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OrÐzousec

Orismìc 1. Se k�je tetragwnikì pÐnaka A mporoÔme na antistoiqÐsoume enan pragmatikì
arijmì pou ton onom�zoume orÐzousa tou pÐnaka A kai to sumbolÐzoume me det(A)   |A|.

Oi pio gnwstèc mac orÐzousec eÐnai:

(i) tou pÐnaka 1x1, dhlad  èstw A = [a11] tìte det(A) = a11.

(ii) tou pÐnaka 2x2, dhlad  èstw A =

[
a11 a12
a21 a22

]
tìte

det(A) =

∣∣∣∣a11 a12
a21 a22

∣∣∣∣ = a11a22 − a21a12

kai tèloc Ðswc kai

(iii) tou pÐnaka 3x3, dhlad  èstw A =

a11 a12 a13
a21 a22 a32
a31 a32 a33

 tìte

det(A) =

∣∣∣∣∣∣
a11 a12 a13
a21 a22 a32
a31 a32 a33

∣∣∣∣∣∣
= a11a22a33 + a21a32a13 + a31a12a23 − a11a32a23 − a21a12a33 − a31a22a13.

Parat rhsh 'Estw ìti èqoume èna pÐnaka 3x3, dhlad  èstw

A =

a11 a12 a13
a21 a22 a32
a31 a32 a33

 .

O pÐnakac autìc mporeÐ na grafeÐ wc ènac sÔnjetoc pÐnakac apoteloÔmenoc apo ta dianÔsmata
st lec tou. Epomènwc ean a1 = (a11, a21, a31), a2 = (a12, a22, a32) kai a3 = (a13, a23, a33)
tìte mporoÔme na gr�youme ton A wc A = [a1, a2, a3]. Mèsw tou orismoÔ mporeÐ kaneÐc na
apodeÐxei ìti h orÐzousa tou pÐnaka A mac dÐnetai apo thn akìloujh sqèsh

|A| = a1 · (a2 × a3).

Dhlad  h apìluth tim  miac orÐzousa enìc 3x3 pÐnaka mac dÐnei ton ìgko tou parallhlepi-
pèdou pou orÐzetai apo ta dianÔsmata a1, a2 kai a3. En¸ h orÐzousa enìc 2x2 pÐnaka mac
dÐnei to embadì tou parallhlepipèdou pou sqhmatÐzoun ta dianÔsmata a1 = (a11, a21) kai
a2 = (a12, a22) dhlad  èqoume

|A| = a1 × a2.

ìpou a1, a2 eÐnai oi diadoqikèc pleurèc.

Orismìc 2. H orÐzousa enìc n×n pÐnaka A onom�zetai orÐzousa n-t�xewc kai h apìluth
tim  thc mac dÐnei ton ìgko enìc n−parallhlepipèdou.



Upologismìc orÐzousac me thn bo jeia tou anaptÔgmatoc

Orismìc 3. H el�ssona orÐzousa tou stoiqeÐou aij enìc pÐnaka n-diast�sewn eÐnai h
(n−1) diast�sewn orÐzousa pou prokÔptei me diagraf  thc i-gramm c kai thc j-st lhc thc
arqik c orÐzousac.

Par�deigma 1. 'Estw ìti èqoume ton akìloujo pÐnaka

A =

1 2 −1
3 1 0
2 −1 2


h el�ssona orÐzousa tou stoiqeÐou a23 eÐnai h∣∣∣∣1 2

2 −1

]
dhlad  diagr�foume thn deÔterh gramm  kai trÐth st lh tou pÐnaka. En¸ h el�ssona
orÐzousa tou stoiqeÐou a32 eÐnai h ∣∣∣∣1 −1

3 0

]
dhlad  èqoume diagr�yei thn trÐth gramm  kai deÔterh st lh tou pÐnaka.

Parat rhsh 1. 'Opwc se k�je tetragwnikì pÐnaka antistoiqoÔme kai ènan pragmatikì
arijmì pou eÐnai h orÐzousa tou, ètsi kai se k�je stoiqeÐo thc orÐzousac antistoiqoÔme kai mia
el�ssona orÐzousa. Epomènwc o pÐnakac A tou prohgoÔmenou paradeÐgmatoc èqei 9 el�ssonec
orÐzousec.

