin x Sain 

x0 x(1+cosx) 79 x x901+cosx 2 

98. (A) By the identity sin (w+ v) = sin u cos v + cos usin v , sin(x + Av) = sinx cos(Ax) + 

cos x sin(Ax). Hence, sin (x + Ax) — sin = sinx[cos(Ax) —1]+ cos sin(Ax), and 

sin(x+Ax)—sinx  , cos(Ax) —1 

Ax 

sin(Ax) 
COS ae 

Ax 
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Ay © sin(ePAx) sins 
Thus, mee ayes (Les rere reerron es 

j _ cos(Ax)—1 sin(Ax) 
= sinx + lim —————— + cos x + lim —-—— 

Ax—0 Ax Ax>0 Ax 

= (sin x)(0) + (cosx)(1) = cos x. 

sin®@ cos@ — 1 
= land lim a = 0 (Question 97(C).) Here, we have used lim 

—+() 

(B) By the identity cos x = sin (z- x) (cos x) = sin 2 :)| = 

con{ 5 - x) £(4- x] [chain rule] = sin x - (—1)} sinx = cos{ 5 - x] =—sinx. 
2, dx \. 2 Z 

(C) sin 3x is a composite function of 3x and the sine function. By the chain rule 

and the fact that a (sin x) =cos x, Yo (sin3x) = cos3x Z (3x) = cos3x%-3 =3cos3x. 
dx dx dx 

(D) cos’ x = (cosx)*. Hence, by the chain rule, - (cos x) = 2(cos x): S cos x = 
i . 

2cosx:(—sinx) =-2sinx cosx =—sin2x. 

(E) Vsinx = (sin), By the chain rule, (iin) = 5 in xy? o (sinx) = 
cos x 1 

SSS (ANGI 3 
2V sinx 2V sinx 

99. ‘The slope of the tangent line is the derivative y’. By the chain rule, since 

sin’ x =(sinx)’, y =2 (sinx)- “ (sinx) = 2sinxcosx. When x = 77/3, sinx = 3/2 and 

cosx = 7 Soy = 2: 3/2. == 3/2. At the point where x 77/3, y = (3/2) = <. Soa 

point-slope equation of the tangent line is y— - = (43/2) (x — 7/3). 

100. (A) Remember that tan x = sin x/cos x and sec x = 1/cos x. By the quotient rule, 

y plage erat x)= ety ren) 
S(anx) = 2 { S22). dx dx 
dx dx \ cos x (cos x)? 

be (cos «)(cos x) — (sin. x) (—sin x) ‘ cos’ x + sin? x 

(cos)? (cos x)? 

1 2 = —— =sec’ x. 
= (cos x)? 
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(B) Note that tan (77/3) = sin (20/3)/ cos(1/3) = (3, 312) = = J3, and sec (77/3) = 

1/cos (70/3) = Us onion soreseentey Stan Dye ane Gce ene 

when x = 77/3, y’ = 2/3 -4 = 8/3, so the slope of the tangent line is 8Y3. Hence, a 

point-slope equation of the taneche line is y— 3 =8/3(x— 2/3). 

(C) By the chain rule, 

d d As » 1 
—\(SeG.¥) = =——=(COs x)= = (cosy (COS) = — i rr. ) oui ) (cos x) 7, os) cae (—sinx) 

sinx ] sinx 
= = . = sec x tan x. Z 

coS x COSX COS X% 

d 
101. By the chain rule, y’ = 3|2 sec x: <(ecx)| = 3(2secx+secx-tanx) = Gsec’ xtanx. 

So the slope of the tangent line is y’ = =6(+ )W3e= 8V3/3. Hence, the slope of the nor- 

mal line is the negative reciprocal —/3/8. Thus, a point-slope equation of the normal line 

is y—4=—(/3/8)(x — 71/6). 

pnw sins bayisings 7, tb A NEINES = OEP = 
102. —— =-——_-—- = : . Hence, lim =lim -lim 

ig GOS: EX Kea cos x0 x x>0- yx COS 
fy Ay 

1 

103. A line is horizontal when and only when its slope is 0. The slope of the tangent line 
is y’ = D,, (sec x) = sec x tan x. Hence, we must solve sec x tan x = 0. Since sec x = 1/cos x, 
sec x is never 0). Hence, tan x = 0. But, since tan x = sin x/cos x, tan x = 0 is equivalent to 

sin x = 0. The latter occurs when and only when x = nz for some integer n. 

Chapter 11: Rolle’s Theorem, the Mean Value Theorem, and 

the Sign of the Derivative 

104. If fis continuous over a closed interval [a, 6] and differentiable on the open interval 

(a, 6), and if f(a) = f(6) =0, then there is at least one number ¢ in (a, 6) such that f’ (c) = 0 

105. f(x) is clearly differentiable everywhere, and f(—1) = f(3) = 0. Hence, Rolle’s 

theorem applies. f’ (x) = 2x — 2. Setting f’ (x) = 0, we obtain x = 1. Thus, f’(1) = 0 and 
exe lige, 

106. There is a discontinuity at x = 1, since lim f ( x) does not exist. Hence, Rolle’s 

theorem does not apply. 
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107. f(x) is differentiable within (0, 8) but not at 0. However, it is continuous at x = 0 

and, therefore, throughout [0, 8]. Also, f(0) =/(8) =0. Hence, Rolle’s theorem applies. 

jas 2/38/x — 2/3(a/x)?. Setting f” (x) = 0, we obtain x = 1, which is between 0 and 8. 

108. (A) If f(x) is continuous on the closed interval [a, 6] and differentiable on the open 

interval (a, 6), then there is a number c in (a, 6) such that Fto= Mem 
b-a 

(B) f’ (x) = 2. Hence, the mean value theorem applies. Note that 

F(@\-fM. 11-5 
res sa = 2. Thus, we can take c to be any point in (1, 4). 

(C) f’ (x) = 6x — 5, and the mean value theorem applies. Setting 6c —5 = 

mmcle = = =16, we find c= = = , which lies between 2 and 5. 

(D) / (x) is continuous for x > 0 and differentiable for x > 0. Thus, the mean value 
theorem is applicable. 

» Way eg iole hese eye orp ee ou ag Mr 
Ss Ce Spee aoa arc emarmere iz =57 wend ¢=-—-, which lies 

between 0 and 16. | 

109. Assume a < u<v< b. Then the mean value theorem applies to f(x) on the closed 
interval (, v). So for some c between uw and », f’ (c) = (f(v) —f(u)]/(v — wu.) Hence, f 
(v) —f(u) =f" (\(v—u). Sinceu<v,v—u>0. By hypothesis, f’(c) > 0. Hence, f(v) 
— f(u) > 0, and f(v) > f(u). Thus, f(x) is increasing in (a, 6). 

110. (A) f(x) = 3. Hence, f(x) is increasing everywhere. 

(B) f’(x) = 2x — 4. Since 2x -4> 0 Ox%> 2, f (x) is increasing when x > 2. Simi- 
larly, since 2x - 4 <0 <9 x< 2, f(x) is decreasing when x < 2. 

(C) f’(x) = 3x? — 18x + 15 = 3% — 5)(x- 1). The key points are x= 1 and x= 
5. f(x) > 0 when x > 5, f’ (x) <0 for 1 <x <5, and f’(x) > 0 when x < 1, Thus, f(x) is 
increasing when x < 1 or x > 5, and it is decreasing when 1 <x <5, 

(D) f(x) is defined for x # 0. f’(x) = 1 — (1/x?). Hence, f(x) <0 1 < 1/x’, 
which is equivalent to x’ < 1. Hence, f(x) is decreasing when —1 <x <0 or 0<x< 1, and 
it is increasing when x > 1 or x<—l. 
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111. f(0) =—4 <0, and f(1) = 2 > 0. Hence, by the intermediate value theorem, f (x) 
= 0 for some x between 0 and 1. f’(x) = 15° — 4x + 3. By the quadratic formula, we see 
that f(x) has no real roots and is, therefore, always positive. Hence, f(x) is an increasing 
function and, thus, can take on the value 0 at most once. 

112. Let f(x) =x° + 2x5. Since f(0) =— 5 < 0 and f(2) =7 > 0, the intermediate 
value theorem tells us that there is a root of f(x) = 0 between 0 and 2. Since f’(x) = 3x? 
+2> 0 for all x, f(x) is an increasing function and, therefore, can assume the value 0 at 
most once. Hence, f(x) assumes the value 0 exactly once. 

113. (A) Let a<x< 6. The mean value theorem applies to f(x) on the interval [a, x]. 

Jie ie) BEY) eine f(¢) = 0) 
x-a 

f (x) =f (a). Hence, f(x) has the value f(a) throughout the interval. 

Hence, there exists a c between a and x such that f’(c) = 

(B) Let A(x) = f(x) — g(x). Then A’(x) = 0 for all x in [a, 6]. By Question 113(A), 

there is a constant K such that A(x) = K for all x in [a, 6]. Hence, F(x) =g(x) + K for all x 

in [a, 6]. 

Chapter 12: Higher-Order Derivatives and 
Implicit Differentiation 

114. y’ = 37x’ 7, y” = 6nx, y’” = 6m, and y” =0 for n 2 4. 

115... y=(G+x)". 

1 es om Bye i tw ; 

es eg? 
2 

20 ea jy ( x) (34x) 

6 Orso fi =4 a 
af (3 x) (3+x)* 

1 z (7) = a5 n | —(n+1) = =| n | ————e ‘The general pattern is y"”’ = (—1)"(n!)(3+ x) (-1)"(n Gx 

Ww 116. y’=cos x, y” =—sin x y’” =—cos x, y 
functions keeps on repeating. 

= sin x, and then the pattern of these four 

117. By implicit differentiation, 2x + 2yy’ =0, y’ =—x/y. By the quotient rule, 

pi wiley ya xexl) oy ted’ 
‘eae A aoe 2 Catt Seams y y H y 
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118. Use implicit differentiation. (*) 2x + 2(xy’ + y) + 6yy’ = 0. When y= 1, the original 

equation yields x? + 2x + 3 = 2, x7 +2x+1=0, (+1)? =0,*+1=0,x=-1. 

Substitute —1 for x and 1 for y in (*), which results in —2 + 2(-y’ + 1) + 6y’ =0; so, y’ = 

0 when y= 1. To find y”, first simplify (*) to x + xy’ + y + 3yy’ = 0, and then differentiate 
implicitly to get 1 + (xy” + y’) +’ + 3(” + yy’) = 0. In this equation, substitute —1 for 

1 
x, 1 for y, and 0 for y’, which results in 1 — y” + 3y”=0, y” = ee 

119, Use implicit differentiation to get 2b°x + 2a*yy’ = 0, y’ =—(6°/a’)(x/y). Now 
differentiate by the quotient rule. 

iyiee (ena seated 
a y a y 

Pe ye eae bee ee 
a a y a ay ay 

Chapter 13: Maxima and Minima 

120. If f’(c) = 0 and f’(c) < 0, then f(x) has a relative maximum at ¢. (See 

Figure A13.1(a).) IF f’(c) =0 and f”(c) > 0, then f(x) has a relative minimum at c. (See 

Figure A13.1(b).) Iff’(c) = 0 and f”(c) = 0, we cannot draw any conclusions at all. 

A 

(b) 

Figure A13.1 
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Figure A13.2 

121. Assume f’(c) = 0. If f’ is negative to the left of c and positive to the right of c—the 
case {—, + }—then f has a relative minimum at c. (See Figure A13.2(a).) If f’ is positive to 

the left of c and negative to the right of c—the case{+, —}—then f has a relative maximum 

at c. (See Figure A13,2(b).) If f” has the same sign to the left and to the right of e—{+, +} 

or {-, -}—then fhas an inflection point at c. (See Figure A13.2(c).) 

122. (A) Recall that a critical number is a number ¢ such that f(¢) is defined and either 

Ff’ (oc) =9 or f’(c) does not exist. Now f ’(x) =—2 + 2x. So we set —2 + 2x = 0. Hence, the 

only critical number is x = 1. But f”(x) = 2. In particular, f’(1) = 2 > 0. Hence, by the 

second-derivative test, f(x) has a relative minimum at x= 1. 



154 » Answers 

(B) f(x) = 3x° — 10x — 8 = (3x + 2)(x — 4). Hence, the critical numbers are x = 4 

and x. = “=. Now f(x) = 6x — 10. So f”(4) = 14 > 0, and, by the second-derivative test, 

2 ; 
there is a relative minimum at x = 4. Similarly, f “(-¢ = —14; therefore, there is a rela- 

: ; Zs 
tive maximum at x = — 

(C) f’) =x» 3-1)? + (« - 1? = (& —1)?(Bx +e — 1) = (e— 19°40 - 1). 

So the critical numbers are x = 1 and x = 7 Now f(x) = (x — 1)? - 4+ 2(x- 1) 

(4x — 1) = 2(e—- 1)[2@— 1) + 4x — 1] = 2(e— 1)(6x — 3) = 6(x— 1)(2x — 1). Thus, 

i (2) = 6(-2}(-5) = < > 0, and, therefore, by the second-derivative test, there is a 

relative minimum when x = ; On the other hand, f”(1) = 6-0 - 1 = 0, and, therefore, the 

second-derivative test, is inapplicable. Let us use the first-derivative test, SF (0) = (x — 1)? (40 - 

1). For x #1, (v—1)? is positive. Since 4x — 1 has the value 3 when x =1, 4x — 1 > 0 just 
to the left and to the right of 1. Hence, f’(x) is positive both on the left and on the right of 
x= 1, and this means that we have the case {+, +}. By the first-derivative test, there is an 
inflection point at x= 1. 

(D) f’(x) = cos x — 1. The critical numbers are the solutions of cos x = 1, and 
these are the numbers x = 277 for any integer ». Now f(x) =—sin x. 50 f Qrn) = 
—sin (27) =—0 = 0, and, therefore, the second-derivative test is inapplicable. Let us 
use the first-derivative test. Immediately to the left and right of x = 277, cos x < 1, and, 
therefore, f(x) = cos x — 1 < 0. Hence, the case {—, —} holds, and there is an inflection 
point at x= 27 n. 

1232 ee) = Ae —]) = sil / (x —1)"9]. There are no values of x for which f’(x) = 

0, but x= 1 is a critical number, since f’(1) is not defined. Try the first-derivative test 

(which is also applicable when f’(c) is not defined). To the left of x= 1, (x — 1) is negative, 
and, therefore, f”(x) is negative. To the right of x=1, (x — 1) is positive, and, therefore, He 
(x) is positive. Thus, the case {-, +} holds, and there is a relative minimum at x = 1. 

124. (A) Find all the critical numbers of F(x) in [a, 6}. List all these critical numbers, bis 
€,..., and add the endpoints a and 6 to the list. Calculate f(x) for each x in the list. The 
largest value thus obtained is the maximum value of f(x) on [a, 6], and the minimal value 
thus obtained is the minimal value of f(x) on [a, 4]. 
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(B) f(x) = 8x-7. Solving 8x — 7 = 0, we find the critical x = ths which lies in the 

interval. So we list . and the endpoints —2 and 3 in a table and calculate the 

corresponding values f(x). The absolute maximum 33 is assumed at x = —2. The absolute 
ae ae i 

IMMUN S —— AS assumed at X=. 

16 8 

(C) f’(x) = 12x? — 16x = 4x(3x — 4). So the critical numbers are x= 0 and «= 3 

+ 
But x= 5 does not lie in the interval. Hence, we list only 0 and the endpoints —1 and 1 

and calculate the corresponding values of f(x). So the absolute maximum 1 is achieved at 

x = 0, and the absolute minimum —11 is achieved at x =—1. 

ie = tel 0 

f(x)|-11 -3 51 

(D) f’(x) = 4x? — 6x? — 2x — 4 = 2(2x? — 3x? — x— 2). We first search for roots of 

2x° — 3x° — x — 2 by trying integral factors of the constant term 2. It turns out that x =2 

is a root. Dividing 2x° — 3x° — x — 2 by x — 2, we obtain the quotient 2x? + «+1. By the 

quadratic formula, the roots of the latter are x = (—1+ J-7)/4, which are not real. Thus, 

the only critical number is x = 2. So, listing 2 and the endpoints 0 and 4, we calculate the 
corresponding values of f(x). Thus, the absolute maximum 99 is attained at x = 4, and the 

absolute minimum —9 at x = 2. 

x O 4 2 

of (50): (ABO Dy a9 

roe (x +2)(3x*)— x? of 3x? +6x? — x? v 20° + 6x? ef 2x? (x +3) 

BPs Clo) pagel.) ala) lel eas 

‘Thus, the critical numbers are x = 0 and x = —3. However, x = —3 is not in the given 

: ; : tees 
interval. So we list 0 and the endpoints —1 and 1. The absolute maximum — is assumed at 

x = 1, and the absolute minimum —1 is assumed at x =—1. 

Be 0 -1 1 

Jolsee nO: Cah ee 
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(F) f(x) =cos x + 1. Fora critical number, cos x + 1 =0, or cos x =~—1. The only 

solution of this equation in [0, 27] is x= 7. We list 2 and the two endpoints 0) and 277 
and compute the values of f(x). Hence, the absolute maximum 277 is achieved at x = 27, 

and the absolute minimum 0 at «= 0. 

125. f'(x) = 2(x—a,) + 2(x—a,) + ++ + 2(x— a,). Setting this equal to 0 and solving for 
x x= (a, +a,+-+ +4,)/n. Now f(x) = 2n> 0. So, by the second-derivative test, there 

is a relative minimum at x = (4, + 4, + ++: + a,)/n. However, since this is the only relative 

extremum, the graph of the continuous function f(x) must go up on both sides of 
(a, + 4,+ +++ +4,)/n and must keep on going up (since, if it ever turned around and 
started going down, there would have to be another relative extremum). 

126. (A) Note that f(0) = 0 and f(x) is positive for x > 0. Hence, 0 is the absolute 

minimum. 

fi) = ED = Ho? 4 x) _ Go? HU? 1) — 3x7) 1-22? 
- (x? +1¥ f Ge? +iy a 

1 
Setting f’(x) = 0, we have 2x? =1, x? =—, x =+/2/2. So the only critical number in 8 2 y 

(0, tee) is x = J2/2. At that point, the first derivative test involves the case {+, —}, and, 

therefore, there is a relative maximum at x = J2/ 2, where y= Dl /9. Since this is the 
only critical number in the given interval, the relative maximum is actually an absolute 
maximum. 

(B) f’(x) = 2 cos x + 2 cos 2x. Setting f’(x) = 0, we obtain cos x + cos 2x = 0. Since 
cos 2x = 2 cos’ x— 1, we have 2 cos’ x + cos x— 1 =0, (2 cos x — 1) (cosx +1) =0, cos x= 

1 ; 
—lorcos x= 51 In the given interval, the solution of cos x =—1 is x = 7, and the solutions 

. 1 
of cos * = 7m are x = 7/3 and x= 57/3. We tabulate the values of f(x) for these critical 

numbers and the endpoints. So the absolute maximum is 3.3/2, attained at x = 7/3, and 
the absolute minimum is —3/3/2, attained at x = 57/3. 

x ON 7/3 ie Sigslls; 20 

FR) O BYSI20 9=3.13/2 00 

(C) Since lim f (x) = +0 and lim f(x) =—c0 no absolute maximum or minimum . eer! xl % exists. 



Answers 157 

Chapter 14: Related Rates 

127. 

Figure Al4.1 

Let y be the distance of the top of the ladder from the ground, and let x be the distance of 
the bottom of the ladder from the base of the wall (Figure A14.1). By the Pythagorean 
theorem, x* + y* = (25)*. Differentiating with respect to time #, 2x-D,<x+2y-D, 
y= 0; so, x- D,x + y- D,y = 0. The given information tells us that D,y =—1 foot per 

second. (Since the ladder is sliding down the wall, y is decreasing, and, therefore, its 
derivative is negative.) When x= 7, substitution in x’ + y* = (25)’ yields y* = 576, y = 24. 

Substitution in -D,x + y-D,y = 0 yields 7. D.x+ 24 - (-1)=0, Dx= 2 per second. 

128. Let V be the volume of wheat at time , and let / be the depth of the wheat in the 

tank. Then V= 2(10)*h. So, D.V= 1007: D,h. But we are given that D.V= 314 cubic 
feet per minute. Hence, 314 = 100z- D.h, D,h = 314/(1002). If we approximate 7 by 

3.14, then D,/= 1. Thus, the depth of the wheat is increasing at the rate of 1 cubic foot 
per minute. 

129. ° A 
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Figure Al4.2 

Let x be the distance of the girl from the base of the post, and let y be the distance of 
the tip of her shadow from the base of the post (Figure A14.2). AABC is similar to ADEC. 
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Hence, AB/DE = yy — x), = =yl(y—x), 4=yl(y— x), 4y— 4x = y, By = 4x. Hence, 3 - 

Dy = 4 - D,x. But we are told that Dx = —6 feet per second. (Since she is walking toward 

the base, x is decreasing, and Dx is negative.) So 3. Dy =4- (-6), D.y=—8. Thus, the 

tip of the shadow is moving at the rate of 8 feet per second toward the base of the post. 

130. A 

Figure A14.3 

Let u be the distance from the rocket to the observer, as shown in Figure Al4.3. By the 
Pythagorean theorem, 2* = s* + (1800). Hence, 2u- D,u=2s- D,s, u- Du=s-D,s. When 
s = 2400, u* = (100)’ - (900), w= 100 - 30 = 3000. Since s = 400¢— 1672, when s = 2400, 
2400 = 400¢— 1627, ¢” — 25r+ 150 = 0, (¢- 10)(t— 15) = 0. So, on the way up, the rocket 
is at 2,400 feet when t= 10. But D,s = 400 — 322. So, when ¢= 10, D,s= 400 — 32.10= 
80. Substituting in «- D,w=s + D,s, we obtain 3000 - D,u = 2400 - 80, D,u = 64. So the 
distance from the rocket to the observer is increasing at the rate of 64 feet per second when 
t= 10. 

131. At time ¢, let x be the horizontal distance of the plane from the point directly over 
R, and let u be the distance between the plane and the station. Then wu’ = x’ + (4)*. So 2u - 
D,u=2x+ D,x,u+D,u=x+. Dx. When u=5, (5)° =x + (4)’, x= 3, and we are also told 
that D,u is 300. Substituting in w- Du =x- D.x, 5 - 300 =3 + D,x, D.x= 500 kilometers 
per hour. 

es y 
7 

7 

gl ee 
x B 

Figure A14.4 
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132. Refer to Figure Al4.4. Let the time ¢ be measured in hours after 9 a.m. Let x be the 
number of miles that the first boat is west of the buoy at time ¢, and let y be the number 
of miles that the second boat is north of the buoy at time ¢. Let u be the distance between 
the boats at time ¢. For any time ¢2 1, uw? =x°+y°. Then 2u- Du =2x- D.x + 2y- Dy, 
u-Du=x-D.x+ y+ Dy. We are given that D,x=3 and Dy =5. Sou. D.w=3x + 5y. 

At 11:30 a.m. the first boat has traveled 2- hours at 3 miles per hour; so x = 2. Simi- 

] 
larly, the second boat has traveled at 5 miles per hour for hours since passing the buoy; 

iS pis ey td oe? 
See ois Also, u° -(2) +(3) -=. u = 15/V2.Substituting inu- D.u=3x + 5y, 

5 (52): Du=3-2 45 = ee = 60,D.u= 4/2 = 5,64 miles per hour. 

1355. B 

3600 

A 

Figure A14.5 

Let x be the distance from A to the point on the shore hit by the beacon, and let @ be 
the angle between the line from the lighthouse B to A and the beacon (Figure Al14.5). 

Then tan of= x/3600, so sec’ @- Da = sa -D,x. We are told that D,@= 47. When the 

i 
beacon hits point A, @= 0, sec @=1, so 44 = Ben Dx = 14,4007 feet per minute 

= 2407 feet per second. 

Chapter 15: Curve Sketching (Graphs) 

134. f’(x) = 3x? + 30x + 6, f(x) = 6x + 30 = 6(« + 5). Thus, f(x) > 0 when x > —5; 

hence, the graph is concave upward for x > —5. Since f”(x) < 0 for x < —5, the graph is 

concave downward for x < —5. Hence, there is an inflection point where the concavity 
changes at (5, 531). 

