
Exis¸seic Diafor¸n

K�je sunarthsiak  exÐswsh ìpou emfanÐzetai s> aut  h anex�rthth metablht  x kai
h exarthmènh metablht  y(x) (dhlad  h agnwst  sun�rthsh) kai orismènec diaforèc thc
∆y(x),∆y2(x), . . . ,∆ny(x) onom�zetai exÐswsh diafor¸n n-t�xewc.

Sta epìmena ja gr�foume yx antÐ gia y(x).
Par�deigma

∆3yx − 2∆2yx + 5∆yx + 7yx = 3 cos x.

Anagwgikèc exis¸seic

An upojèsoume ìti yx eÐnai mia sun�rthsh, ìpou o yx+n ekfr�zetai sunart sei twn
prohgoumènwn ìrwn yx, yx+1, . . . , yx+n−1 dhlad  isqÔei

yx+n = F (yx, yx+1, . . . , yx+n−1) (1)

gia k�je x, tìte h sqèsh (??) orÐzei mia sunarthsiak  exÐswsh me �gnwsth th sun�rthsh
yx pou thn ikanopoieÐ.

H exÐswsh aut  onom�zetai anagwgik  exÐswsh n-t�xewc.
Me �lla lìgia, h anagwgik  exÐswsh eÐnai mia sunarthsiak  exÐswsh ìpou emfanÐzontai

h anex�rthth metablht  x kai orismènec diadoqikèc timèc yx, yx+1, . . . , yx+n thc �gnwsthc
sun�rthshc.

Par�deigma
yx+3 − 5yx+2 + 12yx+1 − yx = 3 cos x.

Ekfr�zontac k�je diafor� ∆kyx wc grammikì sunduasmì twn

yx, yx+1, . . . , yx+n

sÔmfwna me ton tÔpo:

∆nyx =
n∑
k=0

(−1)k
(
n

k

)
yx+n−k

h exÐswsh diafor¸n metatrèpetai se mia anagwgik  exÐswsh.
'Etsi an jèsoume

∆yx = yx+1 − yx
∆2yx = yx+2 − 2yx+1 + yx

∆3yx = yx+3 − 3yx+2 + 3yx+1 − yx

sthn exÐswsh diafor¸n tou paradeÐgmatoc

∆3yx − 2∆2yx + 5∆yx + 7yx = 3 cos x

prokÔptei:

(yx+3 − 3yx+2 + 3yx+1 − yx)
− 2(yx+2 − 2yx+1 + yx)

+ 5(yx+1 − yx) + 7yx = 3 cos x⇔
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yx+3 − 5yx+2 + 12yx+1 − yx = 3 cos x.

Katìpin toÔtwn oi exis¸seic diafor¸n kai oi anagwgikèc exis¸seic eÐnai isodÔnamec.
LÔsh: onom�zetai k�je sun�rthsh pou thn epalhjeÔei.
Genik  lÔsh: onom�zetai h lÔsh thc opoÐac o tÔpoc perièqei ìlec tic lÔseic.

Par�deigma

1. H sun�rthsh yx = 3x eÐnai lÔsh thc exÐswshc

yx+2 − 2yx+1 − 3yx = 0

diìti
3x+2 − 2 · 3x+1 − 3 · 3x = 9 · 3x − 6 · 3x − 3 · 3x = 0.

2. H genik  lÔsh thc exÐswshc

yx+2 − 5yx+1 + 6yx = 0

eÐnai (ìpwc ja apodeÐxoume argìtera) h

yx = c1 · 2x + c2 · 3x.

Grammikèc anagwgikèc exis¸seic
me stajeroÔc suntelestèc

Genik  mìrfh:

anyx+n + an1yx+n−1 + · · ·+ a0yx = β(x) (1)

Omogen c an β(x) = 0, dhlad 

anyx+n + an1yx+n−1 + · · ·+ a0yx = 0 (2)

Qarakthristikì polu¸numo

P (λ) = anλ
n + an−1λ

n−1 + · · ·+ a1λ+ a0

Qarakthristik  exÐswsh
P (λ) = 0

EpÐlush thc omogenoÔc (??)

Me th bo jeia thc qarakthristik c exÐswshc brÐskoume tic basikèc lÔseic kai h
genik  lÔsh ja dÐnetai wc grammikìc sunduasmìc aut¸n.

EÔresh twn basik¸n lÔsewn.

1. An λ eÐnai apl  pragmatik  rÐza thc qarakthristik c exÐswshc tìte h sun�rthsh λx

eÐnai basik  lÔsh.
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2. An λ eÐnai pragmatik  rÐza pollaplìthtac k thc qarakthristik c exÐswshc tìte oi
sunart seic:

λx, xλx, . . . , xk−1λx

eÐnai basikèc lÔseic.

3. An λ = α + βi eÐnai migadik  rÐza thc qarakthristik c exÐswshc tìte ja eÐnai rÐza
kai h suzug c thc λ = α− βi.
Gi' autèc tic dÔo prèpei na broÔme dÔo basikèc lÔseic.

Gr�foume
λ = ρ(cos θ + i sin θ)

(trigwnometrik  morf  migadikoÔ arijmoÔ).