Orismìc. H proshmasmènh el�ssona orÐzousa tou stoiqeÐou aij eÐnai h el�ssona
orÐzousa tou aij pollaplasiasmènh me to (−1)i+j kai sumbolÐzetai wc Aij .

Par�deigma 2. 'Estw o pÐnakac tou prohgoÔmenou paradeÐgmatoc. H proshmasmènh
el�ssona orÐzousa tou stoiqeÐou a23 eÐnai h

(−1)2+3

∣∣∣∣1 2
2 −1

]
= −1(−1− 4) = 5

en¸ gia to stoiqeÐo a32 eÐnai h

(−1)3+2

∣∣∣∣1 −1
3 0

]
= −1(0 + 3) = −3.

Orismìc 4. H orÐzousac enìc n diast�sewn pÐnaka eÐnai to �jroisma twn ginomènwn twn
stoiqeÐwn me tic antÐstoiqec proshmasmènec el�ssonec orÐzousec miac opoiasd pote gramm c
(ant. miac opoiasd pote st lhc). To �jroisma autì onom�zetai an�ptugma orÐzousac.

Gia par�deigma to an�ptugma thc i gramm c ènoc n diast�sewn pÐnaka eÐnai

|A| = ai1Ai1 + ai2Ai2 + · · ·ainAin.

Parat rhsh 2. AfoÔ h orÐzousa enìc pÐnaka kat� apìluth tim  eÐnai ìgkoc tìte h tim 
thc ja eÐnai mia kai monadik  kai epomènwc den epire�zetai apo thn epilog  gramm c  
st lhc tou anaptÔgmatìc thc.
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'Askhsh 1. Na brejeÐ h tim  thc orÐzousac∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
LÔsh: Ja qrhsimopoi soume to an�ptugma thc pr¸thc gramm c, dhlad  |A| = a11A11 +
a12A12 + a13A13. Epomènwc èqoume

|A| = a11(−1)1+1

∣∣∣∣a22 a23
a32 a33

∣∣∣∣+ a12(−1)1+2

∣∣∣∣a21 a23
a31 a33

∣∣∣∣+ a13(−1)1+3

∣∣∣∣a21 a22
a31 a32

∣∣∣∣ .
'Askhsh 2. 1. Na brejoÔn oi timèc twn orizous¸n

i)

∣∣∣∣1 −1
2 3

∣∣∣∣, ii)

∣∣∣∣a b
c d

∣∣∣∣, iii)

∣∣∣∣∣∣
1 3 −1
−1 1 4
2 2 3

∣∣∣∣∣∣, iv)

∣∣∣∣∣∣∣∣
1 −1 1 2
3 0 9 1
0 0 2 0
4 1 −8 3

∣∣∣∣∣∣∣∣
2. Na deÐxete ìti

i)

∣∣∣∣∣∣
3 2 −1
−1 6 1
2 8 3

∣∣∣∣∣∣ = 2

∣∣∣∣∣∣
3 1 −1
−1 3 1
2 4 3

∣∣∣∣∣∣,
ii)

∣∣∣∣∣∣
1 2 3
1 2 3
3 −1 7

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 2 3
3 6 9
3 −1 7

∣∣∣∣∣∣ = 0.

Kanìnac Sarrus

Mìno gia tic orÐzousec pin�kwn 3x3 up�rqei ènac akìma trìpoc upologismoÔ touc. H me-
jodologÐa èqei ta ex c b mata:

1) DÐpla sthn orÐzousa epanalamb�noume tic duo pr¸tec st lec, dhlad ∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
a11 a12
a21 a22
a31 a32

2) Fèrnoume treic diag¸niec eujeÐec xekin¸ntac apo thn kÔria diag¸nio tou pÐnaka kai dou-
leÔontac proc ta dexi�.