135. f’(*) = 4x° + 54x” + 240x + 1, f(x) = 12x* + 108% + 240 = 12(x? + 9x + 20) = 
12(x + 4)(x + 5). Thus, the important points are x = —4 and x =—5. For x >—4, x + 4 and 

x +5 are positive, and therefore, so is f”(x). For -5 <x <—4, x + 4 is negative and x + 5 

is positive; hence, f”(x) is negative. For x < —5, both x + 4 and x + 5 are negative, and, 
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therefore, f(x) is positive. Therefore, the graph is concave upward for x > —4 and for x < 

—5. The graph is concave downward for —5 < x <—4. Thus, the inflection points are (—4, 
1021) and (=5;.1371); 

136. f’(x) =3x° — 10x — 8 = (3x + 2)(x— 4). f(x) = 6x — 10. The critical numbers are 

x= “= and x = 4. f°(-2) =—14<0; hence, x = ws yields a relative maximum. f”(4) = 

14 > 0; hence, x = 4 yields a relative minimum. There is an inflection point at x = = 

137. f(x) =1—-1/(x? + 1). So f’(x) = 2x/(x” + 1)’. The only critical number is x = 0. Use 

the first-derivative test. To the right of 0, f’(x) > 0, and to the left of 0, f(x) < 0. Thus, 

we have the case {-, +}, and, therefore, x = 0 yields a relative minimum. Using the quo- 
; 1 

tient rule, f”(x«) = 2(1 — 3x°)/(x«?+ 1)°. So there are inflection points at x =+ INES y= i 

138. f'(x) = 4x? + 12x? = 4x°7(« + 3) and f”(x) = 12x? + 24x = 12x(x + 2). The critical 

numbers are x = 0 and x =—3. f’”(0) = 0, so we have to use the first-derivative test: f’(x) is 

positive to the right and left of 0; hence, there is an inflection point at x = 0, y= 0. f”(-3) 
= 36 > 0; hence, there is a relative minimum at x = —3, y = —27. Solving f”(x) = 0, we see 
that there is another inflection point at x =—2, y=—16. Since f(x) = x°(x + 4), the graph 

intersects the x-axis only at x= 0 and x =—4. As x — +e, f(x) —» too, The graph is shown 
in Figure Al5.1. 

(-3, —27) 

I (-2, -16) 

Figure A15.1 

139. f(x) = 15x* — 60x? = 15x7(«? — 4) = 15x?(% — 2)(x +2), and Ff’ (x) = 60x? — 
120x = 60x(x? — 2) = 60x(x — V2)(x +/2). The critical numbers are OF ere 10). 0: 
So we must use the first-derivative test for x = 0. f’(x) is negative to the right and left of 
x = 0; hence, we have the {—, —} case and there is an inflection point atx =0, y= 0. For 
x= 2, f”"(2) = 240 > 0; thus, there is a relative minimum at x= 2, y= —64. Similarly, 
ff (-2) = -240 < 0, so there is a relative maximum at x = —2, y = 64. There are also 



Answers & 161 

inflection points at anf a V= Se) ~39.2, and atx =—V/2, = 28J2 = 39.2. As x 
— +00, f(x) > Hee, As x —> —00, f(x) > —00, See Figure A15.2. 

) 

1(-V2, 28V2) 3 

(2, -64) 
I (V2, -28/2) 

Figure A15.2 

140. f’(x) = 2x — 2/x? = 2(x? — 1)/x? = (x — 1) (x? +x + 1)/x?, and f(x) =2 + 4/x°. By 
the quadratic formula, x° + + 1 has no real roots. Hence, the only critical number is x = 1. 
Since f”(1) = 6 > 0, there is a relative minimum at x = 1, y= 3. There is a vertical asymptote 
atx=0. As x > 0°, f(x) > +0. As x > 0, f(x)  -c0. There is an inflection point where 

24+4/x? = 0—namely, at x=— 3/2; the graph is concave downward for —8/2 <x% <0 and 

concave upward for x < -/2. Asx too, f(x) — —c0. As x > —00, f(x) > tee, See Figure 
Al5.3. 

IT (-2'3 0) 

Figure A15.3 

141. Writing f(x) =x" - 3x °, we obtain f’(x) = —1/x? + 9/x* = -(x — 3)(x + 3)/x*. Sim- 

2 5 
ilarly, f”(x) =-2(18 — x”)/x’. So the critical numbers are 3, —3. f”(3) = saan <0. Thus, 

ee D ; 
there is a relative maximum at x= 3, y=—. f”(—3)= = >0. Thus, there is a 

Dy 
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2 + 
relative minimum at x=—3, y= fig: ‘There is a vertical asymptote at x= 0. As x > 0°, 

I(x) > 02. Asx > 0, f(x) > tee. As x > +00, f(x) > 0. As x > —00, f(x) > 0. Thus, 

the x-axis is a horizontal asymptote on the right and on the left. There are inflection 

points where x? = 18—thart is, at x = +3./2 =+4,2, y= tov = +0.2. See Figure A15.4. 

y 

A 

Figure A15.4 

142. Since f”(x) < 0, the graph must be concave downward. This eliminates (a), (c), and 

(e). Since f’(x) > 0, the slope of the tangent line must be positive. This eliminates (6). The 

only possibility is (¢). 

143. Since sin (x + 2) =—sin x, f(x) has a period of 7. So we need only show the graph 
for —7/2 $x < 2/2, Now f’(x) = 2 sin x + cos x = sin 2x. f(x) =2 cos 2x. Within [—7/2, 

7/2], we only have the critical numbers 0, ~ 27/2, 27/2. f’”(0) = 2 > 0; hence, there is a 

relative minimum at x = 0, y= 0. f”(2/2) =—2 <0; hence, there is a relative maximum at 

x= 1/2, y= 1 and, similarly, at x =—77/2, y = 1. Inflection points occur where f”(x) = 2 
l 

cos 2x =0, 2x=+ /2,x=+ 7/4, y= x ‘The graph is shown in Figure A15.5. 

y 

Figure A15.5 
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Figure A15.6 

144. f(x) has a period of 27. Hence, we need only consider the interval [0, 2m. f(x) = 

cos x — sin x, and f(x) = —(sin x + cos x). The critical numbers occur where cos x = sin 

xortanx=1,x=7/4 orx=57/4. f"(m/4) = ~(J2/2+J2/2) =—./2 <0. So there is 

a relative maximum at x= 7/4, y= V2. f”(52/4) = -(-V2/2 - J2/2) = V2 > 0. Thus, 

there is a relative maximum at x = 52/4, y =— 2. The inflection points occur where 

f(x) =—(sin x + cos x) = 0, sin x =—cos x, tan x =—1, x = 32/4 orx=77/4, y=0. See 

Figure A15.6. 

5 
145. no per eer 

, YG D=sOanr 1+ x? 
f(x) = (x? —1) (PWS 

eee (x? —1)*(2x%)— 2 mee —1)-2x] 

(x° —1) 

ele a2 (ose) 
= (x? ~1) (yy? =1? | 

There are no critical numbers. There are vertical asymptotes at x = 1 and x=—1. As x 
> 1, f(x) > tee. Asx 9 1, f (x) 3 -00. As x > -17, f(x) 9 +00. As x 9-1, f(x) 9 

—oo, As x —> too, f(x) = (1/x)/(1 — 1/x*) > 0. Hence, the x-axis is a horizontal asymptote 

to the right and left. There is an inflection point at x = 0, y= 0. The concavity is upward 

for x > 1 and for —1 <x <0, where f”(x) > 0; elsewhere, the concavity is downward. See 

Figure A15.7. 



164 >» Answers 

Figure A15.7 

146. frie sx oracle ces ret er 2) Sect VY ee 
jf Me aa + ax” <r x Be +1) = sx + 1/2/34 There are critical numbers at 2 

and 0. f”(2) > 0; hence, there is a relative minimum at x= 2, y= sila(-2) =—3.2. 

Near x = 0, f’(x) is positive to the left and negative to the right, so we have the case {+, —} 

of the first-derivative test and there is a relative maximum at x = 0, y= 0. As x > +9, 
J (x) — +09. As x + —c0, f(x) — -ce, Note that the graph cuts the x-axis at the solution 

l 
x=5 aioe ~1=0. There is an inflection point at x =—1, y = —3.6. The graph is concave 

downward for x < -1 and concave upward elsewhere. Observe that there is a cusp at the 
origin. See Figure A15.8. 

Figure A15.8 
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147. f(x) = 15x" — 15%? = 15x7(x? — 1) = 15x°(w— 1) + 1), and f"(x) = 15(4x3 — 2x) 
= 30x(2x* — 1). The critical numbers are 0, +1. f”(1) = 30 > 0, so there is a relative mini- 

mum at x= 1, y=—1. f”(-1) =-30 < 0, so there is a relative maximum at x = =ly=3. 

Near x = 0, f’(x) is negative to the right and left of x = 0 (since x? > 0 and x” - 1 <0). 
Thus, we have the case {—, —} of the first-derivative test, and therefore, there is an inflec- 
tion point at x= 0, y= 1. As x — +00, f(x) — +00. As x —> —00, f(x) > —00, There are also 
inflection points at the solutions of 2x* — 1 = 0, x = +V2/2 ~ +0.7. See Figure A15.9. 

Figure A15.9 

Chapter 16: Applied Maximum and Minimum Problems 

148. Refer to Figure 16.1. Let w be the distance between (0, 1) and a point (x, y) on the 

hyperbola. Then uw =.4/x* +(y—1)’. To minimize vw, it suffices to minimize u* = x” + 

(y—1)? =2+y° + (y— 1)”. Since x” = y* + 2, y can be any real number. Du’) =2y+ 

2(y — 1) = 4y— 2. Also, D*(u") = 4. The only critical number is ae and, since the second 
, Z 

eset 
No] 

. Since there is only > 

Ne 
derivative is positive, there is a relative minimum at y = 

‘Ss one critical number, this point yields the absolute minimum. 

149. The volume 4 = 27°. The amount of material M = 27r? + 2arh. (This is the area 

of the top and bottom, plus the lateral area.) So M = 2mr? + 2nr(k/ar?) = 2m? + 2kIr. 

Then D.M = 4nr—-2k/r*, D?M = 41 + 4kir’. Solving 4r — 2/1? = 0, we find that the 

only critical number is r = 4/27. Since the second derivative is positive, this yields a rel- 
ative minimum that, by the uniqueness of the critical number, is an absolute minimum. 

Note that & = 27r°h = ar’ (h/r) = 1(k/20)(h/r). Hence, A/r = 2. 

150. Let R be the point where the boat lands, and let O be the center of the circle. 

Since AOPR is isosceles, PR = 2 cos 9. The arc length RQ = 20, Hence, the time 

—— 4 2 
TP = PR/L.5+ RQ/3= 0 0+=8. So D,T = Shae Setting D,/ = 0, we find 
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1 
sin 9 = pa @=7/6. Since T is a continuous function on the closed interval [0, 7/2], we 

can use the tabular method. List the critical number 7/6 and the endpoints 0 and 77/2, 

and compute the corresponding values of 7: The smallest of these values is the absolute 

minimum. Clearly, 7/3 < so it is easy to check that 77/3 < (6/3 + 7) /9, (Assume the 

contrary and obtain the false consequence that 7 > NE ). Thus, the absolute minimum is 

attained when @= 7/2. That means that the man walks all the way. 

6 | 2/6 0 m/2 

T | (6V3+2)19 4 2/3 

151. Let x and y be the dimensions. Then 16 = 2x + 2y, 8=x+ y. Thus, 0 <x <8. The 

area A = xy = x(8 — x) = 8x—x°, so D.A = 8— 2x, D? A =-2. Hence, the only critical 

number is x = 4. We can use the tabular method. Then the maximum value 16 is attained 
when x = 4. When x = 4, y= 4. Thus, the rectangle is a square. 

we | 4 OB 

AL ft WG O @ 

152. Let x be the side of the square that is cut out. The length will be 8 — 2x, the width 
3 — 2x, and the height x. Hence, the volume V= x(3 — 2x)(8 — 2x); so D.V= (I)(3 — 2x) 

(8 — 2x) + x(—2)(8 — 2x) + x(3 — 2x)(-2) = 4(3x — 2)(x — 3), and D?V = 24x — 44. Setting 

2 
D V=0, we find x = 5 or x = 3. Since the width 3 of the cardboard is greater than 2x, 

3 
we must have x < = Hence, the value x = 3 is impossible. Thus, we have a unique critical 

2 
number x = ey and, for that value, the second derivative turns out to be negative. Hence, 

that critical number determines an absolute maximum for the volume. 

153. Let x be the distance from A to C. Then the cost of running the line is 

Fx) =1000x +2000/144+(5— x)". f’(e)=1000 - MOR) and f(x) = 
o : 144+(5—x) 
144+ 2(5- ; 
pea > 0.Setting f’(x) = 0 and solving for x, 48 = (x — 5)’, x =5+ 4/3. 

Since x cannot be negative or greater than 5, neither critical number is feasible. So the 
minimum occurs at an endpoint. Since f(0) = 26,000 and f(5) = 29,000, the minimum 
occurs at x= 0, 
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Chapter 17: Rectilinear Motion 

154. (A) To say that the object is released from rest means that the initial velocity is v, = 0, 
so its position after ¢ seconds is s, — 164°. The difference between that position and its 
initial position s, is 16¢°. 

(B) By Part (A), 64= 167’, Hence, t* = 4, and, since ¢ is positive, t= 2. 

(C) If tis the time until it hits the bottom, 256 = 16#”, so ¢* = 16, r= 4. 

(D) Let tbe the time until the object hits the ground. Since the building is 400 feet 
tall, 400 = 16¢*, ¢* = 25, t= 5. The velocity v= D,s. Since s= 5, — 1627, v=—32z, When t 
=5, v=—160. Thus, the speed |»| is 160 feet per second. To change to mi/h, we calculate 
as follows: 

x feet per second = 60x feet per minute = 3600x feet per hour = = A miles per hour 

1 
= AoE sailed per hour = 0.68x miles per hour 

In particular, when x = 160 feet per second, the speed is about 108.8 miles per hour. 

155. Since s increases as we move right, the car moves right when v = Ds > 0 and 
moves left when v= Ds < 0. v = 362° — 36r+ 9 = 9(4t — 4¢+ 1) = 9(2t— 1)”. Since v 

> 0 (except at t= 0.5, where v = 0), the car always moves to the right and never changes 
direction. (It slows down to an instantaneous velocity of 0 at t= 0.5 seconds but then 
immediately speeds up again.) 

156. The velocity v= D,x = 10 — 4¢. Thus, v > 0 when ¢< 2.5, and v < 0 when ¢> 2.5. 

Hence, the particle is moving right for ¢< 2.5 and it is moving left for ¢> 2.5. The dis- 

tance d, that it covers while it is moving right from ¢= 0 to t= 2.5 is x(2.5) — x(0) = 12.5 

— 0 =12.5. The distance d, that it covers while it is moving left from t= 2.5 to t= 3 is 

2.5) 93) = 12:5.-212 = 0,5. Hence, the total distance isd, +.¢,=12.5+ 0.5 = 13: 

157. Its height s= 5, + v,¢— 16¢°. In this case, s = 0 and uw, is unknown, so s = vt — 162°. 

We are told that s=0 when t= 20. Hence, 0 = u,(20) — 16(20)’, v, = 320 feet per second. 

158. (A) Set 6¢— 72? =# —4r. Then ¢? — 5t=0, 4¢- 5) =0, ¢=0 or t=5. (B) The 

velocities are f’(t) = 6 — 2tand g’(t) = 2t— 4. Setting 6 — 2t= 2r— 4, we have t= 2.5. (C) 
When they meet at t= 0, f’(¢) = f’(0) = 6, and g’(t) = g¢’(0) =—4. Since f’(0) and g’(0) 

have opposite signs, they are moving in opposite directions when ¢= 0. When they meet 
att=5, f(A) =f'(5) =—4 and g’(t) = g’(5) = 6. Hence, when t= 5, they are moving in 
opposite directions. 
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159. v=D,s= 3t7 — 12r+ 9 = 3(t? — 4¢ + 3) = 3(t— 1)(¢— 3). Since the velocity changes 

sign at ¢= 1 and t= 3, the particle changes direction at those times. 

160. v= D,s= 40 — 32t, D’s = -32. (A) To find out when the ball hits the ground, we 
set s = 40¢— 162° =0. Then t= 0 or t= 2.5. So the ball hits the ground after 2.5 seconds. 
(B) When ¢= 1, v= 8 feet per second. (C) Set v= 40 — 32¢= 0. Then t= 1.25. Since the 

second derivative is negative, this unique critical number yields an absolute maximum. 

When ¢= 1,25, s= 25 feet. 

(B) s=s) + v)t— 162”. In this case, 5, =0. Sos =u, t- 162’, v= Ds = v, — 324, 

a= Dv = D’s = -32. So the unique critical number is t= v,/32, and, since the second 
derivative is negative, this yields the maximum height. Thus, the time of the upward flight 
is vo/32. The object hits the ground again when s = v,t — 1627 = 0, v, = 164, r= v,/16. 
Hence, the total time of the flight was v,/16, and half of that time, v,/32, was used up in 

the upward flight. Hence, the time taken on the way down was also v,/32. 

(C) By Question 160, the object hits the ground after v,/16 seconds. At that time, 
U= vy — 32t= vy, — 32(v,/16) =—v,. Thus, the velocity when it hits the ground is the nega- 

tive of the initial velocity, and, therefore, the speeds are the same. 

161. For the first stone, s = 256 — 16¢”. It hits the ground when 0 = 5s = 256 — 167’, ¢? = 
16, t= 4 seconds. Since the second stone was thrown 2 seconds later than the first and hit 

the ground at the same time as the first, the second stone’s flight took 2 seconds. So, for 

the second stone, 0 = 256 + v)(2) — 16(2)’, v, =—192 feet per second. 

Chapter 18: Approximation by Differentials 

162. (A) Let x be a number in the domain of f let Ax be a small change in the value of 
x, and let Ay = f(x + Ax) — f(x) be the corresponding change in the value of the function. 

‘Then the approximation principle asserts that Ay ~ f’(x) « Ax; that is, Ay is very close to 
F(x) - Ax for small values of Ax. 

(B) Let f(x) = Vx, let x= 49, and let Av = 2. Then x + Ax = 51, Ay= f(x + Ax) —f 

(= 45h V49 = aie J Note Chat, (Uc i= rE = = = = The approximation 

principle tells us that Ay ~ f’(x)- Ax, 5 le 7 = = 2s VJ51 = 7+ 5 = 7.14.(Checking a 

table of square roots shows that this is actually correct to two decimal places.) 

(C) Let f (x) = 3x, x= 125, Av=—2. Thenx+Ax=123, Ay = 3/123 — 4125 = 3/123 -5. 
, 1 1 1 

f (x)= 3x) = Pwo ae, So by the approximation principle, 4/123 —5 = = (2) = 

2 2 
yee == a5 5 ~ 0.03 = 4.97.(This is actually correct to two decimal places.) 
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2 

163. V=s°. By the approximation principle, |AV| ~ 552. So FYI. cs SS) = 
3 |As ’ 
oes) S$ 3(0.03) = 0.09. So 9 percent is an approximate bound on the percentage error in 

s 
the volume. 

4 on 2 : 164. V= gtr DV = 4nr’. By the approximation rule, AV ~ 47r?-Ar. Since 

AV =8,000,000 and r= 4000, we have 8,000,000 = 47(4000)’ - Ar, Ar = 1/8(87) = 
0.0398 mile ~ 210 feet. 

165. dy=D_y-dx = & Ms } ves (2 2 V4 \(2)= . (Here we appeal to the definition of 

dy; there is no approximation involved.) 

166. V=s°. Lets=5. DV =3s° =75. By the approximation principle, AV = 75: As. 

We desire |AV | < 3—that is, 75 -|As| <3, |As|< x = 0.04. 

167. Let f(x)=x". Then f’(x)=nx"" By the approximation principle, Ay = nx” Ax. 

A was Ax 
Hence, |} jae = n\—}. 

y x & 

Chapter 19: Antiderivatives (Indefinite Integrals) 

168. (A) By the chain rule, D.((g(x))"*') = (r + 1)(¢())’ - ¢’(x). Hence, Jeo’ ge) = 

“" +C, where Cis an arbitrary constant. 
1 

ray ey 

(B) [xt dx = ae x" +C, since D,(x’"') = (r+) x’ 
r+] : 

(C) Je sinx +5. cosx) dx = 3(—cosx)+ Ssinx +C =—3cosx+5sinx+C. 

(D) {7 sec’ x —secx tanx) dx =7tanx—secx+C, 

(E) | (csc? x + 3x”) dx =—cotx+x°+C. 

169. (A) os substitution. Let w= 7x+4. Then du=7 dx, and [V7« +4 dx= vas du = 

“fu ND pene $O=2 (7x44) 40=— : —(V7x +4) +C. 
vi 3 Zi 
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(B) Let w= sin 3x. By the chain rule, du = 3 cos 3x dx. So 

l 

3 sin3x 
+C 

| cos3x 

sin’ 3x 

ee re eae gern Oa A ponte Bey 
dea |e du=s Ju Bite ge )+Ce wigs 

= veers ee Ok 
3 

170. Dvu=a=2t— 3. So, y= | (2t-3) de =e? -3¢+C. Since v= 4 when t=0, C=4. 

Thus, v= ¢° — 3¢ + 4. Since v= Ds, s=[(e?-3¢+4) daa SP 4h, Since 

% es Ls) x needy) s=0 when ¢=0, C, =0. Thus, s = a - Ae + 4t, Changes of direction occur where 

s reaches a relative maximum or minimum. To look for critical numbers for 5, We set V 
= 0. The quadratic formula shows that v = 0 has no real roots. (Alternatively, note that 

B WabD be SPL te | ee ee i= : rs + vi > 0.) Hence, the particle never changes direction. Since it is 

moving to the right at ¢ = 0, it always moves to the right. 

171. Let t= 0 be the time the brakes were applied, let the positive s direction be the 
direction that the car was traveling, and let the origin s = 0 be the point at which the 
brakes were applied. Then the acceleration a =—22. So, v= a dt=—22t+ C. The velocity 

45-5280 

3600 
Hence, C= 66. Thus, v= —22¢+ 66. Then s= J v dt=-112? + 66r+ C\. Since s= 0 when 
t=0, C,=0 and s=—11¢* + 66¢. The car stops when v = 0—that is, when t= 3. At ¢= 3, 
5= 99. So the car stops in 3 seconds and travels 99 feet during that time. 

at t= () was 45 mile’ per hour, which is the same as = 66 feet per second. 

172. v=(t—2)(¢+ 1). Hence, v= 0 when t= 2 or t=-l. Since a= D,v = 2t—1 is equal 
to 3 when t= 2, the position s of the particle is a relative minimum when f= 2. So the 
particle moves to the left from ¢= 1 to t= 2, and to the right from ¢= 2 to t= 4, Now 

NES fod = a) - iy — 2t+C.By direct computation, s(1) = a4, Cola = 4 +C, 3 gs, 6 3 

and s(4) = 4 C. Hence, the distance traveled from = 1 to t= 2 is |s(1)— s(2)|= z, 
a) 

and the distance traveled from ¢= 2 to t= 4 is |s(2) — 5(4)| = =. Thus, the total distance 

traveled is oo 
@) 

173. Letu=secx, du=secxtanx dx, Then [ sec* x tan x dx =f due! + Cass? x+C, 
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174. Remember the trigonometric identity cos’ x = (1+ cos 2x)/2. Hence, 

yaa 1 1 
[ cos’ x dx suai +cos2x) dx =S[ «+ sind) +C= F(x sinx:cosx)+C. For the 

last equation, we used the trigonometric identity sin 2x = 2 sin x cos x. 

Chapter 20: The Definite Integral and the Fundamental 
Theorem of Calculus © 

175. Divide the interval (0, 6] into m equal subintervals of length 6/x by the points 0 = x, < 
bln < 2bIn< +» <nbln=x, = 6. In the ith subinterval choose x* to be the right-hand 

Ty Js 20g 2 2 

endpoint i6/n. Then an approximating sum is ioe bat, i= fa maa) (1 i +) 2 
fe E10) FS 2 2 

As n — +ee, the approximating sum approaches 67/2, which is, therefore, the value of the 
integral. 

n 

176. ‘The integral is equal to the sum of the areas above the x-axis and under the graph, minus 
5 

the sum of the areas under the x-axis and above the graph. Hence, i‘ [Oi =A— AeA, 

177. (A) | Gx —2x+1)dv =x? —x? +x. (We omit the arbitrary constant in all such 

cases.) So i (3x? —2x% +1) dx = (x? — x? + De = (3° —3° +3) -—[(-1)? —(-1)? + (-D] = 

21—(-3) = 24. 

nt 
2 5) 

(B) J cos x de = sin. Hence, [7° cos de = sin] = sin sind = at = = 

178. (A) 

é L B= 3-1 
A= [sin x de =(—cosx) |"? = {~cos | (cos z= (=2)-(- 48) — ; 

3 

(B) A= fe? 4 4x)de =[ Sa? 4287 ) =| 56) +20) |=9418=27 

(C) A [vs 2 ee ie L sin?(at/2) sin’ 0] : = =— sin’ x =—|s = =-. i SU COS 3 3 3 

0 

6 1 m/2 1 

179. (A) i cos x sins r= sin? | = 5 [sin (7/2) - sin’ 0]= 
0 

(using Question 
fe 

168(A) to find the antiderivative). 

7/4 
m4 2 i 5 1 : ' 1 1 

a = - =~(1-0) ==. (B) if tanx sec’ x dx 5 tan | 5 tan (77/4) — tan’ 0] a ) ; 
0 
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(C) Letvw=x+2,x=u-2, du=dx. When x =~—1, w= 1, and when x =2, u= 4, 

y 
‘Then, by change of variables, [ve 42x? de= \ Vulu ~—2) du= I Vulu? —4u+4)du= 

4 4 

inc 518 hy? 4. Ay em 2 £7 ~4(2 | +4(2 0” = 2u( 2 ~4u+4)| 

! 7 5 3 é' i 5 Sih 

(e 16 ae (3 4 +4))- a 124 28) 562 = 2\ | — a ae ey |e 
Mee tae yy. Ge) 7) 5-985), B05 

180. By definition, the average value of a function f(x) on an ee [a, ne i 

i f(x) dx. Hence, we must compute f/x de = fi x? de = : eel. =U Oe 

181. (A) Ifa function fis continuous on [a, 4], it assumes its average value in [a, b]— 

that is, ol fee = f(c) for some c in [a, 6]. 
a a a 

2 

@) —I, TAs) ar = [ +2) de= (> x 42x) =(244)-($42]=2 But 
1 

ent ate ert. ee ee. 
2 2 2 

182. Let the initial and final times be #, and ¢,, with T= 4, — 4. The average velocity is 

1 

male 

Ik v dt =z] = = Ix(t,)- x(4) =F —x,). 

| 

‘Thus, as usual, the average velocity is the distance (more precisely, the displacement) 
divided by the time. 

183. (A) Let g(x) = eae dt. Then g(x +Ax)— g(x fos F(t) t) dt - =| fee= 

hs “ff (t) dt. By the mean-value theorem for integrals, the last integral is Ax - f(x*) for 

some x* between x and x + Ax. Hence, 

EEE ES = poor) and DL f° fae |= Jim SEPA) — oy 

But as Ax > 0, x* — x, and, by the continuity of £ lim PO ax) 
0 

(B) D. ft fede 0. |- ( fede | es) l ir fede | Shey Guestion 
183(A)). 
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Figure A20.1 

185. |e dt = | cos3t de=ssin3t+C, But x = 0 when t= 0. Hence, C= 0 and 

] 
x =—sin3t. The average value of x on [0, 72/3] is 

n/3 

xh ra aS. dr =2(—Feos3)| E Oa 996 0700s Rein Set alt it Ge @ 
RDF. 3 Fa es 30 30 30 0 

186. (A) Let f(x) = 0 be integrable on [a, 6]. Divide [a, 5] into n equal parts of length 
Ax =(6—a)/n, by means of points x,, x, ..., x,,. Then 

[ fe) a= S| Fiay+ fb)+28. FCs) 

(B) Let f(x) be integrable and nonnegative on [a, 6]. Divide [a, 6] into n = 2k equal 

subintervals of length Ax = (6 — a)/n. Then 

[fo d= = Lf (a)+4,f (a+ Ae) +2f (a+ 2Ax) +4 f(a +3Ax)+2,f lat Ae) to0-4 

2 f (a+ (2k —2)Ax)+4f (a+(2k—VAx) + f(B)]. 
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(C) Wesbuih eees ot +4( 4) +2{2) +4(3) 41 ee e obtain, wl eee 12 Z 2 4 12 

1 1 

a Tigcti shang 1) = a = ().2005, which is close to the exact value [x ebe = 2 = 
64 8 can 768 0 ») 

oe 
5 

ie l 
(D) (em dye = a +1 + 2» |- thd or ‘ 

s[itag | (by Question 186(A)) 
20 50 6 

= eT = 0.335 
20\ 30 

rie 1 
which is close to the exact value a: 

187. The graph of y= Va’ —x° this upper half of the circle x” + y? = a’ with center at the 

origin and radius a. iL Va’ —x° is, therefore, the area of the semicircle—that is, ma?/2. 

188. ‘The area is twice the area above the x-axis and under the ellipse, which is given by 

ip. Va 2 ava —x de= “f Va’ —x “de == (by Question 187). 

ma 
—_ 

2 

Hence, the total area inside the ellipse is ab. 

189. By the disk formula, 

Ven) (W-0-Vvi-e)]de= af f1-d-2Wi-e +1-2°)] de 
; 1 

=F 2 Ine tt) den 2e[VIT# deta tes) 

Si 

-r(de)e(d)-Chalpe te 
] 

(The integral ip Vl-x’ de = eo by Question 187.) 
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Chapter 21: Area and Arc Length 

190. See Figure A21.1. The base of the region is the y-axis. The area is given by the integral 

52 
3 

3 2 2 
2y dy=— i ==(27-1)=—. i: sie, 3 ) 5 

1 

Figure A21.1 

Figure A21.2 

191. See Figure A21.2. The region has a base on the y-axis. We must solve y = 3x — 2 for x: 
4 

] 1 16 
x= 2(y +2). Then the areas f5(+2)dy=3(2y°+2y)) =—(8+8) =— 

3 03 3\2 ieee a 

192. (A) See Figure A21.3. First we find the points of intersection: y=—y* + 6, y° +y—-6 =0, 

(y— 2)(y + 3) =0, y= 2 or y=—3. Thus, the points of intersection are (—4, 2) and (—9, —3). 

It is more convenient to integrate with respect to y, with the parabola as the upper boundary 

and the line as the lower boundary. ‘The area is given by the integral [ [-y’ -(y-6)] dy= 
3 

2 ews ) a }-(o-2-18) 11 125 Ey ay ey ee = 12 =| 918 | 10+ ee 
eI es y}f 3 2 6 6 
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Figure A21.3 

(B) See Figure A21.4. First we find the points of intersection: —4 = x* — x — 6, x* — 
x-2=0, («—2)(x+1) =0,x=2 orx=—l. Thus, the intersection points are (2, —4) and 

(-1, -4). The upper boundary of the region is y = —4, and the lower boundary is the 
2 

3 
parabola. ‘The area is given by | [-4-—(«? -—x-6)] dv= le (2-x’ +x) de= 

2 

(a-tx43)| -(4-$42}-(-242+2)=2. 
3 2 a 3 ey OD 

Figure A21.4 

193. Recall that the arc length formula is Z = [vi +(y’)’ dx. In this case, 

ae Pol 1h x= 61 7/2 1D Bese 
y =pP-35-4[? 2 Mace a ree a oe 

2 4x 4x” 

Hence, 1+(y’) 
6 7 4 5 5 2 

_ Axe +x — xP +1 lt 42x08 41 xo +1 

rn 4x ‘J 4x° “ 
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Thus, 

4 2 

Do — met tao foe ya e te =3|(4-2)-(4-4) ps 
2°) yRRe Tame) p) 8 4 2 16 

- 2 
194. By implicit differentiation; a oe y= 0, y Tey Y\ —(y 2), 

So, (7 =y"7lx"". Hence, 1 + (y’)? = 1 + 107? = (x07? + y?)/x0° = 4/x?, Therefore, 

(te I <q de = 2] x de 2S 6] =34-D=9. 

195. The area is ik sin x dx =—cos x J =—-(-1-1)=2. 

Chapter 22: Volume 

196. Consider the upper semicircle y= Vr? — x° (Figure A22.1). If we rotate it about the 

x-axis, the sphere of radius r results. By the disk formula, V = n| y d= nl (7? — x") de = 

a(rx-3) =a p-5r)-[-P +e [Sar 
3 ik 3 3 i) 

A 

Figure A22.1 

t 

Figure A22.2 
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197. Refer to Figure A22.2. Consider the right triangle with vertices (0, 0), (4, 0), and 

(4, r). If this is rotated about the x-axis, a right circular cone of height 4 and radius of base 

r results. Note that the hypotenuse of the triangle lies on the line y = (7/h)x. Then, by the 
disk formula, 

198. (A) See Figure A22.3. The upper curve is y= 1, and the lower curve is y= x°. We 

1 
] 

use the circular ring formula: V = nf —(x°)? |dx = r(=-55")] = n(1-2] =—T. 

Figure A22.3 

(B) We integrate along the y-axis from 0 to 1. The upper curve is x=", the lower curve 
1 

is the y-axis, and we use the disk formula: V = ni x’ dy = nf ady=T- 3°" = om. 
0 

(C) We shall consider only the region above the.x-axis (Figure A22.4) and then, by symme- 

try, double the result. We use the cylindrical shell formula: V = 27 i) xy dx =20 i) \ BN Pe 

1 Dee 2 - 2 2 2 2 2 2 2 d= 2n-( 3) 0? 2)" (2x)des—m 267) = Se - ay? —6)""]= 
D) | Lota 
elie —(r? ~a’)??)]. We multiply by 2 to obtain the answer aa —(r? —a’)""], 
5 

Figure A22.4 
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(D) See Figure A22.5. We use the disk formula along the y-axis: V=7 } Pe dy=1 ip (7? — 

5 Phau l 1 ED, wie 2): =x( a ‘) = ( aes *}-( madi ij a ( ee os eee j y ay (ea 37 ' ii 7 3. ee! 3° 1 37 ar 4? 

Figure A22.5 

(E) Refer to Figure A22.6. We deal with the region in the first quadrant and then double it. 

Use the cylindrical shell formula: V = anf xy dy = 20 [es stad (yaibyt y ay. Letu = y—b, 

yaurb, du=dy. Then V = 21] Va? a (w+ b)du=2n([" Jaw? vdy+b 
iP Va? = 1d), The first integral is 0, since the integrand is an odd function (see 

Question 187). The second integral is the area of a semicircle of radius a (see Question 

187) and is therefore equal to 5fa. Hence, V = 2nb-— na = 1°ba’, which, doubled, 

yields the answer 27*ba’. 

A 

b+a 

Figure A22.6 
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199. (A) Let the center of the circular base be the origin, and the fixed diameter 

the x-axis (Figure A22.7). The circle has the equation x’ + y* = r°. Then the 

base of the triangle is 2¥7? — x’, the altitude is Jv? — x’, and the area A of the 

triangle is lo r —x° \(Vr? — x?) =r? —x?, Hence, by the cross-section formula, 
y 

S ; eb 1 1 4 
Vis 2 dx = _@ ~P dea (Ped) =|F -3r}-(-- rari 

Figure A22.7 

(B) Let the x-axis be the intersection of the two planes, with the origin on the 

tree's axis. Then a typical cross-section is a right triangle with base ¥r7 — x’ and height 

Soe aia ] 5 5 
h=r? —x’ tan30°= Ge ~x’. So the area A is ale —x? Nahe —~ = 

1 
me. — x*). By symmetry, we can compute the volume for x > 0 and then double the 

result. The cross-section formula yields the volume 

Pua eee eee a! oy le. 5 a2 Sis 
V3 Sih sweety Ey eerie pad P 

ol 2 B) aa 
=), pace =X, Nara 

(C) Locate the x-axis perpendicular to the base, with the origin at the center of 

the base (Figure A22.8). By similar right triangles, is = - and celal = (£). So 
e re e 2 

A(x)=r? (A=) and, by the cross-section formula, 

b r h 2 r {) - r 1 5 Va fi As)de=F [b— x) =F (-5} 6-2 =- 73 0-A)=s7h, 



Figure A22.8 

Figure A22.9 
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(D) Let the origin be the intersection of the edges, and let the x-axis lie along the edge 

of length c (Figure A22.9). A typical cross-section is a right triangle with legs of lengths d 

and e, parallel respectively to the edges of lengths a and 6. By similar triangles, a ees 
a c 

a _ b(c— b 
and — ===, So the-ares Alsi | a = tee x)’ .By the 

b c 2 c é 2c 

cross-section formula, 

Vie a (ean r= {-3)e-0"] Be io Need a 2¢? Jo 

200. Solving y= x° — 4x + 6 and y= x + 2, we obtain x” —5x+4=0, x=4orx=1. So 
the curves meet at (4, 6) and (1, 3). Note that y=x* — 4x + 6 = (x — 2)’ + 2. Hence, the 

latter curve is a parabola with vertex (2, 2) (see Figure A22.10). We use the circular ring 

formula: 

Vamp (x42)? [x 2)? +27) de= af [(e +2)? -(w- 2) 4-2)? 4] 

dx = n( dts +2) - 5 - 2) - (0 -2)- sx) 

1 

=n |(72-22-22-16)-(9+445-4)]= 162015 
~3} Sie 6) 

Figure A22.10 

2 6 
201. ‘The disk formula applies: V = nf (=| bis mfx a= “(-2)| = 

ot 1 
x 

1 
n|-4 = -0| = n(1 - i}: Note that this approaches 77 as b > + oo, 



Answers & 183 

202. (A) We double the value Eine from the disk formula applied to the part of the 
region in the first quadrant (see Figure A22.11): 

1 

Figure A22.11 

; 2 
* POY See fig ep os & 1 Len eee V=2-n|"y dx =2n|"b f S| d= 20 t apt ) 

a 

= 2b (« - <) = iy 
0 ayy <3. 

. Aes 
(B) Interchange a and 6 in (A): V = Be ’ 

203. The equation of the line is y = ze, —1,)x +rh]. By the disk formula, 

1 h 

J [lenny + 2a hley — nda b Van, 9 dea [ne tbl de= 
FFB ule —nyb aaeh | 

b 
= ae =n) x? +rh(n—7)x? +i) = R\3 

0 

= nhl 2 —r)’ + ahr —n)+n |=Sab0 +i, +7). 

Chapter 23: The Natural Logarithm 

204. (A) In= fora for x > 0. Hence (Question 183(A)), D, (In x) =D, [ rads }= +, 

1 
(B) Case 1. x > 0. Then D, (In |x|+C) = D, (In x) =—. Case 2. x < 0. Then 

x 
1 

D,(n |x|+C) = D, [In (—x)] = Le ae = 02h) =-, 
—% Ee x 

1 4 
205. (A) By the chain rule, D,[{In (4x —1)]= ee -D(4x=1)= rae 

1 th 1 
(B) By the chain rule, D, [In (In x)]= oe D (lax) = ee aes 
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(C) By the chain rule, 

i jcc ea ea (227-24) ede 
pn) |- ies x+1) x-I1 (x +1)? 

Me crane 2 
(e—1) (EI) Gr—Dle 41) 

1 it vel 1 DOG H(AY | ode eee 
( ‘Ee “abs 5 

l 1 (B) Letw=7~2, du=7 ds Then J = dea | du == Inful+C=Inf7x—24C, 
Uu 

xn 

(©) Let v= Inx, du =de. Then J 
x 

[Compare Question 205(B).] 

dx = J- du =\n|u|+C = In ({Inx|) + 
x INN 

(D) j= de = f(In (4) de= Ft xy +C. 

207. (A) Let w= g(x), du =’ (x) dx. Then 

or d de = [> du =Inful+C =ln| g(x)|+C. 
g(x) u 

1 
(B) Use Question 207(A): Ise a rd ees oe = ot [3x7 +1/+C. 

(C) Use Question 207(A): franx ax =) ae =-[— Lud =—In|cosx|+C. 
BETES cos x 

Since —In|cos «| = In(|cos x") = In (sec x |), the answer can be written as In|sec x|+C. 

2 1 
208. Iny=Inx*> +In(4—-x’)'?=3 Inx+ ale (4—x’). By implicit differentiation, 

ey ieee ail 3 2 12-3x?-x? 12-4x?  4(3-—x?) 
iy =O pa (2 a >= = 5 = Sane a 

y 2 4a x 4-x° x(4— x") x(4—x°) x(4—x*) 

Hence pe ee 4(3 — i) (4-2? = 42 B=*) 

, x(4—x*) x(4—x7) Ae 

209. (A) Inx 10=In(Q2- 5) =In2.+1n5. 

1 4 
(B) es =-In2. 

(C) In 5 =ihS = ln}, 
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(D) In25=In5*=21n5. 

(E) InJ2 =1n2” 4 . In2. 

(F) Ina/5 =1n5"8 sins. 

(G) In = In(20)7 = In 20 =-In(4-5) = —(In4 + In5) =—(In2? + In5) = 

—(2 In2 +1n5). 

(H) In2'* = 12 In2. 

210. (A) Case 1. x > 1. By looking at areas in Figure A23.1, we see that 

185 

ict 
f—=—=—(x—1) Ss Inx <%-1. Case 2.0 <x < 1. Then I/x> 1. So by Case 1, 1—x< 

te Fe 

In (1/x) $ 1/x— 1. Thus, 1 — x <—Inx < 1/*x—1, and multiplying by —1, we obtain x — 1 
>Inx2>1-—-1/x, 

t 

Figure A23.1 

(B) By Question 210(A), Inx < x— 1 <x. Substituting Vx for x, Invx < fx, Ino? 

<Ve,tns cz BE BE res 
ee 

(C) lim = (). Hence, by Question 210(B), tim. ea. 
x—>+00 ne 

x 

In y 
(D) Let y= 1/x. As x > 0°, y > +e0. By Question 210(C), im sd 

Ye 
aa = Lia aa) = x (-Inx) =—x Inx. Hence, lim xInx =0. 
J V/x x0) 

x 

| 
(E) x-Inx= o(1 -22) By Question 210 (E), lim malls (4g Hence, 

ba x—>+0° 

lim (x — In x) = tee, 

=(). But 
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107. 10 10 
211. need For J —dx, The trapezoidal rule yields — fee 2 4 Cait) = 

10 30d aa Th 19). 

3 fe Lieaors0s (0.0909 + 0.0833 +-:-+ 0.0526) = 0.0750 + 
40 a) ny) 

0.6187 = 0.6937. (The actual value, correct to four decimal places, is 0.6931.) 

212. Case 1. a< 6. By the mean-value theorem, a Spat some c in (a, 6). Since 
=) c 

eral; <1. 
c 

Hence, ing ing <1 and, therefore, |In 6 — Ina| < |6— al. Case 2. b< a. By Case 1, 
SY 

[Ina — In| < |a— 4]. But |lna — In 4] = |In d— In| and |a - 6] = |6- a. 

213. Inlnv= ir 1 dt, make the change of variable w = ut (u fixed). Then dw = u dt 
t 

and the limits of integration t= 1 and ¢= v go over into w= u and w = up, respectively. 

Hence, 

uy il uw | 

lng = == dw =| —dw= di 
u Ww Uu Hu Ww 

5 ul uy uu 

So Inu+Inv = f —dt+ +f =f = d= Inv. 
L day fg 

Chapter 24: Exponential Functions 

214) (Aye ae PS ie 

(B) In e*=—x by virtue of the identity Ine’ = u. 

(C) (e’)'"*= (e"*)? = x’. Here, we have used the laws (e")"=e" and e"™"= u. 

215. (A) By the chain rule, D,(e“) = e* - D.(—x) = &* . (-1) = -e*. Here, we have used 
the fact that D,(e") = 

(B) By the chain rule, D(e") = e'* - D.(1/x) =e!” . (-1/x") = —el"/x?, 

(C) By the chain rule, D(e“*) = e** - D.(cos x) =e". (—sin x) =—e™** sin x. 
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(D) DiGhi= De) =e Ditinn.=e*"*. r: a =f = 9x", (In like 
manner, D,(x’) = rx’! for any real number 7.) - a 

HQ) DOH =D ar. Dixlna =e"* Inz=Inz- 2. 

(F) Dine) =D (25) = 12. 

(G) De" — &*) = De) — De) = & — (-e*) =e +e. Here, Die“) =—e™ is taken 
from Question 215(A). 

216. (A) Let 4 = 3x, du =3 dx. Then | e** de == fet du =50 +c= ne +C, 

(B) Let u=—x, du = —dx. Then [e* dx = —fe" du=—e"+c=-e*+C. 

(C) ee sin x dx =—e“* +C, by Question 215(C). 

(D) a =e". So, let u = (Ina)x, du = (Ina) dx. Then 

x x ina 1 “ 1 ue Y ] xing 7 1 x [a dhe = | e*' dx =——| e* du=—- eC = — "4 C =— a +." 
Ina Ina na In a 

217. Iny=Inx- Inx = (Inx)’. So iy = Nl ae ys IK a = (ne 
x Jj x 

PIS AKA) noe late 6ne= in 2. 

(B) —1 =3 Inx, Inx = oe goa et yee. 

(C) Multiply by e*: e*— 2 =e, e*- e’— 2 =0, (e*— 2)(e° + 1) =0. Since e* > 0, 
e +140: Hence 2 —2=0,¢ =2,%=1n2: 

[nie in(l : l 
(D) e=e"'"” =Inx, since e"” = u. Hence, e = e"* = x. 

(E) x— 1 = 1, since Inu = 0 has the unique solution 1. Hence, x = 2. 

219. (A) The area A= [e* dx =e"), =e'-e° =e-1. 

] ” 1 
(B) By the disk formula, V =n{ (e*) d= nie d= moe aha Pe —e)= 

r 0 0 y) 6 9 

—(e? —1). 
2, 
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220. Since e“ is an increasing function of w, the maximum and minimum values of y cor- 

respond to the maximum and minimum values of the exponent sin x,—that is, 1 and —1. 
Hence, the absolute maximum is e (when x = 77/2), and the absolute minimum is ¢' = 

1/e (when x = —77/2). 

221. (A) y = on (-2x) = One Hence, x = 0 is the only critical number 

y= Eee +x: (2xer™ )] =—2e* (1— 2x7). By the second-derivative test, there is a 

relative (and, therefore, absolute) maximum at (0, 1). As x — tee, ree +eo, and, 

therefore, y > 0. Thus, the x-axis is a horizontal asymptote on the right and left. The 
x graph is symmetric with respect to the y-axis since e * is an even function. There are 

inflection points where y” = 0,—that is, at x = +,/2/2. Thus, the graph has the 

bell-shaped appearance indicated in Figure A24.1. 

A 

ls la 
Figure A24.1 

(B) See Figure A24.2. The function is defined only for x>0. y’=x- u + Inx=1+Inx. 
x 

o 
y” = Ix, Setting y’ = 0, Inx =-1, x= e'* =e! = 1/e. This is the only critical number, 

and, by the second-derivative test, there is a relative (and, therefore, an absolute) mini- 
mum at (1/e, —1/e). As x > +00, y > +00, As x > 0*, y 0, by Question 210(D). 

Figure A24,2 
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l-Inx a» -~#-2x1-In x) (2hi x3) 
FS per age? (C) yf =——-— and ¥y ri . The only critical 

% & re 

number occurs when Inx = 1, x= e. By the second-derivative test, there is a relative (and, 
therefore, an absolute) maximum at (e, 1/e). As x —9 +c0, y — 0, by Question 210(C). As 
x0", y— -»s. Hence, the positive x-axis is a horizontal asymptote, and the negative 
y-axis is a vertical asymptote. There is an inflection point where 2 Inx — 3 = 0,—that is, 

Inx = =, x=e°”, See Figure A24.3. 

Figure A24.3 

(D) The graph, Figure A24.4, is obtained by reflecting the graph of y = e* in the 
y-axis. 

| 

tlic ess | a -+3 aes 

Figure A24.4. 

222. (A) D,(log,x)=D 
x 

i (22 )= pny = 4 : 
Ina) Ina WZ ok a 

(B) ger = gp i eina)lnx/ing) = ent =x. 

Ina xIna 
(C) log, a* = = =x 

Ina Ina 
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(D) Tae it ea pe cd ht a 
Ine 1 

(Bi los we In ww r Inuw+Inv _ nw | Inv Inv Sate Rig ENE 

Ina Ina Ina Ina 

(F) By Question 222 (E), log, — —+log, v= log, (4. |= log, w. Subtract log, v 
from both sides. 

(Cher _inu _finw_, i celeagied 

Ina Ina Ina 

(H) log, x as Inx/Ina _Inx Ina _ ae 

log,e Ine/lna Ina 1 

223. We know that one nonvanishing solution is e*, so make the substitution f(x) = & ex): 

Cg +egzeg 27 =0,¢.=0, 2G, 

224. Le y=(1+4] . Then Iny=uln( 14% )=afln(ut 2) ~ In) = w-x-h where u is 
u u 

between uw and w+. (In the last step, we used the mean-value theorem.) Either u < wu’ < u 

+xoru+x<u' <u, Then either 1 <w/u<1+x/uorl+x/u<u'/u<1., In either case, 

ulu—> 1 as u— to. Hence, Iny > x as u — +00. Therefore, y =e” > eas u —> +0, 

n ninx 

225, = : 
é é 

1 : 
= ————. But Inx/x > 0 as x  +e0. Hence, since AUSTEN x x=nlnx 

(6 

& > 4oo, x"/e* > 0. 

226. Let y= x" In y = sinx-Inx =——~-(xInx). es — land xInx— 0 as 
x x 

x» 0°, Iny > 0 as x > 0°. Hence, y= e'” 4 & = 1. 

227. Since cos x > 1 and sin x > 0 as x — 0, (sin x)"* > 0'=0. 

228. Set x= 1 in the formula of Question 224, 

229. See Figure A24.5. y’ = x’e* + 2xe" = xe*(w + 2). Wf = xe + (6 + 2)(me* + &) = e+ 
4x + 2). The critical numbers are x = 0 and x = —2. The second-derivative test shows that 
there is a relative minimum at (0, 0) and a relative maximum at (-2, 4e°). Asx 9 ae 
J > to, As x —> —00, y > 0) (by Question 225). There are inflection points where x + 4x 
+2=0,—that is, at~=—2 +2. 
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—2-~V2 -2 -24+Vv2 

Figure A24.5 

, ee 1 ee Question 230 concerns the hyperbolic sine and cosine functions sinh x = he et) 
liexs.3 ; 

and cosh x = ae +e), 

230. (A) D.(sinhx) = D, Ste - | = se +e *)=cosh~x. 

(e —e *)=sinhx. D, (cosh x) = D, Ste aA “| — : 

(B) By Question 230 (A), D? (sinh x) = D,(cosh x) = sinh x and D? (cosh x) = 
D {sinh x) = cosh x. 