Oi diag¸niec autèc eujeÐec ja èqoun jetikì prìshmo kai k�je mia dhmiourgeÐ ta ex c ginì-
mena, a11a22a33, a12a23a31, a13a21a32.
3) Sthn sunèqeia fèrnoume kai �llec treÐc me arnhtikì prìshmo pou me th seir� touc dh-
miourgoÔn ta ginìmena −a13a22a31,−a11a23a32,−a12a21a33.
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Tèloc, o kanìnac Sarrus lèei ìti h orÐzousa tou 3x3 pÐnaka ja eÐnai to �jroisma twn
ginomènwn

|A| = a11a22a33 + a12a23a31 + a13a21a32 − a13a22a31 − a11a23a32 − a12a21a33.

Idiìthtec twn Orizous¸n

Ta epìmena jewr mata mac bohjoÔn ston upologismì thc tim c miac orÐzousac.

Je¸rhma. 'Estw o n× n pÐnakac A.

1. An B eÐnai o pÐnakac pou prokÔptei ìtan antimetajèsoume dÔo st lec (  grammèc) tou
A, tìte |B| = −|A|.

2. An B eÐnai o pÐnakac pou prokÔptei ìtan pollaplasi�soume ta stoiqeÐa miac st lhc
(ant. gramm c) tou A me èna arijmì l, tìte |B| = l|A|.

3. An B eÐnai o pÐnakac pou prokÔptei ìtan prosjèsoume sta stoiqeÐa miac st lhc (ant.
gramm c) tou A ta stoiqeÐa miac �llhc st lhc (ant. gramm c), tìte |B| = |A|.

4. An dÔo grammèc   st lec enìc pÐnaka A eÐnai Ðsec tìte |A| = 0.

5. An ta stoiqeÐa miac gramm c   mia st lhc tou pÐnaka A eÐnai mhdèn, tìte |A| = 0.

6. An A,B nxn pÐnakec tìte |AB| = |A||B|.

7. |A| = |AT |.

Par�deigma 3. 'Estw ènac pÐnakac A, 2x2, tìte apì thn pr¸th diìthta tou Jewr matoc
èqoume ∣∣∣∣a11 a12

a21 a22

∣∣∣∣ = −
∣∣∣∣a21 a22
a11 a12

∣∣∣∣
afoÔ kai stic dÔo peript¸seic |A| = a11a22 − a12a21. Gia thn deÔterh∣∣∣∣ta11 ta12

a21 a22

∣∣∣∣ = t

∣∣∣∣a11 a12
a21 a22

∣∣∣∣
afoÔ kai stic dÔo peript¸seic ta11a22 − ta12a21 = t(a11a22 − a12a21). Gia thn trÐth∣∣∣∣a11 + a

′
11 a12 + a

′
12

a21 a22

∣∣∣∣ =

∣∣∣∣a11 a12
a21 a22

∣∣∣∣+

∣∣∣∣a′
11 a

′
12

a21 a22

∣∣∣∣
afoÔ kai stic dÔo peript¸seic (a11 + a

′
11)a22 − (a12 + a

′
12)a21 = a11a22 − a12a21 + a

′
11a22 −

a
′
12a21. Gia thn tètarth perÐtpwsh èqoume thn akìloujh orÐzousa∣∣∣∣a11 a12

a11 a12

∣∣∣∣ .
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Ndent All�zontac thn seir� twn gramm¸n h pr¸th idiìthta ja mac èdine∣∣∣∣a11 a12
a11 a12

∣∣∣∣ = −
∣∣∣∣a11 a12
a11 a12

∣∣∣∣
pou isqÔei mìno an |A| = 0. Gia thn pèpmth èqoume∣∣∣∣ 0 0

a11 a12

∣∣∣∣+

∣∣∣∣a11 a12
0 0

∣∣∣∣ .
Apì thn prohgoÔmenh idiìthta ja p�roume |A| = 0 afoÔ

∣∣∣∣a11 a12
a11 a12

∣∣∣∣ = 0.

Prìtash 1. 'Estw ènac trigwnikìc pÐnakac A nxn, tìte h orÐzousa tou eÐnai Ðsh me to
ginìmeno twn stoiqeÐwn thc kurÐac diagwnÐou tou, dhlad 

|A| = a11a22a33 · · · ann.