Chapter 25: L’Hdpital’s Rule 

231. First let us state the zero-over-zero case. Under certain simple conditions, if 
, 

fie) = L, then lim sls 
(x Une 

replaced by x — 6°, x > 6, x — +00, or x > —00, The conditions are that fand g 
are differentiate in an open interval around 6 and that g’ is not zero in that interval, 
except possibly at 4. (In the case of one-sided limits, the interval can have 6 as an 
endpoint. In the case of x —> te, the conditions on fand g hold for sufficiently large, 
or sufficiently small, values of x.) The second case is the infinity-over-infinity case. If 

Gone tial goa tee and ge then lima” 
xb xb xb g (x) xb g(x 

lim ios lim g(x) = 0 and lim = L. Here, x > 6 can be 

= L. Here, again x > 6 can 

be replaced by x > 6", x > 6, x + +00, or x  —00. The conditions on fand g are the 
same as in the first case. 

Si i ] 232, Fim ee = lim eit) = fim 28% = 1K 
x0 4 x0) iD (x) x30) 1 1 



192 » Answers 

233.) lites pene atc reaty 
x—>() a x30 1 1 

her ies 
234. lim ee = lim bei = lim Le too. Here, we have applied 

x—+00 Vim _ ] x—-+oo 4x x +00 4 

L’H6pital’s rule twice in succession. In subsequent questions, successive use of L’Hépital’s 
rule will be made without explicit mention. 

235. Here we have the difference of two functions that both approach oo. However, 

] 1 sin x — x. sinx = x _ 
—-—— = ——_ , 0 which L’H6pital’s rule is applicable. lim ———— 
x sink | Wal sine +90 x sinx 

cosx — 1 ; —sinx 0 
lim ——————- = lim ————_ = —— = 0. 
<0 xcosx+sinx *2%—xsinx+2cosx 0+2 

2 1 
236. in oe ee 

x0 x x0 0 1 

237 lin oe ee ee 
x30 x x0 1 

| 
238. Let y=x'"*. Then In y = sinx -Inx = ==, to which L’H6pital’s rule applies. 

csc x 
In x Whe sinx 1 

lim = ling = = lim ‘sinx =—1-1-0=0 Thus, lim In y=0. 
aN Cscx Ail" ese COL, SO  cosx 

| Hence, lim Ppa lime Se a1, 
x0" 

3x 3x 
—] ol 

239. tims elim 26 AcE 
<0 tanx  * 0 sec x 1 

. 2 2 : _ tahx-sinx | ‘sec x—cosx " 2sec” xtanx+'sinx 
240. lim ———— = lim ——_.——- = lim ———__——— = 

x0) x" x0) 3x 2 x30 6x 

4 1 2 i; 2sec x+4tan xsec w+ cose 3 
io _ = 
x0) 6 i 6 

pe > 

Chapter 26: Exponential Growth and Decay 

Kt Kt Kt ely Dyk 241. (A) D, (| = estates ea = Se 2) = 0. Hence, y/e“ is a constant 
e e 

G y — Ce When ies 0, = Ce = (Se Thus, y = ye" 
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ws ee y be the number of ea Then y = ye“. By the given information, 2y, = 
ye» 2=e™, In2 =Ine* = 3K, K= (In2)/3. When ¢=9, yi We = ye =y,(e" n= 
ae ore = 8y). Thus, the initial number has been multiplied by 8. 

(C) Let y be the number of grams present at time ¢, Then y= ye". The given infor- 

mation tells us that 50 = 200e*, e“ = 7 K Se In =—In4. When t= 3, y= 200e = 

3 

200(e*)? = = 200 t) = => = 3.125 grams. 

_ (@) v=o. When = 1, y= (1 + r/100)y,. Hence, (1 + r/100)y) = ye“, 1 + 7/100 = 
e*. So K=1n(1 + r/100) and r= 100(e* — 1). 

242. In the notation of Question 241(D), r=2, K= In (1.02) ~ 0.0198 (by a table of 
logarithms). Hence, after 10 years, y= ye“ = e009" = = ye" = (1.219)y, (using a table 
for the exponential function). Hence, over 10 years, there will be an increase of about 
21.9 percent. 

243. (A) After the first period of interest e th of a year), the amount will be y,(1 + 
n 

7/100); after the second period, y,(1 + 7/100m)’, etc. The interval of & years contains kn 

periods of interest, and, therefore, the amount present after & years will be (1 + r/100n)”. 

(B) By Question 243 (A), y=y,(1 + 7/1007)” if the money is compounded n times 

per year. If we let » approach infinity, we get lim y,(1+7/100n)” = y, lim (1+r/100n)" 
noo n+ 

= y,[ lim (1+7/100n)"}* = y,(e")* = y,e°°"*. (Here we have used Question 224.) Thus, No es Jo No 

the money grows exponentially, with growth constant K= 0.017. 

(C) By Question 243 (A), the amount present after 1 year will be 
4 

Yo f + ae = y)(1.02)* ~ 1.0824 y,. Thus, the equivalent yearly rate is 8.24 percent. 

(D) 2y, = e°", by Question 243 (B). So 2 =e”, 0.05¢=In2, t= 20 In2 ~ 
20(0.6931) = 13.862. Thus, the money will double in a little less than 13 years and 315 
days. 

1 es. 1 
244. (A) y= ye. By definition, els ye’. So 5 eK ee Me =~In2. 

(B) Let y be the number of grams of radium ¢ years after the radium was created. Then 
1 

y=ne', where 1690 K=-In2, ee Question 244(A). If at the present time 4 y = 102” then 

as yp 5 ase eke In— =-—In10. Hence, —(In2/1690)¢=~-In 10, t= 1690 In 10/ 
10 0? 10 
In2 ~ 5614.477. Thus, the radium was created about 5,614 years ago. 
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(C) The amount of carbon is y= ye“. We know that 5750 K=~—In2. Since y, = 1 

and t= 3000, y= et" = 6" ~ e556 ~ (69657 (from a table for e *). Thus, about 

0.7 grams will remain. 

(D) Let y, be the original amount, and let Tbe the half-life. Then 0.8y, remains 

when ¢= 1. Thus, 0.87, = ye", 0.8 =e, K=1n0.8 ~ —0.2231 (from a table of logarithms). 

But KT =~—In2 = —0.6931. So -0.2231 T = -0.6931, 7 = 3.1067 years, 

245. Since Dy = Ky, y= ye" = 8e". The given facts tell us that 7 = 8e“, e“ = Z. When 
2 

p22, y= 8" = 87S a(Z) = 6.125 degrees. 

246. Let y be the number of pounds of salt in the mixture at time ¢. Since the 

concentration of salt at any given time is y/400 pounds per gallon, and 20 gallons flow out 
per minute, the rate at which y is diminishing is 20 - y/400 = 0.05y pounds per minute. 

Hence, Dy = —0.05y, and, thus, y is decaying exponentially with a decay constant of —0.05. 
Hence, y= 100e""™. So, after 30 minutes, y= 100e'” = 100(0.2231) = 22.31 pounds. 

Chapter 27: Inverse Trigonometric Functions 

247. By definition, as x varies from —1 to 1, y varies from —7/2 to 7/2. The graph of y = 
sin ' x is obtained from the graph of y= sin x (Figure A27.1 (a)) by reflection in the line 
y =x. See Figure A27.1(b). 

(a) y=sin x (b) y=sin7! x 

Figure A27.1 

248. Let y= sin ‘x. Then sin y =x. By implicit differentiation, cosy: D.y=1, Dy= 

I/cos y. But cos y = £,/1—sin*® y = +V1— x’. Since, by definition, —7/2 SiS Wold 
cos y 2 0, and therefore, cos y= ¥1—x” and D,y =1/V1— x’. 
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249. As x varies from —co to +e, tan ' x varies from —7/2 to 7/2. The graph of y= tan | x 
is obtained from that of y= tan x (Figure A27.2(a)) by reflection in the line y= x. See 
Figure A27.2(b). 

(a) y = tan x (b) y = tan™ x 

Figure A27.2 

250. Let y=tan' x. Then tan y =x. By implicit differentiation, sec’ y- Dy=1, Dy= 
I/sec* y= i/(+ tan’ y) = 1/(1 +’). 

251. (A) cos” (—J3/2) is the angle @ between 0 and 2 for which cos@ = —4/3/2. It is seen 

from Figure A27.3 that @ is the supplement of 7/6, that is, @= 57/6. 

Figure A27.3 

(B) sin” (J2/2) is the angle @ between —7/2 and 77/2 for which sin@ = EN PIPE 

Clearly, 0= 7/4. 
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(©) sin! (-V2/2) is the angle @ between —77/2 and 7/2 for which sin@ = by 

Clearly, 0=—7/4. 

(D) tan”' 1 is the angle @ between —77/2 and 7/2 for which tan @= 1, that is—O= 

m/4, 

(E) 77/6 is the angle @ between —77/2 and 7/2 for which tan0 = (/3/3). So 

tan”'(/3/3) = 2/6. 

252. (A) Let @= cos” <. Since > > 0,0 < @< 7/2 and sin 8 must be positive. 

1G 

sin@ =J1—cos’@ = Fe =2. 

(B) Let 6, = sin - and @,=sec ‘3. Since = and 3 are positive, 0, and @, are in the first 

quadrant. Then cos sin : + sec" 3] = cos (0, + 8,) = cos@, cos@, — sin, sin@, = = 

(23/3) =< - 62s = (4-6V2)/15. 

(©) sin w= 0. Hence, sin™ (sin 2) = sin! 0 = 0. Note that sin” (sin x) is not 

necessarily equal to x. 

253. (A) Let x =2u, dv = 2du. Then | a dx | du 

LA Ns) 

1 1 
I =a WHC Son eC: 

l+u 2 2) 2 
eS 

=> = —tan’—+C fora>0. 
a 

This is a special case of the formula J 
ax a 

(B) Let x = 5u, dx = 5du. Then lf yrosreial resccocted beer 
—x —25u —u 

C= sii et C. This is a special case of the formula Ss = sin? + C for a> 0. 
(EE ARE a 

254. From Figure A27.4, @= tan ' 4/x — tan '2/x. So 

1 ~4 1 Se tee 2 
Oy a ee ee 1+(4/x)° x 14+(2Ix)? x7 x7 416 x? +4 

_ 4m? 164.2%" 432_ 2(8— x’) 

(x? +16)(m? +4) (x? +16)(x? +4) 

Thus, the only positive critical number is x = V8 = 2V2, which, by the first-derivative 
test, yields a relative (and, therefore, an absolute) maximum. 



Answers £ 197 

Figure A27.4 

Chapter 28: Integration by Parts 

255. We use integration by parts: Judy = uv — | vdu. In this case, let w= x’, dv= 

e * dx. Then du = 2x dx, v=—e*. Hence, [xe dx =—x'e* + 2] xe™* dx. (To calculate 

the latter, we use another integration by parts: w= x, dv =e” dx; du = dx, v=—e*. Then 

fixe dx =—xe* + few dx =—xe* —e* =-e™. (x + 1).) Hence, 

eter dx =—x°e™* +2[-e*(x+)]+C =-e7 (x? +2x+2)+C. 

256. Let u=sin x, dv=e* dx, du=cos x dx, v=. Then 

Je sinx dx =e" sinx—| e* cosx dx. (1) 

We use integration by parts again for the latter integral: let w= cos x, dv = &* dx, 

du =-—sin x dx, v =e". Then fe’ cos x dx =e" cosx + fe sin x dx. Substituting in (Z), 

fe sinx dx = e* sinx — (e* cosx + fe sin x dx) =e" sim —e* cox — Je sin dx. Thus, 

iy 1 P 
2fe* sinx dx = e*(sinx —cosx)+C, Je sinx dv = me RE COS MHC, 

257. Let w=sin' x, dv=dx, du=(1/V1—x’ )dx, v=x. Then [sin x abe = sin” x 

3 A 2 S. ] : 
[x1 x?) de = xsin het [d-x) "2 (2x) dx = x sin rng: Cat ke: 

¥en ete l— ww +. 

258. Let u=x, dv=sin x dx, du=dx, v= —cos x. Then | xsin x de =—x cose + [ cosx dv = 

—x cosx+sinx+C. 



198 » Answers 

é : #019 ; . 
259. Let u=sin x, dv=sin xdx, du=cos x dx, v= —cos x. Then [sin x dx =—sinx cosx+ 

: ; : 1 ad) $2 
| cos? wade = sin x cosx + | (I—sin? x) dv =—sinxcosx +x— [sin x dx. So 2 sin «ax = 

. 7 cel 7) . 

x—sin.x cos +C, | sin HOR EDS) 

1 1 1 
260. Letu=~x, dv=e™ dx, du = dx, v =—e**. Then [ xe* dx = —xe* -—[e* dx = 

3 3 3 

1 
— xe" ——-—e* +C =—e*(3x%-1)+C. 
3 oe) 

: ] nee 5 woo 

261. Let u=Inx, dv=~x" dx, du=— dx, v= . Then [x Inx dx = Inx— 
iS n+1 n+1 

] n+] n+] n+) 

[x" a= - Inx—- ee +C =——[(n + Dinx —1]+C. 
n+l n+1 n+i1n+l1 (n+1) 

Chapter 29: Trigonometric Integrands and Substitutions 

262. Letu=cosx, du=—sinxdx. Then f sin.x cos” ac=— fe du = aes +G=— 50 Ce Oe 

263. Since the power of cos x is odd, let u = sin x, du = cos x dx. Then 

Jasin’ x cos’ x dx =| sin‘ x(1—sin’ x)’ cosx dx = [uta —u’) du= Ja —2u’+u‘)du= 

[4-20 +u°) du mp Sal ate Cau'( 2-20 th 4c = sn’ 
5 Wi 9 avs 9 

LD: 
[f= Sai’ picelan x)+6. 
5 7 9 

264. Use the formula sin Ax cos Bx = Slsin(A + B)x +sin(A—B)x]. Then 

Jasin 1x cos3x dx = ; | [sin 47x + sin(—27x)| dx =5 Jin 4x —sin21x) dx = 

1 cos 470x zs cos 27x 1 
)+ C = —(2cos 20x — cos 4x) +C. 

2 4 20 87 

1 
265. Recall sin Ax sin Bx = 5 Leos A — B)x —cos(A+ B)x]. So [sin 5x sin7x dx = 

1 1 1 
5 J [cos(-2x) -c0s 12) a= 5 | (cos 2x - cos12x) dy = { 

sin2x _ mw 4c 

2 ley 

1 
— (6sin2~ —sinl2x)+C. 
24 
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Figure A29.1 

266. Since V4—x° is pees we let x= 2 sin 0, dv =2 cos 9d. Then (Figure A29.1), 

VIR# = 20038. S0 | 2 de = jas Om so 102 Fah? O 20S 
4—x 

pee! 49 =2{ 0- sin 20 

3B 
)+O=206-sin Ocos 0) + C= 

ee wie 

Ohan =. ae Fey ip hese eae 
£542 2 Z 2 

267. Since ¥1+x* is present, we let «= tan 0, dx = sec? 0d0. Then (Figure A29.2), 
4/ 2 a 

V1+x* =sec @. So | A de = J se’ 6d0= fee (1+ tan?@) dO = [ (csc + 
x tan@ 

hr ee pal Lahde? C sec@ tan@) d@ = In| csc @— cot O|+secO+C =In 
x 

Figure A29.2 

268. Since ¥x* —9 is ae let x = 3sec 0, dx = 3 sec O tan 8 dO, and eal A2Z9.3) 

Vx° —9 =3tan@. Then pee ane 2G =~fcosd d0 =5sin8+C = = 
gaa A = lier °@-3tan@ 9 

1 ¥x°-9 
+C, 

x--9 

ies | CI 

Figure A29.3 
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n/3 

269. y’= (—sinx) =—tanx, 1 + (y’)’ =sec’ x. So L= ik secx dx =In|secx + 
COS X 

tan x [J"? = In| 2+ J3 | —In1=In(2+ V3). 

Chapter 30: Integration of Rational Functions: The Method of 
Partial Fractions 

acne rec: ee a + ay Clear the denominators by multiplying 
x -9 (x-3)(~x+3) w-3 wt 

1 
both sides by (v — 3) (w+ 3): 1 = A(x + 3) + B(x — 3). Let x = 3. Then 1 =6A, A =o Let 

e) 

270 

Ye hea been -2. Saito = Tes an -7 iter ay Hence 
») 

dx 1 1 1 
Jp =Glalx- 3] -gin|x+3|+ C= In|(«— 3)/(x + 3)/+ C 
x°-9 6 6 

271. = = 
x(x +1) x 

x—5 =Ax(x + 1) + Beet 1) + Ce’. Let x= 0. Then =5 = B. Let x=—1. Then 

—6 = C. To find A, compare coefficients of x* on both sides of the equation: 0 = 

K~3 A Li N, Multiply both sides by x(x + 1), obtaining 
te 3 

A+ GAs Cae a ee ee —— dx = 6 In || + 
x (xtl) « x x4tl x(x +1) 

2 Gin eT elk z ye Bes 
x x li x 

1 AND “ se, ee 
202 eat - So 1 =A(x’ +5) + Bx’ + Cx. Let x= 0. Then 1 = 5A, 

x(e? +5) x x? +5 

1 A 1 
A= a Equate coefficients of x°:0=A+B, B=—-A= a Equate coefficients of x: 0 = 

he 6 dx 1 1 
—— = =| In|x|—=In| x’ = le =[ nl a nL +5) }#¢ 

l pA ES Cx + D 

(x? +1)(~?7 +4) x?+1 x? +4 
(Ax + B) (x + 4) + (Ce+ D)(x? + 1). Equate coefficients of x*: (*)0=A+C. Equate coefficients 
of x: 0 = 4A + C, Subtracting (%) from this equation, we get 3A =0, A=0, C=0. Equate coef- 
ficients of x°: (**) 0= B+ D. Equate constant coefficients: 1 = 4B + D. Subtracting (%%*) from 

1 
this equation, we get 3B=1, B=—, D= aos Thus, Pils 420 27 sea = a Sad 5 : ; 

%) =) (x°+1)(x°+4) Bx? +1 3x7 44 
dx Le ee 1 i Hence, | —————— = = tan! x — — = tan '(x/2) + = tan x —— tan” /2)+C.. ce | Saareens 5 x ar an (x/2)+G, ane x aun (2/2) +C, 

273. Neither x’ + 1 nor x’ + 4 factor. Then . Hence, 1 = 
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el ioe ae 
x(x 1) we x41 (x? +1)? - 

+ E). Letx=0. Then 1 = A. Equate coefficients of x‘: 0 =A+B, B=-A=-— 
Equate coefficients of x”: 0 = C. Equate coefficients of x7: 0 = 2A + B+ D, 
D=-2A — B=~—1. Equate coefficients of x: 0 = C+ E, E=-C=0. Thus 

1 1 1 
— =--—_- +... Hence, 

274. 

et s 
l+e* at uu—-l) u u-l 

Then 1 =A oe as Let w= 0. Then 1 = —A, A=—1. Let w= 1. Then 1 = B. So 

275. Lecu=1+e, du = ¢ ds. Then | & =[— ily : f f 

1 

u(u—1) a eee =—In|u| + Inu -1]+ C=An(1 +e) +Iné+C= 

-In(1 ci ee (& 

x +3 A B G D 
= 4+ + ~ 4 
(x—I(a+l x4+1 x-1 (x-1)° (x-1) 

Bee + (x= 1) + Cet Ile~ 1) + Dle+ 1). Letx=—1. Then 4=-84, A =—— 

276 . Then x° + 3=A(x— 1)? + 

Let x= 1. Then 4=2D, D= 2. Equate coefficients of x: 0=A+B,B=-A= > 

Equate constant coefficients: 3 =—A + B— C+ D, C=-A+ B+ D-—3=0. Thus, 

x? +3 Fetoeare) cul 2 (x +3) de 1 
ae eS - aud [= = - Fin +14 
(x —1)°(x +1) 2x+1 2x«-1 (x-1) (x —1)°(x« +1) D 

1 —1 1 
= apeate = in = ae 
2 (x —1) 2 |x4+l| (x-J 

Chapter 31: Integrals for Surface Area, Work, Centroids 

2 
dy f(b) dx 

277. S=2n| yds = anf y +(2) dx = 2 jf ofis[ = dy. 

(For revolution about the y-axis, change the factor y to x in either integrand.) 

278. Revolve the upper semicircle y=~/r* — x” about the x-axis. Since x° + y’ =r’, 

2x + 2yy’ =0, y =—xly, (YP =x'ly, 1+ 0 =1tx'ly =(y +x ly =r'ly’. Hence, the 

surface area § = 2m” y: de =20 [ord = 27m], =4ar’. “ry 
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] 

ae 
279. (A) 9/ = 3x, so $= 2nf x Vi +9x4 a= 2m F(Z Ja4954 9") 

0) 

1 1 
= —[(10) -1]=— (10V10 -1). pal ) ] rie ) 

4 / , z l PSD ede 6 1 1 (B) Use $= 27] xl +(y’)? dx. y Snel =i iota Then 

Tea ib ag 2 l YAW) eee eA eT se 2s 3 = 3 = = Ley) te ted =¢ +) SoS anf a= ta | 

2 

"(betes gh ea etal oy aptly 2 -+)-(2-3) = 2290 
r\i(« yz) ae= a(S «)] -4|(2 gyi sm ap ac ag of 

280. As is shown in Figure A31.1, the cone is obtained by revolving about the x-axis the 
tate Pye 

region in the first quadrant under the line y it aN Se 1+(y’) = : yp : 
b 

a hr Vr +h? 2arvr? +h? L lt | 2arvr? +7? 
Hence, S$ ain), 0a%= ee ae Sapiens 

0 

[#58 ) = ar B 

Figure A31.1 

281. We use Hooke’s law: The spring pulls back with a restoring force of F= kx pounds, 
where the spring is stretched x inches beyond its natural length, and & is a constant. Then, 

12= st k= 24, F= 24x, and the work W = [F die = [24x dx =12x?}’ =12(64) = 768 

in - pounds = 64 feet » pounds. 
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al [petal | 282. The area A = I, x a= 3x] = z The moment about the y-axis is 
0 

Rea’ TA leat 
M,= iF NON a rat | = Zz Hence, the x-coordinate of the centroid is ¥ = M,/A= 

0) 

io 

| 
y . = z The moment about the x-axis is M, = “fl = Vy) dy = sy ao ay i = 

le 1 . : 
: : 

—-—=-—. Hence, the y-coordinate of the centroid is 7 = M/A = (AG) mr: 2 oy 
, , NY : ” 

‘Thus, the centroid is (3 : =} 
4 10 

283. By symmetry, X = 0. (In general, the centroid lies on any line of symmetry of the 
2 See la : 

region.) The area A= ee The moment about the x-axis M, = 21 ya -y d= 

ee. Sie! 4 
——=(a° - "| =—(q*)** ==’. Thus, J = (Ee )feea'in = oe ‘Thus, the centroid 
3 ( 5 ) 30 

Chapter 32: Improper Integrals 

284. ‘This is equivalent to determining whether the improper integral J aux) dx is 

convergent. J as) dx = lim J ais) dx = lim Inv]! = lim Inv = +c. Thus, the integral 
1 — v—>-+e0 

diverges and the area is infinite. 

285. (A) ines dx = lim i dx = im == = lim (-+41]= 1. Thus, the integral 
] x vo x vt Ly 1 v—+<0 v 

converges. 

(B) By Question 284, we know that the integral is divergent when p = 1. 

The last limit is 1/(p — 1) if p > 1, and +0 if p < 1. Thus, the integral converges if and only 

p> 1, 
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286. (A) First we evaluate fda x)/x? | dx by integration by parts. Let u=Inx, dv= 

ih Pee aie Ae ge = a ( P , =i (1/ ey (1/x*) dx, du = (1/x) dx,v eres ie 

x veo 31 ye yto =p x? 1 (1— p)? via 

i 1 Inv i l 1 1 
= lim | —-— - ——. —, |-| -——,. |= ——.. 

v—+eo ere Wee (1— p)’ pr (1— p)? (1— py’ 

intents t l/y 
(In the last step, we used L’H6pital’s rule to evaluate lim —— <= in $$ = 

Tape Te EM naa ooh OY 

lim ——— x Sa 0.) 

Thus, the integral converges for all p > 1. 

@) = ae ce for x 2 e. Hence, lee psu — dx 2 ic ni — tee by Question 285(B). 
x 

Hence, a —- ~ de is divergent for p< 1. 
K 

287. By integration by parts, we find J xe™ de = -e* (x + 1). Hence, [ixezt dx = 

lim (~e™* (x +1))]’ = lim [(-e’ (v +1) +e“ (a+ 1)] =e" (a +1). (In the last step, we used 
vt v—+>+<o 

L’H6pital’s rule to evaluate lim (v + 1)/e’ = lim (I/e’) = 0.) 

288. (A) By successive applications of L’Hépital’s rule, we see that lim (Inx)?/x = 0. 
x—-+00 

Hence, (In x)’/x <1 for sufficiently large x. Thus, for some x,, if x > Sos xy <x 1 

(Inx)* > 1/x. So |” as 
bi > » (In x)? arbitrary p 2 1. 

: 
> J — — +ee, Hence, the integral must be divergent for 

Esl 4 

(B) | g(x) de= [Pe d+ |" gl (x) de > |” ¢( (x) de + | f(x) de 400, 

289. For x2 ¢, (Inx)’ < Inx, and, therefore, I/(Inx)’ > 1/Inx. Now apply Questions 
288(A) and (B). 

» dx 1 coe 1 a OD Hg 290. | sy Satan — | =—tan?—. But lim tan? —=—. Hence, tx ta Ale uae p a y—>+o0 a 
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291. |e" de = lim (0 de = lim (-e*))} = lim (1-e") =1-0= 1. 
veo 

u30" 

1 
292. (A) le = lim | = de = = lim (In 1— In w) = +00, Thus, the integral diverges. 

(B) jie lim ee lim 2Vx]! = = lim 20 —Ju) =2. 
u>(* n> 0" 

if 1 : 

(C) = dx = lim ply he: = lim 1 =| = lim [= +1) = +00, Thus, the integral 
x x , nu) Ju x u—()* u-0* 

diverges. 

) [5 elie | adee ig ee eee 
u30* Ju Pa 430 = nee i u>0' |— iS " 

this limit is tec, whereas, if & < 1, the limit is 1/(1 — &). 

293. There is a discontinuity at x = 2. So f ae = lim | ge + lim | ae 
lye DB v>2 #1 x ) w32* Jw x- 2 

lim In |x — 2]! + lim In |x — 2|}? lim In |v — 2|+ lim — In |w — 2]. Neither limit exists. 
v2 w2* v>2- w2* 

Therefore, the integral diverges. 

294. There is a discontinuity at x = 0. So i a ak = 12 Re = ror the 

Tabata ghg PERE Poe il ig ibe first integral, oe = lim 5 x = ae == area tea i ae lim . x = 

lim ay v’*)=6. Thus, the value is -2+6 = * 
v0" 

lI 295. By integration by parts, fin x dx = x(Inx—1). Thus, iE Inx dx = lim x(In.x —1)} 

lim [-1— v(Inv —1)] =-1-0=—1. (The limit lim v(Inv —1) =0 is obtained by 

L’H6pital’s rule.) 

Chapter 33: Planar Vectors 

296. The vector AB = (3-1, 7 —(—2)) =(2, 9). In general the vector PP, from P,(x,, ;) 

to P(X» Jn) is (Xy — X Yo — Ih) 

297. A+ C= 5i+ 3j. Therefore, |A + C| = (5)? +(3)° = 34. If Ois the angle made by 

A + C with the positive x-axis, tan@ = A From a table of tangents, 9= 30° 58’. 
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298. A=A,+A,, A, =cB, A,-B=0.S0A,=A-A, =A-cB,0=A,-B=(A-cB)- 
A-B 

B=A.-B-— |B)’. Hence, c= (A - B)/|B]’. Therefore, A, aries and A,=A-cB= 

A-B 
B. Here, (A - B)/|B| is the scalar projection of A on B, and as 

B 
A:B —=A, is 

[B| |B)’ 
the vector projection of A on B. 

AC 

299. At any convenient point on the line, say A(4, 0), construct the vector B = (3, 4), 

which is perpendicular to the line. The required distance d is the magnitude of the scalar 

projection of AP on B: 

| AP -B| = [(=2,3)-G,4)| = 6 [by Question 298] 
[BI V2 +4 5 

300. Take the point A(—da, 0) on the line. The vector B = (a, 6) is perpendicular to the 

line. As in Question 299, 

7 lAP-BI_ |G t/a, %,=0)- 6) _ lax, + oy, +e 

[BI Vath Va + 

This derivation assumes a # 0. If a = 0, a similar derivation can be given, taking A to be 
(0, —c/b). 

301. In general, the vector of length r obtained by a counterclockwise rota- 
tion @ from the positive axis is given by (cos Oi + sin Qj). In this case, we have 

o[ Bid} = vi 

302. Let A = (3, 1) and B = (1, 5). Then, by the parallelogram law, OP = A+B = 
(3,1)+(1, 5) = (4, 6). Hence, P has coordinates (4, 6). 

303. In general, given a vector (a, 6), a perpendicular vector is (6, —a), since (a, 6). 
(6, —a) = ab — ab=0. In this case, take (5, —2). 

Chapter 34: Parametric Equations, Vector Functions, 
Curvilinear Motion 

304. Note that x” +y =a’ cos’ 0+a’ sin’ O= a (cos’ 6+ sin’ 9) =a’. Thus, we have a 
circle of radius a with center at the origin. As shown in Figure A34.1, the parameter @ can 
be thought of as the angle between the positive x-axis and the vector from the origin to 
the curve. 
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(x cos @, y sin @) 

Figure A34.1 

(B) a i = 1. Hence, the curve is an ellipse with semimajor axis of length 3 

along the y-axis and semiminor axis of length 2 along the x-axis (Figure A34.2) 

A 

Figure A34.2 

(C) y=+t° =x*. Hence, the curve is a parabola with vertex at the origin and the 
y-axis as its axis of symmetry (Figure A34.3). 

t 

Figure A34.3 
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b 
305. Recall that the arc length s = | 4 (dx/du)” +(dyldu)’ du, where u is the parameter. 

dxldt = e' (—sin t) + e’ (cos t) = e (cos t— sin t), (dx/dt)’ = e' (cos’t — 2 sin t cost +sin’t) = 

e”(1—2sin tcos ¢). dyldt = e' cost +e’ sin t =e’ (cos t+ sin t), (dyldt)’ =e” (cos? t+ 

2sin ¢cost+sin’t) =e" (1+2sin¢cost). So, 

s= ik e(1—2sin ¢ cos t) +e” (1+sin ¢ cos t) dt = fo v2e' ds = J 2e' FF =V2(e" -1). 

BOG. Fe) in ee Egy Ow), a A), 2) 
Au0 Au Au0 Au 

Ae (f(u+Au)— f(u), g(u+Au)— g(u)) 

Au) Au 

= lim eee ue gt) 
‘ Au Ay a>) 

This last limit is, by the definition, equal to 

tim MS Son) = g(u+ Au)— g(u) 

Au0 Au Au) Au 
E (f'(u)s g’(u)). 

307. Refer to Figure A34.4. Let OP = R(u) and OQ =R(u+ Au). Then PQ = R(w+ Au) — 

1 aR_ Rt Au)-Riy) 
R(z) and aS LOS I He 

PQ (which is the direction of PQ/Au) approaches the direction of R’(z), which is thus a 
tangent vector at P. 

. As Au — 0, Q approaches P, and the direction of 

A 

Figure A34.4 
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308. By Question 307, we nine know that R’(¢) has the direction of the tangent vector 
along the curve. By Question 306, R’(é) = (dx/dt, dy/dt), since R(t) = (x(2), y(t). Hence, 

[R’(t)| = f(de/dt)? + + (dyldt)’ = dsldt, where s is the arc length along the curve (measured 
from some fixed point on the curve). But ds/d¢ is the speed. (The “speed” is how fast the 
end of the position vector R(j) is moving, which is the rate of change of its position s 
along the curve.) 

A(u+ Au) —h(u) _ F(u+ Au)-G(u+ Au) — F(u)-G(u) 

Au 7 Au 

[F(u + Au) — F(u)]-G(u + Au) + F(u)-[G(u + Au) — G(u)] 

Au 

F(u + Au) — F(u) Cue AD een: G(u+ Au) — G(u) 

Au Au 

— F’(u)-G(u) + F(u)- G’(u) as Au > 0. 

309. 

310. R(t)-R(z) =|R(e)|° =£7.. So = [REO RO) = 0). But, by Question 309 

“IR -R(¢)] = R(t)- R(t) + R’(¢)- R(¢) = 2R(¢)- R(t). Hence, R(t)-R’(t) = 

311. Let F(u) = (f(u), g{u)). Then F(A(u)) = (F(A(u)), g(h(u))). Hence, a 

Question 306 and the regular chain rule, “ [F(A(z))] -(4 f(A(u)), = ¢( (Hw) = 

(f'(Alu))h'(u), g(h(u))b'(u)) = hu) f'(Atu)),_@’(h(u))) = bh’ (uF (Au)). 

312. ‘The position vector R() satisfies |R(+)|=r and |R’(¢)| =v. Let @ be the angle 
from the positive x-axis to R(z), and let s be the corresponding arc length on the 
circle. Then s = r@, and, since the object moves with constant speed v, s = vt. Hence, 
O= vtlr. We can write R(¢) = r(cos @, sin 6). By the chain rule, R’(*) = r(-sin @, 

cos @) = = r(—sin@,cos 6)= = v(—sin@, cos@). Again by the chain rule, R”(r) = 
t i 

2 2 

v(—cos@ — sin aS = —v(cos@, sin Q)— = i cos@,rsin@). = -S RO). Hence, the 
t r r 

acceleration vector R’’(¢) points in ae oe direction to R(#),—that is, toward the 

center of the circle, and |R”(t)| = AR t)=—-r=ov"/r. 
r 

313. (A) Since T is a unit vector in the same direction as the velocity vector, T = (cos @, 

sin @). Hence, dT/d@ = (sin @, cos @) and|dT/dg|=1. 

(B) As in Question 313(A), let @ denote the angle between the velocity vector R’(¢) 

and the positive x-axis. The curvature K is defined as d@ /ds, where s is the arc length. The 

curvature measures how fast the tangent vector turns as a point moves along the curve. 

The radius of curvature is defined as p =|1/k |. 
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(C) If (x,y) is the center of the circle, then R(z) = (x, + a cos 4, y + @ sin 2) traces 

out the circle, where ¢ is the angle from the positive x-axis to R(d) — (%, y). Then R’(¢) = 

a(- sin ¢, cos t), and ds/dt= a. The angle @ made by the positive x-axis with R’(2) is 

_{( a@cost : 
tan’! ip tan '(—cot ¢), or that angle + 7. Hence, 

dp _ 2) # a 1 
Te ee 

So K= 1/a, and by definition, the radius of curvature is a. 

(D) R’(t) = B. Since R’() is constant, @ is constant, and, therefore, K= d/ds = 0. 

(E) Since y’ is the slope of the tangent line, tang = y’. Hence, differentiating with 
respect to s, sec’ $ (d@/ds) = y’1(ds/dx). But sec’ @= 1+ tan? = 1 + (y’)’, and ds/dx = 
[1+ 7)", Thus, 

: do _ y” 1[l+(9’)7] y” 

ds [1+ (y’)?}"” (1+ (y’)? PP? ‘ 

Chapter 35: Polar Coordinates 

314. (A) x=rcos' 6, y=rsin 6; or, inversely, 7° =x" +’, tan O= y/x. See Figure A35.1. 
Note that, because cos (9+ 7) =—cos Oand sin (6+ 2) =—sin @, (r, 8) and (-r, 0+ 72) 
represent the same point (x, y). 

Figure A35.1 

(B) (1, 27m) for all integers 7, and (—1, (27 + 1)Z) for all integers 7. 

315. (A) x’ + y'=r' =4. Thus, the graph is the circle of radius 2 with center at the pole. 

(B) ‘The graph is the line through the pole making an angle of 77/4 radians with the 
polar axis (Figure A35.2). Note that we obtain the points on that line below the x-axis 
because 7 can assume negative values. 
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7/4 

Figure A35.2 

(C) ‘This is simply the line through the polar axis, or the x-axis in rectangular 
coordinates. 

316. @= 7/2 yields the line perpendicular to the polar axis and going through the pole, 
which is the y-axis. 

317. Multiplying both sides by 7, we obtain r° = 2r sin 0, x’ +" = 2y, x” + — 2y=0, 
x +(y-1P=1. 

Thus, the graph is the circle with center at (0, 1) and radius 1. 

B18. 7cos O=3, r= 3\sec 0. 

319. (A) See Figure A35.3. At 9= 0, r= 2. As @ increases to 7/2, r decreases to 1. As 0 
increases to 7, r decreases to 0. Then, as 6 increases to 37/2, r increases to 1, and finally, 
as @ increases to 27, r increases to 2. After @= 27, the curve repeats itself. The graph is 
called a cardioid. 

C0) dP 4s alee Die 

aot’ AG) sal 2 

Figure A35.3 
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(B) See Figure A35.4. As 0 goes from 0 to 7/2, r decreases from 3 to 1. As @ 

increases further to 27/3, r decreases to 0. As @ goes on to 7, r decreases to —1, and then, 
as 9 moves up to 47/3, r goes back up to 0. As 8 moves on to 37/2, r goes up to 1, and, 
finally, as @ increases to 27, r grows to 3. This kind of graph is called a limacon. 

CN) ahh Mlb) ae 2506 Sel Ds 

Polhaoy all 0 -1 0 1 8) 

Figure A35.4 

(C) The construction of the graph, Figure A35.5, is indicated in the table of values. 
Note that some values of @ yield two values of 7, and some yield none at all (when cos 20 
is negative). The graph repeats from O9= 1 to @= 27. The graph is called a lemniscate. 

6)0 7/4 --» 34/4 2 

yl aril © + 0 atl 

\ / 
\ 2 
\ 7 
\ ea 
\ / 
\ 7 
NS v: 

\ 7 
/ 

~ 7 
\ / 
S / 
~ 4 

| GNSS | 
7 \ 

td \ 
un ~ 

ae ~ 
ie ~ 

/ \ 
7 SX 

7 \ 
/ \ 

“ \ 
a \ 

7 S 

Figure A35.5 
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(D) The accompanying table of values yields Figure A35.6. The graph is called a 
four-leaved rose. 

6|0 m4 wni2 32/4 nm 52/4 32/2 7/4 20 

ee al 0 —] (Oa 0 —] 0 

Figure A35.6 

320. (A) It is convenient to use increments in 0 of 77/6 to construct Figure A35.7. Note 
that the graph repeats itself after @= 7. The result is a three-leaved rose. 

G10 26” RIS Ail” Qn 5/6 5 

et al 0 al 1 0 

Figure A35.7 

(B) Figure A35.8 shows an eight-leaved rose. Use increments of 77/8 in @. 

6\0 w/8 r/4 32/8 n/2 5r/8 32/4 7a/8 mn YIIS S5x/4 1127/8 

re Ole al 0 —] 0 1 0 —1 (ea 0 —l 

| She, oydier ae iSydtes ye 

ie 0) 1 0 —] 0 
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Figure A35.8 

321. If we try to solve the equations simultaneously, we obtain 2 sin’ @= —2, sin’ @=— 
which is never satisfied. However, there are, in fact, infinitely many points of intersection 
because the curves are identical. Assume (7, @) satisfies r= 1 + sin’ @. The point (7, @) is 

identical with the point (-1 —sin’ @, 8+ 2), which satisfies the equation r=—1 — sin’ 6 
(because sin’ (9+ 7) = sin’ 6). 

322. As was shown in Question 319(A), the curve is traced out for 9= 0 to @= 27. The 
; . 1 pe : 

general formula for the area is =) r’ d@. In this case, we have 
1 

A =5 J" + e056)" d@0 = 5), U+2c0s6+ cos” 0)d0 

=5 "| 14 2050-4 51+ e020) Jd0 

20 

{0+ 25ino+ 4 s(6+5sin20)} ep | ea 
ey 2 2 2 

0 

323. (A) The general arc length formula is ihe Vr’ +(dr/d0@)? dO. In this case, dr/d0 = 

1, and we have L = [ V0° +1 d@. Letting O= tan uv, dO= sec? u du, we obtain ie sec” u 

ee [(sec uw tan w+In|sec w+ tan ul)" = slV2 + In J241)}. 

(B) drid0 =e, Hence, L= J" fe” +6 d0= [2c d0 = Ve"? = 
V2 (2=1)=v2. 

Chapter 36: Infinite Sequences 

32409 = i = lim (1 : Es 
n+] rten+] note n+ | 



Answers & 215 

+1)" f 3 
325. 4,, -(* ip lim 4, = shim (+2) =, since lim f+) aes 

n x 
n n-be n—-+o0 x0 

aed 1 
326. a, =In - lim In as *) = In 1=0. Note that this depends on the continuity of 

n n n—+0 

Inx atx= 1. 

2” pew) Oe ig uae alas eee Me 
n. 

i 

LEDGES SS bln Roa De 2 

7 blag 
since lim —-——-= 0), lim 4, =0. 

neo 3 eae nto 

328. 4, =n =n'” =e" 5 9 =1. Here we have used the fact that lim (Inn)/n =0, 
n—-+eo 

which follows by L’H6pital’s rule. 

x —2x +5 
+ 

can be used here. Divide by the highest power in the denominator. lim ee 

din? +5in*__0 is aaa 

329. In general, the same method that was used for rational functions [ik 
4x+5 

im SS A 

nt~ 1—2/n? +3/n> 1 

2n? —3n+20 2n—3/n*? +20/n‘ So Oph ee ee ne 
nto 5n +2 n+e 5+2/n 

331. Sati = Sin) PRE = 90 
in(7/ in® B32, lim@ngin® = 27 in = alia sae a7. 

n+ n n—>+e0 ln 60 

2, 
i Pag eer eae dies 5 Laan yest pre ah Re eat = 6n* +8n<6n’? + 

: 3(n+1)+1 3n+4 3n+1 3n+4 

82+ 2. The last inequality is obvious. 

SM N sine ss a D) +] 

334. (A) a pape TAC en ers Som) ae arandiche 
"™ 2-4-6- +++ -(2n+2) a, 2n+2 

sequence is decreasing. 

(B) Since the sequence is decreasing and bounded below by 0, it must converge. (In 
general, any bounded monotonic sequence converges.) 

Chapter 37: Infinite Series 
n-| 

335. Let S= ye nenas= a, = Ya, 2 S-S=0. 
n=() k=1 k=1 
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Le ee ee Si Le ee eee | ere ee | iL eed 1 
336. (A) 1>—,—-2-—, -+—>—=-—, —4+=+—4+->-—=-—,-4+—4+-+—> 

) DD Si A Ae Os Ome tel) 16 

UF eae oat h 
nes yore Therefore, eee a —+—+—+:+-—> +o, (Alternatively, by 
6 Jus is Da Gh kD) 

the integral test, [e= dx = lim = de = = jim m (In x]; )= lim Ing = +e.) 
1 x U—>+oo 1 uo 

(B) No. The harmonic series }) 1/n (Question 336(A)) is a counterexample. 

337. (A) 7S, =artar’ ++-+ar"' +ar". S§, =atartar ++-+ar"". Hence, (r—1) 
n =| 

S, =a ~a=alr —1), Thus, 5. = wae 
Re 

(B) By Question 337(A), S, = an. If|r}<1,s,3 ao = ae since r" > 0; 
pe re =F 

if |r| = 1, |S,] — tee, since |r|" > +oo. If r= 1, the series is a+a+at-:-, which diverges 

since a # 0. If r=—1, the series is a—a+a—a+t---, which oscillates between a and 0. 

. — 1 
(C) By Question 337(B es —= : = 

n= Sneek [eo 

OP 62 ; : l Ol" 
(D) d= Vee sere LO hbiciseee oe en aoe iG; —+ 

62 62/10° 62 : 21D ee 71347 
10 LeUiOe Seo de noe, 99,000 

1 1 1 
: =—-— . Hence, the partial sum 

n(in+l1) n n+l 

1 i ie i 1 1 s=(tob lea HD aah they ths, 2 O43 34 nm n+l n+l 

‘The series converges to 1. (The method used here is called “telescoping.”) 

1 
339. ‘This is a geometric series with ratio r = =F and first term a= 4. Hence, it converges 
o 4 = is 16 ; 

Tena) psp 

340. The series has the general term a, = (starting with 2 = 0), but 
++ 

lima, = lim dle Es ee@). 
1+ Vn 

Hence, by Question 335, the series diverges. 
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oo 

341.) 
n=() n 

: is the harmonic series minus the first 99 terms. However, convergence 

or divergence is not affected by deletion or addition of any finite number of terms. Since 
the harmonic series is divergent (by Question 336(A)), so is the given series. 

342. When A reaches 7s starting point, 100 seconds have passed and 7’ has moved 
0.01 x 100 = 1 feet. A covers that additional 1 feet in 0.1 second, but 7’ has moved 0.01 x 
0.1 = 0.001 feet farther. A needs 0.0001 second to cover that distance, but 7’ 
meanwhile has moved 0.01 x 0.0001 = 0.000001 feet; and so on. The limit of the 
distance between A and T approaches 0. The time involved is 100 + 0.1 + 0.0001 + 

0.0000001 + ---, which is a geometric series with first term a= 100 and ratio r = aR 
1 

Its sum is 1001 1- aa} Thus, Achilles catches up with (and then passes) the tortoise 

in a little over 100 seconds, just as we knew he would. The seeming paradox arises from 
the artificial division of the event into infinitely many shorter and shorter steps. 

343. 3/(5” + 2) < 5/5"= 1/5". So this series of positive terms is term term less than the 

ent Pee 
convergent geometric series > Sr Hence, by the comparison test, the given Series 1S 

n=] 

convergent. However, we cannot directly compute the sum of the series. We can only Say 

1 ] 5 
—] ea =i 

that the sum is less than > = : 
n=l 5 ] aay 4 

: = 1, 344, Wn’ 2 Wn since n’ < n. Therefore, by the comparison test and the fact that ba — is 
n Eh tee. op divergent, yy Ios divergent. 

n=! 

— | 
345. Forn21, 1/m!=1/(1-2- +++ -”)<1/(1-2-2- «+ -2)=1/2"". Hence, Ds is 

22) 1 n=() n. F 

convergent, by comparison with the convergent series Ss — 7. The sum (= e) of the given 
oo 1 n=() 

series is < 1+) pris 1+2=3. 
n=) 

346. (A) Let & a, bea series of positive terms such that there is a continuous, decreasing 

function f(x) for which f() = a, for all positive integers n > n,. Then > a, converges if 

and only if the improper integral [Flac converges. 

» dx ; 

(B) Use the integral test (Question 346(A)), with f(x) = 1/x’. J oh = tim 

u u 
ba 1 

I a = lim rad = lim —(=- 1 = wis, Hence, sy — converges. 
Ee Deane yale tested pa! p-l ene 
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1 

xInx 
(C) Use the integral test with f(x) = 

( rales rays fe d= lin (In) ea Cnesiedn ino eae 
too 2 ut 2 xInx ute $2 x In x 

diverges. 
Pee S03 

347. (A) Let 3 a, and & 4, be series of positive terms. 

Case I. If lim a,/6, = L > 0, then ¥ a, converges if and only if Y 4, converges. 

Case IT, If lim a,/b, =0 and & b, converges, then > a, converges. 
n a 

Case IIT, If lim a,/b, = +00 and & 6, diverges, then % a, diverges. 
nto 

1 
(B) Use the limit ett test with the convergent p-series Ss a Then 32 

Un? +3 +3 
i ee =lim r=. Therefore, the given series is 

n+eo Vn n—->+00 n +3 jim l + = 

convergent. 

(C) Intuitively, we ignore the 1 in the denominator, so we use the limit comparison 

n'l(2n‘ +1) n' 1 1 
test with the divergent series Sin. lim ——————. = lim ; = lim ———=—. 

n->+00 n N—-+e° Qn + 1! nN—-+0 2 + Vn » 

Hence, the given series is divergent. 

1 : : ; 348. —=—— <—, for n2 3. Hence, the series converges, by comparison with the 
ea 

n ninn 
n € 

1 
convergent geometric series ‘i aS 

é n=1 

349. Use the integral test with f(x) oo — .(Note that f(x) is decreasing, since f’(x 
1- Inx | ie l 2 0) for x >.) elit de = lim J de = lim nf (in)? ] |. lim Laine. = 
x u—>+oo ute ‘ u—>+o D 

+ee, Therefore, the given series diverges. 

vie il 1 1 : ; 

350. yo a las 4 nie ++++ is convergent by the alternating series test (the 
n=l 

terms are ica positive and negative, and their magnitudes decrease to zero). But 
co (1)" oo 

diverges. x aa ee 
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351. (A) Assume a, # 0 for n> 1). 

Case I. If lim 
n+ 

n+ 
Case IT. If lim 

N—->-+00 

Case III. If lim: |, a la,| = 1, nothing can be said about convergence or divergence. 
n> 

n+l 2 2 

(B) Apply the ratio test. lim \2,.,/¢, ie lim Lesh Ue von lim ea TL lim [ of *) 
N—-+00 "+00 n'le n—->+0° n é n—+e0 n 

i I 
a= = 1, 
beuie 

Hence, the series converges. (The integral test is also applicable.) 

352. ‘The error is less than the magnitude of the first term omitted. Thus, the approxi- 
. ee. 1 ! l 

mation is 1— 5 ~ 3 = 6 and the error is less than er Hence, the actual value V satisfies 

—<V< i (N.B. It can be shown that V= In2 = 0.693.) 
12 

ee met | 

353. Use the ratio test. lim | a4 la ae lim sd ERY = lim Si 0. Therefore, the 
n—+e0 n+ pe / n! nt yt | 

series is absolutely convergent. 

sin(7t/7) 
2 

n 

354. <-—. Hence, the series is absolutely convergent by comparison with the 
n 

convergent p-series y ry, 

355. (A) Assume lim 4/4, = L <1. Choose r so that L < r< 1. Then there exists an integer 
nat 

k such that, if m 2 &, x/a4, <r, and, therefore, a, <r”. Hence, the series a, + 4,,,; + «+ is 

convergent by comparison with the convergent geometric series yr. So the given series 

is convergent. Assume now that lim 4/4, = L > 1. Choose rso that L > r> 1. Then there 
Na+ 

exists an integer & such that, if n 2 k, x/a, >, and, therefore, a,> r”. Thus, by comparison 

with the divergent geometric series pe the series a, + 4,,, +++: is divergent, and, there- 
n=k 

fore, the given series is divergent. 