Parat rhsh 3. 1. Apì thn idiìthta 3 blèpoume ìti h orÐzousa enìc pÐnaka mènei ame-
t�blhth met� apo tic stoiqeÐwseic pr�xeic   alli¸c grammopr�xeic Γi → Γi + c · Γj , (bl.
kef�laio grammik¸n susthm�twn). Epomènwc gia ton upologismì miac meg�lhc orÐzousac
mporeÐ kaneÐc mèsw ton grammopr�xewn na dhmiourg sei ìpwc k�noume kai sthn apaloif 
Gauss ènan trigwnikì pÐnaka kai sunep¸c mèsw thc parap�nw prìtashc na upologÐsei thn
orÐzousa. Akìma kai an den èrjei o pÐnakac se trigwnik  morf  p�li epofeloÔmaste afoÔ
mèsw thc dhmiourgÐac mhdenik¸n soiqeÐwn k�noume ligìterouc upologismoÔc sto an�ptugma.
Gia par�deigma h orÐzousa ∣∣∣∣∣∣

1 3 5
2 4 6
9 7 0

∣∣∣∣∣∣
met� apo tic stoiqei¸deic pr�xeic katal gei sthn∣∣∣∣∣∣

1 3 5
0 −2 −4
0 0 −5

∣∣∣∣∣∣
pou èqei orÐzousa 10.

2. Apo th mèjodo apaloif c Gauss gnwrÐzoume ìti ìtan mhdenÐzetai mia olìklhrh gramm 
met� apo tic grammopr�xeic autì shmaÐnei ìti èqoume apeirÐa lÔsewn, dhlad  ìti k�poio apo
ta dianÔsmata tou pÐnaka A, ìpou A ·X = B par�getai apo ta upìloipa epomènwc eÐnai gram-
mik� exarthmèno. Sunep¸c ènac akìma trìpoc upologismoÔ twn grammik¸n exarthmènwn
dianusm�twn eÐnai kai h eÔresh thc orÐzousac tou pÐnaka A. Ean h orÐzousa eÐnai di�forh tou
mhdenìc tìte ta dianÔsmata tou pÐnaka eÐnai grammik� anex�rthta kai epomènwc to sÔsthma
èqei mia kai monadik  lÔsh. An eÐnai Ðsh me to mhdèn tìte eÐnai grammik� exarthmèna.

Je¸rhma. 'Estw pÐnakac A nxn tìte

1. O A eÐnai antistrèyimoc ann det(A) 6= 0.

2. 'Otan o A eÐnai antistrèyimoc tìte det(A−1) =
1

det(A)
.
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Ask seic

1. Me thn paradoq  ìti h tim  thc orÐzousac tou pÐnaka A =

a b c
d e f
g h k

 eÐnai det(A) = 5,

na breÐte tic timèc twn orizous¸n

i) det(3A), ii) det(2A−1), iii) det((2A)−1).

2. Gia poiec timèc tou k oi katwtèrw pÐnakec den eÐnai antistrèyimoi?

i) A =

[
k − 3 −2
−2 k − 2

]
, ii) B =

1 2 4
3 1 6
k 3 2

.
Sumplhrwmatikìc PÐnakac

Orismìc 5. 'Estw o n× n pÐnakac A kai Aij oi proshmasmènec el�ssonec orÐzousec twn
stoiqeÐwn aij tou pÐnaka A. O pÐnakac

adjA =


A11 A12 · · · A1n

A21 A22 · · · A2n

· · · · · · · · · · · ·
...

...
...

An1 An2 · · · Ann


T

onom�zetai sumplhrwmatikìc   pÐnakac twn proshmasmènwn el�ssonwn o-

rizous¸n tou A kai ikanopoieÐ th sqèsh

A · adjA = adjA ·A = |A| · I

ìpou I eÐnai o antÐstoiqoc monadiaÐoc pÐnakac.

Par�deigma 4. 'Estw o pÐnakac A =

3 2 −1
1 6 3
2 −4 0

 . Tìte giaa na upologÐsoume ton

sumplhrwmatikì tou brÐskoume arqik� tic proshmasmènec el�ssonec orÐzousec, dhlad 

A11 = 2, A12 = 6, A13 = −16,
A21 = 4, A22 = 2, A23 = 16,
A31 = 12, A32 = −10, A33 = 16.