(B) Use the root test (Question 355(A)). )). lim gfa, = lim —~ = 0). Therefore, the 
. N—-+eo lnz 

series CONnverges. 
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an ed re hn eee 4 
356. a,=2°”'(2n—1)!. Use the ratio test. tim os Waa One 

0. Therefore, the series is absolutely convergent. 

357. Use the first 7, positive terms until the sum is > 1. Then use the first 7, negative 

terms until the sum becomes < 1. Then repeat with more positive terms until the sum 
becomes > 1, then more negative terms until the sum becomes < 1, etc. Since the dif- 
ference between the partial sums and 1 is less than the last term used, the new series 

Arn A ee 1 =| : a 
1 dealer a: orl ted, Toms la.2 oem ih converges to 1. (Note that the series of positive terms 

le a 
1+—+—+--- and the series of negative terms St ; + z +++. are both divergent, so the 

described procedure always can be carried out.) 

VWn+1 
358. Let a, = 1/n. Then & 1/n is divergent, but lim Sot1| — lim re lim —— = 

n—>+co 4, Nn-+o V/n nt 7 + 1 

1 
lim ine 1. On the other hand, let 4, = 1/n*. Then ¥ 1/n’ converges, but 

2 2 : ‘ alow Wes) , n : 1 
lim |=} = lim ——+—- = lim = lim oe 
+o 4, U/n nt n+l N+ 1+ Vn 

359. ‘The area in question is less than the sum S of the indicated rectangles. 5 = st 
1 

(+ -2) + (; - 1 | =1. So the area is finite and < 1. On the other hand, the area 

is greater than the sum of the triangles (half the rectangles), which is 7 Note that 

y = lim » 7 inn} It is an unsolved problem as to whether is rational. 
poo n-- Ti 

360. (A) ‘This is a geometric series with ratio x. Therefore, it converges for |x| < 1. The sum 

is 1/(1 — x). Thus, for|x|<1, W1—x)=1txtx? +--= > x" 
n=() 

(B) ‘This is a geometric series with ratio Inx. It converges for |Inx| <1, -1 <Inx< 
1, l/e<x<e. The sum is (Inx)/(1 — Inx). 

Chapter 38: Power Series 

(«lf Xn+1 
361. (A) lim CO im \x{ —— = lim |x| =|x|. Therefore, the series n+ |x| In n—-+o0 n+ 1 n—->+s° 1 + Vn 

converges absolutely for |x| < 1 and diverges for |x| > 1. When x= 1, we have the 

divergent harmonic series }1/n. When x =—1, the series is ¥, (-1)"/n, which converges by 

the alternating series test. Hence, the series converges for-l <x <1. 
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[xl Mn+)? ‘ ibeyor (B) lim ella Ce tee lim I() = lim al ( =|x|. Thus, the n> +00 |x| In Nn +00 n+l n—>+00 1-el/ n 

series converges absolutely for |x| < 1 and diverges for |x| > 1. When x= 1, we have the 
: 2 ‘ D ; convergent p-series } V/n*, When x =—1, the series converges by the alternating series test. 

Hence, the power series converges for —1 <x < 1. 

_— |x|" Mn+)! 
(C) lim aces = lim al =0. ‘Therefore, the series converges for all x. 

n+ x 1 n—- n 

ek Es 
(D) lim ET = lim |-|(7 +1) = +0 (except when x = 0). Thus, the series 

n->+00 n\ |x|" 

converges only for x = 0. 

(E) This is a geometric series with ratio «/2. Hence, we have convergence for |x/2|< 
1, |x| <2, and divergence for |x| > 2. When x= 2, we have ¥ 1, which diverges. When x= 
—2, we have }}(—1)”, which is divergent. Hence, the power series converges for —2 <x <2. 

ony ih ] pak 

(F) lim Lee SEE vee lim a Le cal ees) Thus, we have 
mrt | xe |"/n pie 2 pt lone” Ld lig a) 

convergence for |x| < 2, and divergence for |x| > 2. When x = 2, we obtain the divergent 
harmonic series. When x =—2, we have the convergent alternating series 5 (—1)"/n. There- 
fore, the power series converges for —2 < x < 2. 

ie 1 n+l 1 

(G) lim ee = lim |x| [ + *) =|x|. So we have convergence for |x| < 1, 
"+00 nA |x| n—-+9 n 

and divergence for |x| >1. When x= 1, the divergent series }” arises. When x =—1, we 

have the divergent series >! (—1)"”. Therefore, the series converges for -1 <x <1. 

1 z nt} ! 2 

362. lim Res ee 2) = lim |x| aa ane = ee Therefore, the series 
nto (n!)° |x|" /(2n)! note (2n+1)\(2n+2) 4 

converges for |x| < 4 and diverges for |x| > 4. Hence, the radius of convergence is 4. 

363. Since 1 ab 

bounded, there exists an M such that |4,6"| < M for all n. Let |x/b| = r< 1. Then |a,x"| = 

|a,6"| - |x"/6" 

2 Mr", |a,x" | is convergent. 

converges, lim |a,b”|=0. Since a convergent sequence is 
"+0 

< Mr’. Therefore, by comparison with the convergent geometric series 

364. Assume |x| < 1/L. Then L < 1/|x|. Choose r so that L < r< 1/|x|. Then |7x| < 1. Since 

lim 4/|a, | = L, there exists an integer # such that, if 7 = &, then 4/|a,| <7, and, therefore, 
n—-+00 

a,| <r’. Hence, for 2 k, 

less than the convergent geometric series »; |x|" and is convergent by the comparison test. 

"= |rx|". Thus, eventually, > |a,x”| is term by term ag le x 
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Now, on the other, hand, assume |x| > 1/Z. Then Z > 1/|x|. Choose so that L > r> 

1/|x|. Then |rx| >1. Since lim x/|a,| = L, there exists an integer & such that, if 2 > &, then 
n> -+00 

/|a,|>~r, and, therefore, |a,| >”. Hence, for n> k, |a,x"| > "|x|" = |r"> 1. Thus, we 

cannot have lim a,x” = 0, and, therefore, X.a,x” cannot converge. (The theorem also holds 
n—->-+e0 

when L = 0; then the series converges for all x.) 

365. Use the ratio test. 

tire Date wil od)! [| ‘|m- n|= lim |x a 
mote [m(m—1) +++ (m—m+1)|\x!" In) = nt] 1+1/n 

Hence, the radius of convergence is 1. 

366. For |x| <7, both Ya,” and 14,x” are convergent, and, therefore, so is 
x (4, + 6,)x". Now take x so that 7, <|x|<7,. Then Ya,” diverges and ¥ 6, x” converges. 
Hence, » (4, + 6,)x” diverges. Thus, the radius of convergence of » (4, +,)x" is ta 

367. (A) Substitute —x for x in Question 361(C). 

(B) Substitute x° for x in the series of Question 367(A). 

(C) Integrate the power series of Question 367(B) term by term, and note that tan! 0=0. 

1 2 
(D) Method 1. By Question 360(A), for |x| < 1, eer l+xtxte-= ux 

=X 

Differentiate this series term by term. Then for |x| < 1, Sans =142e4+3x°+-0= 
A. iS —x) 

S nx”) = Sx" (n +1)x”, 
n=0 n=() 

Method 2. soe|Ee ee | >, if => (k+1)x*. 
l= % Nee n=() m=\() k=0\ ntm=k 

1 = 
(E) By Question 367(A), for |x| <1, -——=1l-x+x?-...= pe (—1)"x". Integrate 

term by term: sia zee 

See Nyt eo n+l 

In(i+*)=*-—+42-...= Sse pie >} Cv me 
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8 
568: (A) Ley &) = Sik =l+x ert ee By Question 38.3, f(x) is defined for 

n=() n} 

all x. Differentiate term by term: fies De " “ Di = = = f(x). Moreover, 
n=| LS ® n=0 n. 

f (0) = 1. Hence, by Question 223, f(x) = 

n 

(B) By Question 368(A), e* = 3 =. Substitute —x for x: e* = SY ia x" =l-x+ 
2 3 n=() nN. 

co 

(C) By Question 368(B), e* = » ee Substitute Be for x. Then 
n! 2/9 — Ne 2n n=(0) 

e ->5 
n=(0) 5 

369. By Question 368(B), e* = 1 — x +x°/2! — x°/3!+ ++. Let x= 1. Then l/e= 
1—1+ 1/2!— 1/3! + +++, Let us use the alternating series theorem here. We must 

1 
find the least » for which 1/7! < 0.0005 = mp 200 < n!, n= 6. So we can use 

: 1 4 
Pe ee ot ic = 0.3666---. So 1/e = 0.37, correct to two decimal places. 

2 One 2a 120 120 

co 

* he Substitute —x for x in the series of Question 367(E): In(1 — x) — yen 

SI yee —=-)=, for |x| <1. 
n=1 n=1 

(B) By Question 367(E) and 370(A), for |x] <1, In—. =In(1+~)-In(l—x)= 

oo oo na 
see ooh n+l 

—-+ ] ay)-= 
Lv alge >) iD) as, 2k+1 

he 2% = xn Lee 1 
0(B), | =) . When 2 =——, x =—. Soln2= (C) By Question 370(B), ne a; 2 aie en = 3 

oo l l 2k+) 1 14 3 1/1 5 

2 os (=) =2 ++3(3] +25) +++ |. Using the first three terms, we get 
mo 2k+1\3 eee, eM 9) 

842, 
Dis = 0.6930. (The correct value to four decimal places is 0.6931.) 

371. (A) Let z=a4y/dx. Then y” = ee enice, 

os, + C, 2 =-7' + K. Since z= 1 and y= 0 when 
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dy dy = 
=O) =i Thus. = 1 7» = tVl- Lf =] dx, sin y=ixn+C,. my Te, rae ui Jes i Ad 

Since y= 0 when x= 0, C, = 0. So sin’ y= +x, y = sin (tx) =+sin x. Then y= sin x. (If 

y = sin x, then y’ =—cos x, and y’ =—1 when x = 0.) 

oo ne 0 gel 

B) Let y= ) (—1)” ————.. When x=0, y=0. By differentiation, y’= ) (—1)”——. (B) Let y 2d aera y=0. By y 2 ny 
co 2n-1 co 2n+1 

ee Me 2 at x den _y\nl x“ = Hence, y’= 1 when x = 0. Further, y” = Lov ipye sit 2 1) QntD! 

xg? n+] 

S11 "Gn rD! =—y.Hence, by Question 371(A), y= sin x. 
n=() 

pea 

(C) By Question 371(B), sinx = Sea @ Dl . Differentiate: cos x = My Cel 
n=0 n n=0 

372. (A) By Question 367(E), In (1+x) = sy (—1)™"" ee |x| < 1. By the alternating 
n =] 

i oo (—1)"" 

series theorem, the series converges when x = 1. By Abel’s theorem, In2 = » —, 
n=() n 

(Abel’s theorem reads: Let f(x) = vax" for —r< x <r. If the series converges for x= 7, 
a=() 

then lim f(x) exists and is equal to yy Are) 
xn 

n=() 

3 5 7 oo 2n+) Go Be a x 
(B) By Question 367(C), tan | «=x -—-—+—~——4+..-= ¥(-1)" , for yRQ ee Ge AEN 2 n+l 

|x| < 1. The series converges for x = 1 by the Sea series test. Hence, by Abel’s 

1 —1)" 
theorem (Question 372(A)), 2 =an 1=1 eae --— = 

ss 3 Oss 2nt+1 

i cosa , ee 
373. sin’ x= ————. By Question 371(C), cosx = re : 

Z n=() (2 Al 3 

2 Deer 2n — 2n 

cos2x = >; (—1)” (On »—cos2x = al gh . Adding 1 eliminates the constant 
n=0 n=() 

term—l1, yielding 1 —cos — (-1)"" Bess So sin* x = 2 x (-1)"" ti 
n=() (2n)! 2 (2n)! n=) 
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3 5 7 co 2n+1 

374. By Question 371(B), sinx=x-~ 4% _* 4...2 Sine = . Since this 
ae eel ame 2, ( (2n+1)! 

is an alternating series, the error is less than the magnitude of the first term omitted. If we 
only use x, the error is less than | x|’/3!. So we need to have | x|°/3! < 0.0005, |x|? < 0.003, 
|x] < 0.1441 «+, 

eos ho 8 ae 
¢ | ee ee es wane rex [fre SPS a SAG 9) = BD. FNS Hagen Ey and cos x = | ee i . Hence, & cos x 

2 3 4 5 vs 4 ae re x Kw - wea a ge a. 
Gearuicae aca Jp at a! “lends mG Saget 

i n 376. Jog to tax te tax te)S(Lt etx ter tata taet ax te), —x 

The terms of this product involving x” are ax" + ax+x" | te +a, 4x" 2.x + aan 
x + a,x". Hence, the coefficient of x” will be a+ a, +++: + 4,. 

377. We want to find yy a,x" so that a + 4,+-++++a,=n+1. A simple choice is a,= 1. 
n=0 

2° Thus, from ys = adie we obtain SS (n+1)x” = 
n=0 Le n=0) (1%) 

378. Let f(x) =x/2! + x°/3! + x°/4! + x'/5! + ---. Then of (xe) = (x72! + 7/3! + x4/4l + 

IS +2 =e —x—1. Hence, f(x) = (e* — x - 1)/x. 

m(m—1)+:-(m—n+1) 
379. (A) f(x) = m+m(m—1)xtee + 

(n—-1)! 
xh bees xf (x) = met 

m(m—1)-+-(m—n+l) , 
m(m—1)x? +++ x” +--+, In (1 +x)f"(x), the coefficient of x’ will 

(n—1)! 

3 m(m—1)--:(m—n+1)(m—n) mm—1)+*(m—nt+1)_— m(m—1)-+-(m—n+1) 
eh ar =m . 

n! n! n! 

Hence, (1 + x)f”’(x) = mf (x). 

m ¥4 < 1 m-\ 

lis Pe ae AIL TT 
(1+ x)” (1+) 

Question 379(A). Hence, g(x) is a constant C. But f(x) = 1 when « = 0, and, therefore, 

C= 1. Therefore. f(x) = x). 

(B) Let g(x) = 

(C) Substitute —x for x and ; for m in the binomial series of Questions 379(A) 

and (B). 
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(D) Substitute —x for x and -5 for m in the binomial series of Questions 379(A) and 

(B). (Alternatively, take the derivative of the series in part(C).) 

(at eet 3.5 
(E) By Question 379(D), 1 =1+ st +e + ot +++», Therefore, 

= 76 +++-and sin x= dt = +tey 
Tage hg ek MEG he ae lr ¢ 

1 1/5 1 ] (P) 433 = 4304122. f+. By Question 379(B), (+4) se Lt (3)+ 

de UN 
mo [= +++, Since the series alternates in sign, the error is less than the magnitude 

2 ay) 
(an 1) \¢ 

of the first term omitted. Now, ie!) — < 0.0005. Thus, it suffices to use 
%) 32 ~ 12,800 300 

LLG be B33 1+ 532 ~ 160 1.006. Hence, 2/33 = 2.012. 

380. Assume a,x” converges for some |x| > 1. Then lim |a,||x|" =0. But, for infinitely 
n—>-+e0 

many values of 7, |a,| |x|" > 1, contradicting lim |,||x|" =0. 
n—-9-+oo 

Chapter 39: Taylor and Maclaurin Series 

381. (A) Let f(x) =e". Then f(x) = e*for all n= 0. Hence, f”(0) = 1 for all n> 0. 

oO) hele ~ oe ‘Therefore, the Maclaurin series ya =) — 
n=0, n! =() n\ 

(B) Let f(x) = sin x. Then f(0) = sin 0 = sare (0) = cos 0 = 1, f”(0) = —-sin 0 = 0, 
f” (0) =-cos 0 =—1, and, thereafter, the sequence of values of 0, 1, 0, -1 keeps 

3 5 aa co 2n+] 

repeating. Thus, we obtain x -—-+7--7—4...= Yip" = ; 
STS 74 a (2n+1)! 

(C) Let f(x) = In(1 — x). ae =0,/°(0) =-1, £0) ==1, f” (0) =—1 - 2, 
f° =-1-2- 3, and, in peneral, f°) =-(n— 1)! Thus, for > 1, f”(0)/n! =-1/n, and 

oa 
the Maclaurin series is —x — Os me, 

2 oii 

(D) Let f(x) =e". Then f’(x) =—e** sin x, f(x) =e (sin? x — cos Be) ot) dx) Fe 
e”" (siti x)(3cos xl = sin> ), f()iaie "(sin ae ens x) + (3 cosx+1—sin’ x) 
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(cos x — sin’ x)]. Thus, f(0) = é f'(0) =0, £0) =- 6, f’” (0) =0, f° (0) = 4e. Hence, the 
; abe 1 1 

Maclaurin series is ¢{1- an fs Sf to) 
@) 

382. (A) Let f(x) = sin x. Then f(/4) = sin (71/4) = 2/2, f’(2/4) = cos (10/4) = 

22, f“(ml4) = —sin (1/4) = — 212. f”" (114) =—cos (1/4) = — ,/2/2, and, thereafter, 
this cycle of four values keeps repeating. Thus, the Taylor series for sin x about Z is 
V2 iis walk (x mid)’ (x= ai | (x= mid) (x mi4) (x —n/4)® 
2 I! 2! 3! 4! 5! 6! 
(x- 7/4)’ +] 

7H 

(B) Let f(x) = ~. Then f’(x) = = "(x)= =. i Qe =e f= 
x 

a 4 
, and, in general, f(x) =(—1)’ ae So f”(1) = (-1)"n!. Thus, the Taylor series 

(n) 2 

syi sa eran DCD" (e= 1)" =1= (14 (w= 1)? = («= 1) + 
n=() n=0 

383. (A) f(a) = ,. It can be shown that the power series converges uniformly on |x —a|s 

P <r, allowing differentiation term by term: f’(x) = S' na, (x —ay", f'(x)= » n(n—1)a, 
n=) n=2 

ay nel OD = Sl) [n—(k-1)]a,(x— a)" If we let x= a, f(a) = R(k- 1) 
f°) (a) 

Loe 
.1-a4,=h!- a, Hence, a2, = 

1 
(B) By Question 367(A), we know that a 

x 
=l-x+x°-+-. ae ae 

n=() 

] 
for |x| < 1. Hence, by Question 383(A), this must be the Maclaurin series for os 

% 

Ng x? n 
(C) cos? x = EE Now, by Question 371(C), cosx = Se = yr and, 

n=0 n 
bas Sh Be” 2n 

therefore, cos 2x = Sees . Since the latter series has constant term 1, 1 + 
n=() (2n)! 

od (—1)"2?" x7" ] + cos ox oo (1)? 27" 4" ; 

a ie Eh pa a eT and —————— =]+ <_< Ae wee B Question 383(A), 

= ada 2 (2n)! 2 RE Om) OL 
ee - z 2 

this is the Maclaurin series for cos’ x. 
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384. If f(x) and its first 7 derivatives are continuous on an open interval containing a, 

then, for any x in this interval, there is a number c between a and x such that 

nue keclig Gap Ona + Ree) (0) Onr@ahon ain ae 
fo 

where F(x) = (x — a)”. If f(x) has continuous derivatives of all orders then, for 

those x for ai lim R,(x) = 0, f(x) is equal to its Taylor series. 

n 

385. We know that e* = >—: Now let x= 1. 
n!\ 

n=a 

386. Since = 1+x+x'/2! +.x°/3!.+ +, we are approximating Ve by 

2 3 (4) 4 

13+5+(5) +2(5] =1+ bt atic 1.64583. The error R (x) is a o(2) for 
2 6\2 Poe Se 8 4! 2, 

some c between 0 and * Now f(x) =¢é. The error is e/384, with 0 <c< * Now e’ < 

1 
e' <2, sincee <4, A the error is less than ss = — ~=(),0052. 

384 192 

387. We have e= 1 +1 + 1/2! + 1/3! + 1/4! +---, Since f(x) = é*, the error Rix) = 
e/n! for some number ¢ such that 0 < ¢< 1. Since e < e< 3, we require that 3/n! < 
0.005—that is, 600 < n!. Hence, we can let 2 = 6. Then ¢ is estimated by 1 + 1+ 
er ales al 1 Boy elgindast sd ee 2.72 to two decimal places. 
2 6 24 ™ 1207 120 

£0) 

388. In general, a, So f"(0)' = 33!2,, = 3312" 

er ink 00 ? a \y nt]! 

389. e* = Y=. Hence, eyo x sand f ede = 3{ ou x an, - 
= . n=() n=() 2n 41) 

Sel 
am (22 + 1)n! ; 

Since this is an alternating series, we must find 7 such that oe < 0.005, 
NACE aD a nie 

Hence, we use | — an rhe ad = 20 = ().74, 
3°10 142. 35 
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Chapter 40: Vectors in Space; Lines and Planes 
390. (A) A point (x,y, z) is on if and only if its distance from (a, 6, c) is r—that is, if and 

only if /(v—a)° (y— 6)? +(¢-c) =r, or, equivalently, (v— a)’ + (y- 6)’ +(z- 0 =P. 

(B) Complete the square in x and in z: (x + 2) +y + (2-4 =54+4416=25, 
This is the equation of the sphere with center (—2, 0, 4) and radius 5. 

2 2 2 2 ee 
(C) Complete the squares: (+4) +(9+) +{2 +5) = Eat mea hs ey 

2 2 ® iy 
‘This is a sphere ifand only if the right side is positive—that is, ifand only ifA’+B’+C’—4D>0. 

(In that case, the sphere has radius sva + B?+C’*—4D and center{-4,-2,-€)) 

2 2 32 5 5 3 A B CG 2) 2 When A’ + B+ C’—4D=0, the graph is a single point ese When A’ + B+ 

C’—4D <0, there are no points on the graph at all. 

391. PR=yI?+2°+3° +14, QR=4 +(-5)? +2? =/45, PO= 
(1-4)? +[2—(-5)° + (3-2) = 59. Thus, PQ = PR + OR. Hence, by the valid 

converse of the Pythagorean theorem, APQR is a right triangle with right angle at R. 

392. PQ=V4 41+) =V18 =32. OR = V8? +2? +2? =/72 = 6,2, PR= 

V12? +3° +3° = 162 =9J/2. So PR= PQ +QR. Hence, the points are collinear. (If 
three points are not collinear, they form a triangle. Then the sum of two sides must be 

y l 
greater than the third side.) Another method: Q = os + 3 R. 

393. As shown in Figure A40.1, x° + y° = 1 is a cylinder of radius 1 with the z-axis as its 
axis of symmetry, and z= 2 is a plane two units above and parallel to the xy-plane. Hence, 
the intersection is a circle of radius 1 with center at (0, 0, 2) in the plane z=2. 

> N 

Figure A40.1 
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W 3 4 
394, |A|=J9+144+16 = 169 =13. BLED Cer 8 Cet Pate Selsey 

395. A-B=|A||B| cosd, 1(2) + 2(~3) + 3(-1) = (W1+ 449)(V4+ 9+ 1)(cos@), -7 = 

14cos@, cos@ =-5, O=120° = 2770/3) 

2 
396. We must have 0 = A- B = 3(2) + (—2)(4) + 5e¢, 5c=2, c= ah 

397. AXB= (a,b, —4,6,, a,b,—4,b,, a,b, — a,b,). In pseudo-determinant form, 

k 

ALK BS ar ae, 

b, 

If we expand along the first row, we obtain 

a a: a a 4. a. 

Es b I b b, bs| ‘ b Je=tahabielah—ab)inlgh ahh 

398. PQ = (1, 1,-3),. PR = (-1, 3,-1). We can take N = PQ x PR = (1(-1) -(-3)3, 

(-3)(-1) - (-1), (3) -l(-1)) = (8, 4, 4). 

399. ‘The volume of the parallelepiped determined by noncoplanar vectors A, B, C is 

|A - (B x C)|. Hence, in this case, the volume is |PS-N| = (2, 4, 10)-(8, 4, 4) =16+16+ 
40 =72. 

400. By Question 397, the cofactors of the first row are the respective components of B x C. 

401. Let A= (a, 4, a,) and B= (d,, b,, b,). Then AX B = (a,b, — a,b,, a,b, - 4,63, a,b, - 
a,b,) and B x A= (6,4, — b,a,, b,a, — b,a;, ba, — b,a,) = -(A X B). 

402. Let A= (4,, 4, a,), B= (b,, 6, 6), C= (¢,, ¢ ¢). By Questions 399 and 400, the 
determinant above is equal to A - (B x C), which is equal in magnitude to the nonzero 
volume of the parallelepiped formed by A, B, C when the given points are not coplanar. 
If those points are coplanar, either B x C = 0, and, therefore, A- (BX C)=0;0r BX C# 
0 and A is perpendicular to B x C (because A is in the plane of B and C), so that again 
A-(Bx C)=0. 
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403. (A) If Ris any point on the line, then PR = tPQ for some scalar ¢ (see Figure A40.2). 
Hence, OR = OP + PR = OP ++PQ. Thus, (1, 2, -5) + 2(2, 6, 1) is a vector function that 
generates the line. A parametric form is «= 1+ 2¢, y=2+6t,z=—-5 +14. If we eliminate ¢ 

Slay 2a eS 

es 6 eee 
: : : x from these equations, we obtain the rectangular equations 

O 

Figure A40.2 

(B) By Question 403(A), the parametric equations are x= 1 +21, y=2+6t, 2=-5+ 
t. To find the intersection with the xy-plane, set z = 0. Then t= 5, x= 11, y= 32. So the 
intersection point is (11, 32, 0). To find the intersection with the xz-plane, set y= 0. Then 

1 1 16 1 1 
t=—-——, x=—,z=-——. So the intersection is (+ ,0- | To find the intersection with 

3 3 3 6) 3 
1 1} : amy 11 

the yz-plane, set x = 0. Then t = TS —l.2= apt So the intersection is | 0,—1, rae | 

404. The line is generated by the vector function (1, 2, —6) + 44, 1, 3). Parametric 

equations are x= 1+ 474, y=2+4,2=-6 + 3¢. A set of rectangular equations is 
yn. £+6 

4 1 me 

405. The distance from P,(I, 2, 1) to (x, y, z) is f(x — 1)? +(y-2)’ +(z-1)° = 

V(t+2) +2? +27 = ¥3t? +4¢+4. It suffices to minimize 37 + 4+ 4. Set 

1 
D,(3t°? + 4¢+4) =6r+4=0. Sot =-<. Hence, P = (2.2.2). Note that 

PP (5. ar 5) and PP -(1,1,1)=0. Hence, PP is perpendicular to the line. The 

distance from P, to the line is b({< _~ st Ate fe 

406. For any point P(x, y, z), P is in the plane if and only if PP | N—that is, if and 

only if PP -N= 4(x— 3) + 2(y+ 2) — 7(z- 5) =0, which can also be written as 4x + 

ZY J 2S —213 

407. N= PQ x PR is normal to the plane. N =(—2, =1, =1) x G, 1, -5) =, —13, 1). 

So the equation has the form 6x — 13y + z=d. Since R is in the plane, 6(4) — 13(4) + 

0 =d, d=—-28. Thus, the equation is 6x — 13y + z= —28. 
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408. @is the angle between the normal vectors (4, 4, —2) and (2, 1, 1). So 

(4,4,-2)-(2,1,1) _ 10 _ 5¥6 
(4, 4,=2)| 11D) 6¥6 18 

cos@ = 

Of course, there is another angle between the planes: the supplement of the angle 

whose cosine was just found. The cosine of the other angle is — cos@ = 5/6/18. 

409. The point Q(0, 0, 2) is on the given line Y (set t= 0). The vector QP 235 oe) 

lies in the sought plane. Since the vector (1, 1, 1) is parallel to Y the cross product (1, 

3, -1) x (1, 1, 1) = (4, —2, —2) is normal to the plane. So an equation of the plane is 4x — 

2y — 2z=d. Since the point Q(0, 0, 2) is in the plane, —4 = d. Thus, the plane has the 
equation 4x — 2y — 2z=—4, or 2x -—y-z=-2. 

410. (A) Let Q(x,, y,, z,) be any point on the given plane. Then the distance D is the 

magnitude of the scalar projection of PQ = (x, —.%,, y, — y;, Z, — Z,) on the normal vector 
N = (4, 6, c) to the plane. So D is 

IN PQ| = |(a, b, €):(% = Xp Jo = Ino 2p ~ Z)| lle ae) Oly 7) + clap zy) 

|N| Vi +b +e? Va +b? +0? 

1 lax, + by, + cz, — ax, — by, — cz,| 

Vat+bte? 

Since Q(x,, y,, Z,) is a point of the plane, ax, + by, + cz, + d=0. Hence, 

_ [od = ax, — by, — cz, | _ la + oy, +02, +d] 

Va hb ae Va +h +0? 

_ |8@)—2(-5)+2-5] 31 

~ fers arta? V6" 
411. The radius vector (1, 2, 2) is perpendicular to the tangent plane at (1, 2, 2). Hence, 
the tangent plane has an equation of the form x + 2y + 2z = d, Since (1, 2, 2) is in the 
plane, 1 + 2(2) + 2(2) =d, d=9. So the plane has the equation x + 2y + 2z=9. When 
y= and z=0, x= 9. Hence, the point P is (9, 0, 0). 

D 

(B) By the formula of Question 410(A), D 

412. Since the normal vectors (1, —2, 2) and (3, —1, -1) are not parallel, the planes 
are not parallel and must intersect. Their line of intersection is parallel to the cross 
product (1, —2, 2) x (3, -1, -1) = (4, 7, 5). To find a point on Y set x= 0 in the 
equations of the planes —2y + 2z— 1, ~y— z= 2. Multiply the second equation by 2 and 
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5 Sayre : add: -4y=5, y= ae ns So the point [o-2,-4) is on , and has the equa- 

oy, JG 
tions x = 4¢, 4 

413. We look for a suitable constant & so that the plane (3x — 2y + 4z—5) + k(2x + 4y— 
z—7) =0 contains the given point. Thus, (3 + 24)x + (-2 + 4k)y + (4— k)z- (5+ 7h) =0 
must be satisfied by (2, 1, 2): (3 + 24)2 + (-2 + 4h) + (4—k)2-(5+7k) =0, -F+7=0, 
k=7. So the desired plane is 17x + 26y — 3z- 54 =0. 

414. Write the equations of the line in parametric form: x = —8 + 9¢, y=10-4¢4,2= 
9 — 27. Substitute in the equation for the plane: 3(-8 + 97) + 4(10 — 42) + 5(9 — 21) = 76, 
Then t+ 61 =76, t= 15. Thus, the point P is (127, —50, —21). 

415. The line is parallel to the normal vector to the plane, (6, —3, 2). Hence, the line has 
the parametric equations x = 4 + 64, y= 2-34. 2=-1+2¢ 

Chapter 41: Functions of Several Variables 

416. (A) See Figure A41.1. Each section parallel to one of the coordinate planes is an 
ellipse (or a point or nothing). The surface is bounded, |x| < a, |y| < 6, |z| $c. This 
surface is called an ellipsoid. When a= b = c, the surface is a sphere. 

Figure A41.1 

(B) See Figure A41.2. Each section z= k parallel to the xy-plane cuts out an ellipse. 
The ellipses get bigger as |z| increases. (For z = 0, the xy-plane, the section is the ellipse 

a pt 
ear io = 1.) For sections made by planes x = &, we obtain hyperbolas, and, similarly for 
a 

sections made by planes, y = &. The surface is called a hyperboloid of one sheet. 
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Figure A41.2 

(C) See Figure A41.3. Note that = >= =1454 +4 1. Hence, |z| 2 c. The sections 

by planes z= &, with |A| > c, are ie When He = c, we obtain a point (0, 0, +c). 
‘The sections determined by planes x = & or y = k are hyperbolas. The surface is called a 
hyperboloid of two sheets. 

LY 
x eee | 

aS 
Figure A41.3 

(D) See Figure A41.4. This is an elliptic cone. The horizontal cross-sections z= c# 
0 are ellipses. The horizontal cross-section z = 0 is a point, the origin. The surface inter- 

sects the xz-plane (y = Y in a pair of lines, z =+—x, and i intersects the yz-plane (x = 0) 
a 

in a pair of lines, z = ty. ‘The other cross-sections, detcuntned by x=k or y=, are 
hyperbolas. 
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Figure A41.4 

(E) See Figure A41.5. This is the graph of z = x’ + y’. Note that z> 0. When z= 0, 
x +9" =0, and, therefore, x = y= 0. So the intersection with the xy-plane is the origin. 
Sections made by planes z= & > 0 are circles with centers on the z-axis. Sections made by 
planes x = & or y= are parabolas. The surface is called a circular paraboloid. 

= 
aX 

fw sheng 

Xx 

Figure A41.5 

(F) ‘This is the graph of z= 2x + 5y— 10, or 2x + 5y— z= 10, a plane having (2, 

5, -1) as a normal vector. 
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(G) See Figure A41.6. This is called a saddle surface, with the “seat” at the origin. 
‘The plane sections z= > 0 are hyperbolas with the principal axis the y-axis. For g=c< 

0, the plane sections are hyperbolas with the principal axis the w-axis. The section made by 
2=0isy —x’ =0, (y—x)(y+x) =0, the pair of lines y = x and y= —x. The sections made 

by planes x = c or y= c are parabolas. 

The saddle z Parabola 
re y2 ee 2 

Parabola 

Z= — x2 

Figure A41.6 

417. ‘the plane z= & cuts the ellipsoid in an ellipse: 

x? 2 hb? J ae ene x? 

= 
Z 

y | oe : al 
7 es i e ae (avec? —k’ ley (bvc? — hk? Ic)? 

By Question 188, the area of this ellipse is t(aVc* —k*/ce)(bVc* — k? Ic) = 

tab(c’ —k*)/lc*. Hence, by the cross-section formula for volume, 

v= 2 RE (bd ote 28) = SEE -50 |= sabe 0 a8) ee c 

2 Ze 2 

418. (A) Note that, if y= mx and (x, y) — (0, 0), then eu >= Shes a = 2m 
x+y x? + mx? 14m 

x — 0. However, this is not enough to ensure that 2xy"/(x* + y°) > 0 no matter how 

(x, y) — (0, 0). Take any € > 0. Note that |(x, y) — (0, 0)| =4/x? + y?. Observe also that 

|x| Sao t+y? andy’ <x’ +y’. So 

2xy? ERECEE ENE Py ee 
xy = e+e a Ni pliaiy p 
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Hence, if we choose d= €/2 and if ./x’ + y° <6, then |2xy'/(x° + y’)} 

< 24) x? +y <26=€. Thus, lim Py — = (), 
(3 90,0) 307 fy? 

(B) Let y= mx. Then 

2xy’ 2x(m>x?) 2m? x 0 
=a = — > = = 5 -=0 
ey x tee 4m 

: : 2xy? 2y' 

as (x, y) > (0, 0). However, if we let x=y, then = 7 ape l) Hence, as 
XS EY 

D) 2 2 

(x; y) — (0, 0) along the parabola x = y’, ee => 1° Iherefore, lim 
airs 

; does 
(99050) ae? fy 4 

not exist. 

(C) Note that 

“etal |x* | a ly’ = me l [+ ly’ | | |< la] +| +0 as (x, y) > (0,0) 
x+y et x+y ye xo ys d= ae my, , 

xty 
So, lim >= = 0. Hence, if we define f(0, 0) = 0, then f(x, y) will be 

Soh aA SED cin ag 

continuous, since it is obvious that f(x, y) is continuous at all points different from the 
origin. 

2 
mx 

(D) As (x, y) — (0, 0) along the line y = mx, f(x, y) = ———_—_—— = ——.. Hence, 
(lt+m*)x°  1+m? 

lim f(x, y) does not exist and, therefore, f(x, y) is not continuous (and cannot be 
x, y)(0, 0) 

made continuous by redefining (0, 0)). 

419. (A) Fora point with rectangular coordinates (x, y, z), corresponding cylindrical 

coordinates are (7, 0, z), where 7° = x* +y° and tan 0= y/x. Conversely, «=r cos @and 

y=rsin @. Thus, (7, @) are “polar” coordinates corresponding to (x, ). 

(B) When k # 0, this is the equation of a right circular cylinder with radius |&| and 
the z-axis as axis of symmetry. When & = 0, the graph is just the z-axis. 

(C) This is a plane containing the z-axis and making an angle of & radians with the 

xz-plane. 

(D) r = 2? + (2V3)? = Vi6 =4, tan 0 = 2V3/2 = J3, 0 = 17/3. So, a set of cylin- 
drical coordinates is (4, 7/3, 8). Other cylindrical coordinates for the same point are (4, 

(70/3) + 27, 8) for any integer 7, as well as (—4, (77/3) + (2n, + 1)2, 8) for any integer n. 
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(E) tan O= tan (77/3) = V3. So yle= 3; y= 13x, which is a plane through the 

Z-axis. 

(F) 7° = 2rsin 0, x° + y° = 2y, x + (y— 1)’ = 1. This isa right circular cylinder of 

radius 1 and having as axes of symmetry the lines x= 0, y= 1. 

420. (A) See Figure A41.7. x= rcos 0=psin@ cos 0, y=rsin 0=psing sin 0, z=p 

cosd. PHP tear tyte. 

+ 

tang=—= aN tan@=2 r= psing 
z Z bs 

y 
——9——__>- 

Figure A41.7 

(B) P= represents the sphere with center at the origin and radius &. 

(C) = & represents a one-napped cone with vertex at the origin whose generating 
lines make a fixed angle of & radians with the positive z-axis. 

(D) p* =? +1° + (V6)? =8. Hence, p = 2V2. tang=VP? +P 6 = V2N6 = WN 3. 
1 

Therefore, @ = 7/6. tan 9=-=1. Hence, 0= 71/4. So, the spherical coordinates are 
(2/2, 1/6, 1/4). = 
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Cay! T ae 1 TUNG, V3 al E 4 — —=4| — =—)|> ; Sa in—sin—= — || — |=3. (E) x =4sin ; ee 2) V3 y = 4sin : he | 5 3 

z= hoor = 4( >) =2, 
5 2 

421. x +y'+2° = and z= pcos @. Thus, we get p’ + 6p cos = 0. Then p=0orp+ 
6 cos $= 0. Since the origin is the only solution of p = 0, and the origin also lies on 9 + 6 
cos = 0, P+ 6 cos @= 0 is the desired equation. 

422. Since r= sin @= 3, this is the right circular cylinder with radius 3 and the z-axis 
as axis of symmetry. 

Chapter 42: Partial Derivatives 

423. First, consider y constant. Then, differentiating with respect to x, we obtain f= 
12x° — 6y'x + 2. If we keep x fixed and differentiate with respect to y, we get f= —G6x'y+ 3. 

if(x, y)#(0,0 
424, Let f(x, y)=4 x +9" (x, y) # ( e 

0 if(x, y) =(0, 0) 

F.(0,0) = fim LEO LO) = him 9-9 =o 
Ax 0) Ax 

=£ A = 
FA0, 0) = lim F(0; Ay) — f(0,0) = lim 0-0 =0. 

J Ay 0 Ay Ay 0 Ay 

By Question 418(D), f(x, y) is discontinuous at the origin. 

425. (A) If (x,, y) is inside an open disk throughout which f, and f,, exist, and iff, and 

fy. are continuous at (x,, yo), then f(x, ) =f.(Xo» Jy)» Similar conditions ensure equality 

for n 2 3 partial differentiations, regardless of the order in which the derivatives are taken. 

(B) f, = Oxy — 2y, f, = 6x — 2. f = 3x’ — 2x + 10y, f, = 6x - 2. 

426. (A) f=" cos y, f, =—e" sin y, f, =—e" sin y, f, =—e* sin y. 

(B) f =6x- 2y, fy =—2, fi = —2x + 15’, Igoe 

(C) f= 2x cosy ty’ cos x, f,, =—2x sin y + 2y cos x, f= —x" sin y + 2y sin x, f,, = —2x 
sin y + 2y cos x. 

427, (A) Ff, =12x" el i =—-4x? y+7, f,, = 36x" S12 ty =—4x°, 

Te lee if ley 
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l l x} Q x 

(B) f. Sey tae ey ten f, =2e y+ xe” y? = 6" (2y + xy)-, 

J J} y y 

fe =e" y(y)=e7y" ts = 27(24 lo) twe (2 yoy ae 

ses 1S yy) yp 

2 Z 
POO thot ey )+s, 

; 1 ieee : l 

f= 327 y' + xe? y’ Said =e eee IS) cage 

] 
= Bey? + xe7 yy? -—, 

(C) Sf, = Any -2z, fra x’ +92, f= P mks fy = 2H fig = 2x, 

1g Sy PA Cae 

gy 

428. Let f(x, y)= q x+y? 

0 if(x, y) = (0, 0) 

if(x, y) # (0,0) 

: ea 0, : Tian 2 

* a) ee 2 

and f,(,0) = lim fe Se Oe a 
yd) Ay ay-00 3g’ + (Ay)? 

0, = jp Os —Ay— 
Consequently, f.,(0, 0) = lim He BUY) = lim Sime =] : Ay>0 Ay Ay>0 Ay 

f, (Ax, 0)— f, (0, 0) 5 Ax —0 
m => _ = lj = Sel and Fig 0) = lim Ax Ax—() Ax 

Thus, f,(0, 0)# FAO; 0). (The conditions of Question 425(A) are not met by this 
function.) 

2 2 Zz io | Zz dz 
429. ——=ae™ sinay, —> =a’e™ sinay, — = ae™ cos Cree 

) ax 0: oy me 

430. dzldx =e cosx,d° zldx” =e" sinx, dz/0y =—e™ sin y,0° zldy’ =-e" cos y, 

2 ax 
=—ae’ sinay. 

dzldt =—e"'(sinx + cos y)=—e™ sinx —e~ cos y = 0? Z/Ox? + dzldy. 

431. f.= g(x)b(y), fy = g'(x)h'(y). f, = glx)h'(y), fre =o (x)h'(y). 
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432. (A) f. =3(x+at)’, f, =6(x-+at), f =3(«+at)*(a) =3a(x tar)’, 

Sf, = a(x +t at)(a) = 6a" (x +at)= 

(B) f, = cos(x + at), fr. =—sin(x +at), f, =a cos(x+at), 

G85 —a’ sin(x + at) = 

(C) fF, = ee. ts = gre. f = Sues 3 = neo = ak 

dx 
433. a) 4 = Sigs mis Sta ieee et 

(B) - the formula of Question 433(A), 

du _dudx dud _ dudz 
— —— =2 —4 
dt dx dt et fas Tela) 

= 2 sin t cost — 4e'(e’)+ 9(3r)’ = sin 2r — 4e" +812’. 

Ow OP dx | OP dy ODdz dw _dDOx ADAy I dz 

em UN td 08 uo EL oe DE 

Vg ova. av dak OV By = iy Oe Ie ry a ots 
oh Et wl ook top ee eS 

= 5(3)(2) +10(3)(—1) +10(5)(2) = 30 — 30 +100 = 100ft/s. 

435. os. Differentiate f(tx, ty) = ff (x, y) with respect to ¢. By the chain rule, 

7) é fm, ha. Co. yD. = nt" f(x, y). Hence, f(t, ty)(x) + f, (oe, ty)(y) = 

nt” f(x, y). Let t=1. Then xf, (x, y)+ yf, (%, y) =nf (x, y). (A similar result holds for 

functions fof more than two variables.) 

(B) fe (x, y) is homogencous of degree 3, since f (tx, ty) = (tx)(ty)’ + (tx)’(ty) — (zy)? = 

P(x tle vy) =t’F (x, y). So we must EID He Sf f= =y 2a) I= aay 
x? — By’, Tayi x(y? + 2xy) + y(Qxy + x? — By’) = xy? + 2x’y + 2xy’ + x°y — By? = 

3(xy" + xy — 9°) = 3 (9). 

(C) f(x, y) is homogeneous of degree |, since f (tx, ty) =f (te) + (yy)? = tx? + y? = 

t f(x, y) for t> 0. We must check that xf, + yf, = x +y°. But ba = x/,Jx? + 9? 

and ie = ylfx* + y°. Thus, x f, + yf, = (xx? + y?)+( Cy? Iafx? +?) = (x? +) 

Ix? + y? = Ix? + y?. 
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(D) fis clearly homogeneous of degree 3. Now f, =3z° —2yz, fy =~ 2xz + 2zy, 

Sf, = 6xz—2xy + y’. Thus, 

DT Ne oe = «(32° —2 yz) + y(-2xz + 2zy) + 2(6x2 — 2xy + y*) 

= 3x2" — xyz — xyz t+ 2y?2 + Oxz? — 2x2 + yz = 9x2? —Oxyz+3y°z 

=3 f(x; yz) 

436. By the chain rule, &. = = + 2 oe 

(4 sin t— 3 cos #) cos t— (14 cos t— 3sin A) sin t= 3sin’ t— 10 sin t cos t— 3 cos’ t. 

(4x —3 y)cost +(—3x +14y)(—sint) = 

437. By the chain rule, 

dz_Ozdx dzdy 2x ae 

dt Ox dt oy dt ser renee x+y? ete et te? 
2t —2t 

= 2 = 2 tan h2t. 
“re 

438. Bythechain rule = pEs ie @ ee = (4x° +3y)+(3x—2y)cosx = (4x° +3sinx) + 

(3x — 2 sin x) cos x. 

439. First, think of z as a composite function of x. By the chain rule, dz/dx= f. + f, (Aldx) = 

y+ Qxy + (Qxy + x7) (Ux) = 7 + 2xy + 2y +x = (In)? + = 0) a x. Next, think of z 

as a composite function of y (by virtue of x = @). Then, = “45 + f, =(y? + 2xy)x + 

(Qxy +x?) =x(y? +2xy+2ytx) =e (y? +2ye? +2y+e? 6 xy a wyrey Uy J J 

0S dr OS dh 
+ 
Or dt Oh dt — = (22h)(3 )+ (27r)(2) 

= 22(3h+ 440. S = 2zrbh. By the chain rule, = 
L 

2r) = 2m (15+ 20) = 707 in’/s. 

dy 
dt 

x? + Bxy+3y =z? » by the chain rule, (2x +3 y)(dx/dt) + (3x + 6y)(dy/dt) = 2z(dzldr). 
Hence, 

441, From x—2y+4= 0, S28 =0. Since d/de=3, dyldt ==. From 

dz 
(2x43y)G)+Gx+6y){ 2} = 26 (*) 
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When x = 2, the original equations become 3y* + 6y +4 =z and —2y + 6 =0, yielding 

y= 3, 2=+7. Thus, by (*), 39 + 36 = 22(dz/dt), dzldt =+ 2. Hence, the speed 

ds dx \’ 4) (2) 9 23) , 625 eats == | +} = fe = es 

a & & eee G +9 a8 ge 196 
870 

; 

= 3,/—— = — ¥870 = 6.3 uni , 196 14 id 3 units per second 

v dw _ dw du , dw dv PL 442. (A) Letw= , y) dy. By the chain rule, — =—— + — . Now, (A) Let w (Mee y) ay. By the chain rule oe eee anne See 

dwldu=—f(x,u) and dwidu= f(x,v), and dwldx = pe dy, yielding Leibniz’s 
" Ox 

formula. 

a ae dv raf ZI, fe a= heath we = + bare: 

(B) dulde=1, dolde=2x, 2L = 3x y* +2xy° and f° 2L ay = [xy + 2xy*) dy = 
Ox « Ox x 

[ersto')] = (x4 52")-(2 422°}. S0-fl u) A+ fle) (x, v Saal ‘Ly = 

—(x?u? +x°u?)+(x?v? +x°y°)2x+ x* tox —x? -5% = eR, ote (x7 +x°)\(2x)+x° ae 

F Tac aks 8 (ty Geo tes 3 
—x -—x Foe +3x aie . On the other hand, it flay ay =| (x pote ) 

1 1 ene aia lei 0 lestate travel ies) ae otf (F274 ta")-[ 64 Jat etan Zt 

2 fe Bene I Amie a) At whan Ae 5 es Palla 

FIence,.—- < [fle yay = 3x' +x’ 25°, verifying Leibniz’s formula. 

443. (A) One vector in the tangent plane at (x,, y), z,) is (1, 0, £), and another is 

(0, 1, f). Hence, a normal vector is (0, 1, f) x (1,0, f.) = Caro? 

(B) Assume that F.(x); 7), 2) # 0 so that F(x, y, z) = 0 implicitly defines z as a 

function of x and y in a neighborhood of (x), y), Z)). Then, by part(A), a normal vector to 

) 
the tangent plane is [2 Ye ied i} 

x 
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pe ag sels oe = 0. Hence, 
az > Ox Ox 

Fitk Pala = 0, since 0 y/dx = 0. Therefore, dz/dx =—F,/F,. Similarly, dz/d y =—F,/F.. 

Hence, snenal vector is (—F./F,, — F,/F,, —1). Multiplying by the scalar —F,, we obtain 
another normal vector (F,, F., F.). 

Differentiate F(x, y, z) = 0 with respect to x: F. + F 

444, By Question 443(B), a normal vector to the tangent plane will be (2x, 2y, 2z) = (1, 1, V2). 

Hence, an equation for the tangent plane is [ - >}+ + ym | + ¥2[z—-(V/2)]=0, or, 

equivalently, x + y+ V2z =2. 

445. By Question 443(B), a normal vector to the tangent plane is (yz, xz, 3z° + xy) = 
(1, 1, 4). Hence, the tangent plane is (x — 1) + (y— 1) + 4(z- 1) =0, or, equivalently, 

ey As = O, 

Lg, Re OL 
446. By Question 443(B), a normal vector to the tangent plane is (+ ee o 

Dia Be 2 2 

or, better, the vector( 4%) Hence, an equation of the tangent plane is 

Heap) ty Oa Jy) geez) 0, lently, “8+ 28 y+ =1 ae Ke) Ea Gg a es or SEN IGE BS aed tire ; 

Chapter 43: Directional Derivatives and the Gradient; 
Extreme Values 

447. ‘The ray in the direction u starting at the point (x, yp) is (%; yy) + tu (t= 0). The 
(directional) derivative, at (x), ¥)), of the function fin the direction u is the rate of 

change, at (x,y), of falong that ray—that is, = Aloss.9) + ru), evaluated at ¢= 0. It is 
L 

equal to Vf- u, the scalar projection of the gradient on u. (Similar definitions and results 
apply for functions fof three or more variables.) 