Epomènwc

adj(A) =

 2 6 −16
4 2 16
12 −10 16

T

=

 2 4 12
6 2 −10
−16 16 16


Je¸rhma 'Estw A ènac antistrèyimoc pÐnakac tìte

A−1 =
1

|A|
adj(A).
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Par�deigma 5. 'Estw o pÐnakac A =

3 2 −1
1 6 3
2 −4 0

 . Tìte gia na broÔme ton antÐstrofo

tou arkeÐ na upologÐsoume thn orÐzousa tou. Gia ton upologismì thc ja qrhsimopoi soume
to an�ptugma thc trÐthc gramm c gia na epofelhjoÔme kai apo to mhdèn k�nontac ligìterec
pr�xeic. 'Ara

|A| =

∣∣∣∣∣∣
3 2 −1
1 6 3
2 −4 0

∣∣∣∣∣∣ = 2 · (−1)3+1

∣∣∣∣2 −1
6 3

∣∣∣∣− 4 · (−1)3+2

∣∣∣∣3 −1
1 3

∣∣∣∣ = 2A13 − 4A32 = 64 6= 0

Sunep¸c o A antistrèfetai me

A−1 =
1

64

 2 4 12
6 2 −10
−16 16 16

 .

Mia Mèjodoc EÔreshc tou A−1

Ja perigr�youme mia mèjodo eÔreshc tou A−1, ean up�rqei, qrhsimopoi¸ntac thc stoiqei¸-
deic pr�xeic pou eÐdame sta grammik� sust mata. H perigraf  ja gÐnei mèsw sugkekrimènou
paradeÐgmatoc.
Par�deigma

1. 'Estw o pÐnakac A =

1 2 3
2 5 3
1 0 8

. TopojetoÔme ton monadiaÐo pÐnaka I3 dexi� tou A

kai èqoume ton pÐnaka

[A|I3] =

1 2 3 | 1 0 0
2 5 3 | 0 1 0
1 0 8 | 0 0 1


Stìqoc mac eÐnai autìc o pÐnakac na metatrapeÐ se anhgmèno klimakwtì pÐnaka. An
autìc o anhgmènoc klimakwtìc pÐnakac eÐnai o monadiaÐoc tìte up�rqei o antÐstrofoc
tou A kai eÐnai o pÐnakac dexi� thc diaqwristik c gramm c. An den katafèroume na
kataskeu�soume ènan anhgmèno klimakwtì pÐnaka tìte o pÐnakac A den eÐnai antistrè-
yimoc.

Dhlad  jèloume

[A|I3] ∼ [I3|A]

Epomènwc èqoume1 2 3 | 1 0 0
0 1 −3 | −2 1 0
0 −2 5 | −1 0 1

 R2 → R2 − 2R1, R3 → R3 −R1

1 2 3 | 1 0 0
0 1 −3 | −2 1 0
0 0 −1 | −5 2 1

 R3 → R3 + 2R2
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1 2 3 | 1 0 0
0 1 −3 | −2 1 0
0 0 1 | 5 −2 −1

 ; R3 → (−1)R3

1 2 0 | −14 6 3
0 1 0 | 13 −5 −3
0 0 1 | 5 −2 −1

 R2 → R2 + R3, R1 → R1 − 3R3

1 0 0 | −40 16 9
0 1 0 | 13 −5 −3
0 0 1 | 5 −2 −1

 = [I3|A−1] R1 → R1 − 2R2

Epomènwc

A−1 =

−40 16 9
13 −5 −3
5 −2 −1


2. Akolouj¸ntac thn Ðdia diadikasÐa gia ton pÐnaka

A =

 1 6 4
2 4 −1
−1 2 5



prokÔptei o pÐnakac

1 6 4 | 1 0 0
0 −8 −9 | −2 1 0
0 0 0 | −1 1 1


o opoÐoc deÐqnei ìti den up�rqei antÐstrofoc.
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