448. ‘The derivative in the direction of a unit vector u is Vf- u = |Vf | cos @, where @ is 
the angle between Vfand u. Since cos @ takes on its maximum value 1 when @= 0, the 
maximum value of Vf: u is obtained when u is the unit vector in the direction of Vf 
That maximum value is |V/|. Similarly, since cos @ takes on its minimum value —1 when 
0= 7, the minimum value of Vf: u is attained when w has the direction of — =V if That 
minimum value is —|Vf]. 

449, u = (cos 45°, sin 45°) = (2/2, 2/2). VE= (4x — 3y, —3x + 109) = (-2, 17) at 

(1, 2). Hence, the derivative is Vf. u = (-2, 17) - (2/2, 2/2) = _ (5) ae 
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450. ‘The unit vector in the given direction is u= (cos30°, sin30°) = [Via ) Wir 
2, 

1 
(Iny, x/y) = (In 2, 5) So, the derivative is Vf: u = (In 2, > . SWB, l= {Bin 245) 

451. Vf= (6x, -l0y, 4z) = (2, -2, 2) = 2(1, -1, 1). The direction in which f decreases the 
most rapidly is that of -Vf thus, you should move in the direction of the vector (-1, 1, -1). 

452. Let F(x), , %) = &. Then the level surface through P is F(x, y, z) = & By Question 
443(B), a normal vector to that surface is (F, F., F.), which is just VF. 

453. ‘The appropriate direction is that of Vf= (fo fpf) = (28 —x+y)(-l) + 3(4x—-yt 2+ 
2)°(4), 2(3 — x+y) + 3(4e—y +24 2)*(-1), 3(4x—y +24 2)*) = (42, -6, 12) =6(7,-1, Dy, 

454. We wish to show that both partial derivatives of z vanish at (%%)- The plane y= 
Jo intersects the surface z= f(x, y) in a curve z= f(x, yy) that has a relative maximum (or 
minimum) at «= x). Hence, dz/dx = 0 at (x), y)). Similarly, the plane x= x, intersects the 
surface z = f(x, y) in a curve z= f(x,, y) that has a relative maximum (or minimum) at 
J =. Hence, the derivative dz/dy = 0 at (x), y,). Similar results hold for functions fof 
more than two variables. 

455. (A) Case 1. Assume A > 0 at (x,y). (DIFF, + fi, <0 at (xy, %), then fhas a relative 
maximum at (x), y,). (ii) IF, +f, > 0 at (x,, %), then f has a relative minimum at (x, Nye 
Case 2. If A < 0, f has neither a relative maximum nor a relative minimum at Ceoginle 
Case 3. If A= 0, no conclusions can be drawn. 

(B) Each of the functions f,(x, y) =x' +9", f (x,y) =—-(«' +y'), and f(x, y) =x° — y’ 
vanishes at (0, 0) together with its first and second partials; hence A(0, 0) = 0 for each func- 

tion. But at (0, 0), f, has a relative minimum, f, has a relative maximum, and f, has neither 

(f,(x, 0) =x’ takes on both positive and negative values in any neighborhood of the origin), 

456. f.=2—2x, 7, = 4-2), Setang f, = 0, f, = 0, we have x= 1, y= 2. Thus, (1, 2) is the 

only critical point. f, = 0, f, =—2, and f, = -2. SoA=f,,f, — (f,)’ =4> 0. Since f, + 
fy = —4 < 0, there is a relative maximum at (1, 2), by Question 455(A). 

457. We must minimize S= (g— 2)’ + (p+ teed 3)? + (2p +q-5)’. S,=2(¢- 2) +2(p+ 

q- 3)+2(2p + g—5)=6q + Op — 20. S,=2(p + g— 3) + 2(2p + q—5)(2) = 10p + 6g — 26. 
i 3 ie) Let S,=0, §,= 0. Then 3q + 3p — 10= 0, Sp +3q~ 13 = 0. So 2p ~3=0, p= >, => 

458. f= 8x + 2y, f = 2x — by. Set f= f,= 0. Then 4x + y= 0, x — 3y = 0. Solving, we get 
x=y=0. Note that f(0, 0) = 0. Let us look at the boundary of the square (Figure A43.1). 
(1) On the segment L,, x= 0,0 <y< 1. Then f(0, y) =—3y’. The maximum is 0, and the 
minimum is —3 at (0, 1). (2) On the segment Z,, x=1,0 SyS 1. f(1, y) =4 + 2y — 3y’. 

1 
= (1, y) =2 — 6y. Thus, A is a critical number. We must evaluate f(1, y) for y=0, 
Wy 
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y= - and y= 101, 0) = 45 60, A = ae 1) = 3. (3) On the segment L,, y=0, 0 $ 

x S 1. f(x, 0) = 4x’. Hence, the maximum is 4 at (1, 0), and the minimum is 0 at (0, 0). 

(4) On the line segment L,, y= 1,0 <x 1. Then f(x, 1) = 4x° + 2x - 3. (x, 1) = 8x + 

Deicide anne -2. ebichuloes nodliciathedarensi0Meca. le Taucae need 

only look at f(x, 1) when x = 0 and x= 1. f(0, 1) =—-3 and f(1, 1) = 3. Therefore, the 

absolute maximum is > at (1, = and the absolute minimum is —3 at (0, 1). 

A 

4 

Ls 

Figure A43.1 

459. By the periodicity of the sine function, we may restrict attention to the square S: —70 
SxS ~-MSyS 7. Since fis continuous, fwill have an absolute maximum and minimum 
on S (and, therefore, for all x and y). These extrema will occur either on the yee or in 
the interior (where they will show up as critical points). f = cos x + cos (x +) f= cos y + 
cos (x+y). Let fl=f, = 0. Then cos x =—cos (x + y) = cos y. ees either ee aiaes 
Case 1: x = y. Then cos x = —cos (x + y) =—cos 2x =1— 2 cos’ x. So 2 cos? x + 

cos x- 1=0, (2 cos x— 1)(cos x + 1) =0, cos x= 5 or cos x = —l, x = + 77/3 or 

x = £7. So the critical points are (77/3, 27/3), (—20/3, —70/3), (a, 2), (—7, —7). The lat- 

ter two are on the boundary and need not be considered separately. Note that 

ieee ES 3v3 -2)= v3_N3_N3 _-3v3_ 03 MDD eae ED re ee were 
and f (=. 

Case 2: x =—y. Then cos x = —cos (x + y) = —cos 0 =—1. Hence, x= +2. This yields the 
critical numbers (7, —7) and (~7, 7). Since these are on the aa they need not be 
treated separately. Now consider the Sips of S (Figure A43. a ) Ly: f(% y) = sin 7+ 
sin y + sin (47+ y) = sin y— sin y=0. (2 is Ht.) =f Be) = a) Ly fete sin 24 
eae ie PE TAA Sy A) Le fle —0 =f 2) 2 a a 
boundary. Hence, the absolute maximum is 3/5 /2 and the absolute minimum is —3./3/2. 
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L4 

Figure A43.2 

460. We must maximize (x — 2)* + (y— 1) i ae 2)° subject to the constraint AX, Vy Z 
x+y +z2-1=0., ag . ea) ey) 2 G=2))2 Vee Ox. 2y, 22), eee 
Then (2(x — 2), 2(y— 1), 2(z — 2)) = A(2x, ote oa: or 2(x— 2) =2Ax, 2(y— 1) = 2Ay, 
2(z— 2) = 2Az. These are equivalent to x(1 — A) = 2, y(1 — A) = 1, 2(1 — A) =2. Hence, 
1—A#0. Substitute x = 2/(1 — A), y= 1/(1 — A), z= 2/(1 — A) in the constraint equation: 

4 1 4 ’ 
ey ae Gea A rs 

Case 1: A=—2. Then 1 —- A= 3x= Sy => e= Sand ye a —1)? +(zg-2)? 

16° “4° 16 36 
|—+-+—= j— = 

Eee Le, 9 

oy 1 
Case2: A=4, Then 1-A=-3,4=-5, y=—3,2=-4, and 4/(x— 2)? +(y-1)? +(g-2) = 

= = = 4. So the point on the sphere furthest from (2, 1, 2) is 

461. We must cane) Wy Z=x t+ (y- o + (z—3)* subject to the constraint 

ax, yz)=y +z —x =0. Vf= (2x, 2(y— 1), 2(z- 3)), Vg = (—2x, 2y, 2z). Let 
Vf=A Vg. Then (2x, 2(y — 1), 2(z -— 3)) = A(-2x, 2y. 22), or 2x =—-2Ax, 2(y- 1) = 

2Ay, 2(z — 3) = 2Az. These are equivalent to x(A + 1) = 0, y(1 — A) = 1, 21 -A) = 

Hence, 1 — A #0. Substitute y= 1/(1 — 4), z= 3/(1 — A) in the constraint equation: 

ea 9 10 
= aca do ay = Gea Hence, x #0). Therefore, x(A + 1) = 0 implies A+ 1 =0, 

WO 5 
A=-1. Then y= 1(1 - A)=>.2= 3/(1-A= Sand 2 =10/(1 - Ay ig 
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5) ks Sy it) pera ss} 
= pt teat Sel || eet iat test (bs = = perl > he Gite 2 /° . Thus, Aye m 3] 5 ake sand f[ 5 3 4 ence, the 

Chapter 44: Multiple Integrals and Their Applications 

462. (A) [" p?sin edp=— p’ sin Oly” => cos’ @sin 6. Hence, J = hs iif cos’ @ 

sin@ d0= eee ey” a “(7 2)— cos’ 0]= aekiy -l= ta 
12 12 12 12, 

(B) fe dx cannot be evaluated in terms of standard functions. Te we oe the 

order of integration, using Figure A44.1. 7 = [ fe e* dy de = ik xe" de =~e* | = 5(e-2) 

Figure A44.1 

463. [i lore di = 2fyJxP, = 2) y(y- 9°) = 2(y?” - y"”). Therefore, f= 2[iG ~ 

5/2 2 si2_ 2 le € 2 |= 8 
\d =2( = = 2} ---—|=—. 

ein ad a i bi Pele) 

464. (A) The curves y= x and y= x’ intersect at (0, 0) and (1, 1), and, for0<x< 1, 

y =x is above y= x" (see Figure A44.2). [= ii ih x dy dx = fe xy]. dx = ip (x? — x?) de = 

(3 om | Loar | 
Sr es be 
3 Chee 1b jolie ed re 13 
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Figure A44.2 

(B) The lines y= 2x and y= 5x intersect at the origin. For 0 <x< 1, the region runs from 

a 2 id ‘ * pas ai uh aeGe =aF 1 sels 

y= 2x up to y= 5x (Figure A44.3). Hence, J = i ir y by de= |, > i Lax = 51,125 

a: lp 39 
8x°)de=—| 117 x%de = = ‘| : 
x) at 3 4 5 4 

Figure A44.3 

2 

465. V= f [ox+4y) dA= [J @x+4y) dx dy -[ (ee +4) dy 

= f)] 6+8y)-(3+49)]6 

63 3 

3( 9 9 a Zi a Ree yah yO =—+18=—. (G+47] (2, y | 5 5 
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466. Valois [ix dy dx = fs y |, ax = ga eR 5 

467. See Figure A44.4, For polar coordinates, recall that the factor r is introduced into 
the integrand via dA = r dr dO. By symmetry, we can restrict the integration to the first 

1/2 pl+cos n/2 1 Coe 

quadrant and double the result. 7 = 2. it ae 0) r dr dO = 2h a Oy}; sere 

[°° (+ c0s8)? sin 8 — sin] 40 =[-(1 + cos 6)'/3 + cos ays? =-2-(-S41]=5. 

A 

1 

2 

1 

Figure A444 

468. In cylindrical coordinates, the sphere with center (0, 0, 0) is 7° + z’ = a’. Cal- 
culate the volume in the first octant and multiply it by 8. The base is the quarter disk 

0<rsa0<0< m2. V=8{” [Vai —F rdrdO = ers = ?)1/2¢ 49 = 

8 ine - a’ dO = (8a°/3) ie dO = (8a°/3)(7/2) = ona’ , the standard formula. 

a Ea See ce pee eee ey’ ; ee rs co 469, ean eee Then ¢= [ e’” dy. Hence, c =|. ea I) ee dy= | € 

(re de) dy =| fre oY abe ay= ik Hae 42) de dy. The region of integration 

is the entire first quadrant. Change to polar coordinates. c* = I [res d0 dr= 

[oe -r0 Oy” ad; = rete nr dp= inl ~ se i (2/4) lim Paige e’) =—(7/4) 

(0-1) = 2/4. Since c = 21/4, c= J7/2. (The rather loose reasoning in this computation 
can be made rigorous.) 

470. In spherical coordinates a sphere of radius a is characterized by Os Pe a4, 
0< 0S 27,05 o< 7m, Recall that the volume a is given by dV= xy sin @dp dO 

do.V = i i iL p sind dp d0 do =|. pe A p’ sing)id0 do = It ie a@ sin @ d0do = 
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x] cae 2n a3 z] 2 2 ee ) F r. 2 

J, ae sin nG do= |, oe sin 270 do=Sna’|, Ig? Baia: cos], ered 

4 
-1-1)==72’. ( ) 

471. Let the circle be r= a. Then M = J}rdas / [iron dr dO = [ear ede = 

ke Le par err 
ee) 3 3 

472. The mass MI. es Sey le ya —y? *hy=— 55 a ey 2a) 

Bo . Ihe moment about the x-axis is 

m/2 pa -) m/ a a M.=|fy-yda=[" [oy -rardo= fr sind de do =f “oa sin? @ dO 

l as ee m2 4 4 
aaa ‘| : 21 c08 20" ig _ I «(5 sin26)] -< (2) =e 
eae 8 ier wo) tia 

M, _ fa *N6 _ 3ha 

1 nets Tamia Ss 

ary? 2 4 a 4 y } 

dx d: 1 fe lja ae ae a 

- I 2” | ee a (5 tata gla 8 
“ 0 

M, - 

Ficnce, f= —— . The moment about the y-axis is M, = fii a 

al 3a = a a 
Therefore, ¥ =—++ = . Hence, the center of mass is (=. —— |, 

M 2B ok 

8 ¢6-(3/4)x 

473. The moment of inertia with respect to the x-axis is J, = = | |, 
8 6-(3/4)x =: 4 bd 

eral de= = |’ oF xy d= 2-5 . =2 Boia ‘The moment 

y dy dx = 

/4)x 
of inertia with respect to the y-axis is [= IF I ‘ x” dy dx = [#4 2 (8—x)dx = 

Dee: 
474, The area A= tele dx dy -{6 -E\éy= (69-Z7)| = 6(6— 2) = 24. In 

0 

6 P6 6 2 

Figure A44.5, the moment about the x-axis is M, = I ie y dx dy ait i(6 = z) dy = 
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6 Z 

(sy = rid )I Ss 363 2 5) = 54. Hence, 7 = os -~ a =. The moment about the 

6 

ei One Glos : Lge in ( ‘| 

a2 = Siliice ae Ge tee: Vien = |G eee z y-axis is M, (i Jace fies 1.8 5 ‘iP 36 To) er ane 
0 

: M, l 18 9 

3(36- |= = x y _ 12(36)/5 _ 18 ( 
. Hence, ¥ = = —. So the centroid is} —,— 

24 5 a: 

A 

Figure A44.5 

Chapter 45: Vector Functions in Space; Divergence and Curl; 
Line Integrals 

475. (A) A tangent vector is given by the derivative R’(A) = (1, 24, 37). At (1, 1, 1), r=1. 
Hence, a tangent vector is (1, 2, 3). Parametric equations for the tangent line are x = 1 + 
u, y= 1+ 2u, z= 1+ 3u. Asa vector function, the tangent line can be represented by (1, 
1; 1) wl 273), 

2 NZ 2 

(B) Ifs is the arc length, 4a = (= 2. (2) (4) is the speed. In general, if 
at dt dt dt 

R(Z) = (x(t), yd, 2()), R’(4) = Ge . =), and oe |R’(¢)|. For this particular case, 

oe |(1,22,327)|= f 1442? +924. When ¢=1, oe NIA 
t 

476. A tangent vector is R’(¢) = (—27a sin 27, 27a cos 271, 6) = (0, 27a, 6). The tangent 

line is (a, 0, 6) + u(O, 27a, 6). The speed is| R’(t) |= V477a* + 6°. The normal plane has 
the equation (0)(x — a) + (2ma)(y — 0) + (6)(z -4) = 0, or equivalently, 2may + bz = 6. 

477. R'(4) = (—2ma sin 27, 27 cos 27, b) has a constant z-component; thus, @ is constant. 
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d 
478. The product formula a [F(t)- G(¢)] = F(¢)- G’(t) + F’(¢)-G(¢) of Question 310 

holds for arbitrary vector functions. So < [F(z)-G(z)] = (sin 4, cos #, £) - (1, 0, 1/4) + (cos 
t 

#, sin ¢, 1) - (4, 1, Ind) =sint+1+¢cost¢—sint+Int=14+¢cos¢+Inz 

d 2 an LES d D 479, a [¢°G(t)] = £G’(d) + 27G(2). Hence, at ¢= 3, oe [¢°G(¢)] = 9(3, —2, 5) + 6(1, 1, 2) 

== (93, ~12, 57). 

F(t + Ar) — F(t) [G(t + At) x H(¢ + Ar)]—[G(t) x H(¢)] 480. F(t) = lim = im 
ato0 At at0 At 

ean {G(¢ + At) x [H(¢ + At)]— H(¢)]} + {[G(z + Ar) — G(t)] x H(4)} 

ato At 

= lim Gt + Ar) x He + Ar)-H@) aie G+ At)~ Gr) x Ht) 
at>0 At At 

=[G(t) x H’(z)]+[G’(¢) x H(4)]. 

481. By Question 480, “IR x R’(¢)]=[R() x R“(t)] + [R’(¢) x R’(¢)]. But AX A=0 

for all A. Hence, the term R’(t) x R’(#) vanishes. 

2, Fae j ; d pean 
482. Since G’(2) is perpendicular to G(#), G’(d) - G(t) =0. Then eA [|G@)}= a [G(t)- G(t)] = 

Lt hig 

G(r) -G’(r)+ G(r): G(t)=0+0=0. Therefore |G(¢)|’ is constant, and hence |G(A)| is 

constant. 

483. Let |G(¢)| =c for all 4. Then G(¢) - G(d) = |G(|’ = c*. So “ [G(z)- G(z)]= 0. Hence, 

G(2) - G’(t) + G’() - G(#) = 0. Thus, 2G(#) - G’(4) = 0, and, therefore, G(z) - G’(4) = 0 

R(t) | = 26,38") 
=. The principal unit 
V1+4t° +92" 

484. The unit tangent vector is T = 

[R‘() | 

1G) d\ R(t) i d 
al is N= . Now T’(t) = — og mamma conareay Rea normal vector 1s IT’(@)| OW ( ) | £2. A 4 4p? + 94° dt 

1 1 4t +18t° ‘ 
(R(t) = ———————————— ((), 2, Gt) — ——_——_- (1, 21, 31’). When t¢ = 1, 

[ 1+ 42? +924 jx nama a ror Puts 
AR. 11533) oy, 

I C nes (14(0,1,3) - i cian ars ft 9). 1 

ieee ie 
1 V266 19 

, | T’(¢) | = ——Vv1214+ 64418 = =—. Thus, N=———(-11, -8, 9). ‘Therefore, | T’(z) | ater + arr oe us, nad 
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1 
485. R’(t) = (—6 sin 24, 6 cos 24, 8). | R(t) |= 436+ 64 =10. Hence, T = je (—3 sin 24, 3 

6 ; 
cos 2t, 4). Therefore, T’ = a(-6 cos 2t,—6 sin 2t,0) = ae (cos 2¢, sin 2¢, 0), and |T’| = 

e Thus, N = ae =—(cos 2¢, sin2t,0) and B= Tx N= : i (—3 sin 24, 3 cos 2¢, 4) x 
5 |T’| 5 

—(cos 2¢, sin 2¢, 0) =— oe —4sin 2t,—4cos 2t, —3) = =(4sin 2t, 4cos2r,3). 

486. ‘The osculating plane is the plane determined by T and N; hence, the binormal 
vector B = T x N is a normal vector to the osculating plane. R’(t) = (2 — 2¢, 24, 2 + 29). 

IR(¢)|= 40-1)? +407 +4(1 +2)? = 232? +2. Thus, T(t) = oe — 2t,2t, 
DN te ato 

2+ 2+). Hence, Teese, Dh Sree 27,2+22), At f=l, 
2 3t7 +2 2 (3t7 +2): 
1 1 =(0,2,4 Dee oe [YD DAO, 2, 2) = Re==(0 54) pander aes —2,2,2)- 4 SR 0,2, 4)= 105 ja )] 

i 
10/5 (-10, 4, -2) = oF (-5, 2,—1). Since T is parallel to R’ and N is parallel to T’, a 

normal vector to the osculating plane is given by (0, 2, 4) x (—5, 2, -1) = (-10, —20, 10) = 
-10(1, 2, -1). Therefore, an equation of the osculating plane at (1, 1, 3) is (e- 1) + 

2(y— 1) — (e-3) =0, or equivalently, x + 2y-z=0. 

487. The osculating plane is the plane determined by T and N. Let D = R’ x R”. Now 

I= a Hence, 1 7= be "4 — a 
[R’| [R’'] de 

lows that D - T’ = 0. Thus, D is perpendicular to R’ and to T’ and, therefore, to T and to 
N. Hence, D is a normal vector to the osculating plane. 

“(a Since D- R’=0 and D- R” =0, it fol- 

488K Ay Fist R= (cos ¢, — sin ¢, f), 2 =|R’()|=V1+¢’, and T= : (cost,— 
ds dt 1+2? 

dV l 
sint, t). Hence, oe = a ae —cost, Y= aaa os t, —sinz, t). Att =0, “ = 

dv dv ld 
arog (0) —1, 1); therefore, — 7 -- (0,-1,1) and k= 4 = v2. 

489, R’= |R’'|T. Hence, R” = aR] T+ |R’| (T’). Note that T’ = “(4) = 
dt dt \ ds 

d [R’|«N. Hence, R” 4 (| R’ p rs K|R’|’ N. Therefore, R’ x R” =|R’| T x 

d , 2\2 , d , 
[Zarv]rrerr |’ N}=in'i | Saw p|erx7 )+K|[R’? (TXN)=K|R’P (T XN). 

Since |T x N] = 1, it follows that [R’ x R”| = |R’|’. 
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490. By definition, if F(x, y, z) = (f(x,y, 2), ex, 9; 2); bx, y, 2)), then div P= SL4 og efile 

In this case, divF = y+ z+ x. dx dy dz 

dh og of oh og of 
491. Curl F=| —-— — re vivi ur 2 aes an ee re , or more vividly, 

i J k 

Oui sa ih 
1 F = Sg |e hence es curl F= VxF Taree r 

Vig Spek 

gd od 
here V=| —, —, — |. 
= [2 ay 2) 

O(xy) (xz) A(yz) (xy) A(xz) A(yz) Be OE ye es ee 
2 2 ae ye a eee 

(O00); 

493. Vf=(f, ff). Hence, div Us G)4 2 U)= fat fy fu 

oo4, Vf=(fospJ.- then curl Vi= (f, — fo be Seo Ie Sy) = (0, 0, 0) = 0. Here, we 
used the equality of the mixed second partial derivatives. 

dh ag Of dah dg Of a B95. Curl Pel eo 5 | So div Cud Fa Pe 
oo (a dz dz dx dx dy eae st Ox ‘ 

af zy aloe cer eae! a Ber og OEE ep ran 
ae ne +2 {% Dy Jw Sat bag Bayt Bie Sp =e Ba) + Bie = Be) 
(f, — fn) =9+04+0=0. 

496. Let F=(@(x, y, z), W(x, y, 2), (x, y, 2)). Then div (fF) = div (fd, fw, fn) = f@,+ 

LO+AY + Lt IN. + £N=F(O.+ V+ 1) + Poff) (bY =fdiv F+ Vf F. 

497. fF = (fd, fWs fn). Hence, curl (fF) = ((fn), - (f), (0). — (fn), (W)..- (O),) = 1, + 
40 -FY.-FS0.+£9-M.-F0 LVF FY —f0, - £9 = 1, — Wo £0. — No LW. — fd) + 
(fn-fy fo-fn tw-fo) =feurl (ow) + (fA 5L) x (@ Wm) =feurl F + VFX F. 
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498, Fx G=(gen-hy, ho- fn, fw — gd). Hence, div (F x G) =(gn— hy), + (ho- 

fn), + W- gh). = en, + g.n- by, — bw + ho, +ho- fn, - fnt+f Ww, + fv - 
£0, — £.9 =Oh, — g.)+ WF, - 4) +g, —f,)+fW, —1,)+ on. — 9) + Ag, -W,) = 

G- curl F—F: curl G. 

499. W = [P-Ta&=f F-RWat 

= f (0) + © (24) + Be )de 

iS oY 
=— + — = —., 

A Tee 'S 

b 

500. i ydx +x dy [E+ oa = {Sona = ~7| = x(b) y(b) — x(a) y(a). 
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