Tìte oi basikèc lÔseic pou antistoiqoÔn stic λ, λ eÐnai oi:

ρx cos θx kai ρx sin θx

ParadeÐgmata

1.

2yx+3 + 3yx+2 − 8yx+1 + 3yx = 0

P (λ) = 2λ3 + 3λ2 − 8λ+ 3 = 0⇔

λ =
1

2
  λ = 1   λ = −3.

'Ara,

yx = c1

(
1

2

)x
+ c2 (1)x + c3 (−3)x .

2.

yx+3 + 7yx+2 + 16yx+1 + 12yx = 0

P (λ) = λ3 + 7λ2 + 16λ+ 12 = 0⇔
λ = −2 dipl    λ = −3.

'Ara,
yx = c1(−2)x + c2x(−2)x + c3(−3)x

3.

yx+3 − 4yx+2 + 4yx+1 − 3yx = 0

P (λ) = λ3 − 4λ2 + 4λ− 3 = 0⇔

λ = 3   λ =
1

2
+

√
3

2
i   λ =

1

2
−
√

3

2
i

Metatrop  thc λ = 1
2

+
√
3
2
i se trigwnometrik  morf .
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Genik� isqÔoun gia λ = α + βi

α = ρ cos θ
β = ρ sin θ

}
⇔
{

ρ =
√
α2 + β2

tgθ = β
α

ìpou ρ > 0 kai θ ∈ [−π, π].
'Etsi ed¸ eÐnai:

ρ =

√√√√(1

2

)2

+

(√
3

2

)2

= 1

tgθ =

√
3
2
1
2

=
√

3⇒ θ =
π

3

(afoÔ (1
2
,
√
3
2

) an kei sto pr¸to tetarthmìrio).
'Ara,

yx = c13
x + c21

x cos
π

3
x+ c31

x sin
π

3
x

Ask seic
BiblÐo : Apeirostikìc Logismìc, Tìmoc 2.
Lumènec : 14�20
'Alutec : 21�34

Grammikèc mh omogeneÐc exis¸seic
me stajeroÔc suntelestèc

anyx+n + an−1yx+n−1 + · · ·+ a0yx = β(x)

ApodeiknÔetai ìti:
yx = y0x + ψx

ìpou
yx: genik  lÔsh thc mh omogenoÔc,
y0x: genik  lÔsh thc antÐstoiqhc omogenoÔc,
ψx: mia merik  lÔsh thc mh omogenoÔc.

EÔresh thc ψx

1h perÐptwsh β(x) = α · γx.
Tìte,

ψx =


c · γx,

an γ den eÐnai rÐza thc

qarakthristik c exÐswshc.

c · xk · γx,
an γ eÐnai rÐza pollaplìthtac

k thc qarakthr. exÐswshc.

ParadeÐgmata
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1. yx+3 − 3yx+2 + 3yx+1 − 2yx = 2 · 3x.

P (λ) = λ3 − 3λ2 + 3λ− 2 = 0⇔

λ = 2   λ =
1

2
+

√
3

2
i   λ =

1

2
−
√

3

2
i

Opìte λ = 1
2

+
√
3
2
i⇔ λ = cos π

3
+ i sin π

3
kai

y0x = c12
x + c2 cos

π

3
x+ c3 sin

π

3
x.

'Euresh thc ψx = c · 3x

'Eqoume

c3x+3 − 3c3x+2 + 3c3x+1 − 2c3x = 2 · 3x ⇔

7c3x = 2 · 3x ⇔ c =
2

7
.

'Ara,

ψx =
2

7
3x

kai telik�

yx = c12
x + c2 cos

π

3
x+ c3 sin

π

3
x+

2

7
3x.

2. yx+3 − 7yx+2 + 16yx+1 − 12yx = 8 · 2x.

P (λ) = λ3 − 7λ2 + 16λ− 12 = 0⇔
λ = 2 dipl  rÐza   λ = 3.

'Ara,
y0x = c12

x + c2x2x + c33
x.

EÔresh thc ψx = c · x2 · 2x

'Eqoume,

c(x+ 3)22x+3 − 7c(x+ 2)22x+2 + 16c(x+ 1)22x+1

− 12cx22x = 8 · 2x ⇔
8c(x2 + 6x+ 9)− 28c(x2 + 4x+ 4)+

32c(x2 + 2x+ 1)− 12cx2 = 8.⇔

72c− 112c+ 32c = 8.

'Ara, c = −1 kai ψx = −x22x,
opìte telik�

yx = c12
x + c2x2x + c33

x − x22x.

2h perÐptwsh β(x) = axt. ìpou t ∈ N∗.
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Tìte, ψx = xk ·Q(x). ìpou Q(x) eÐnai polu¸numo bajmoÔ t kai k o el�qistoc fusikìc
arijmìc gia ton opoÐo h sun�rthsh xk den eÐnai lÔsh thc antÐstoiqhc omogenoÔc.

ParadeÐgmata
1. yx+2 − 4yx+1 + 4yx = x2.

P (λ) = λ2 − 4λ+ 4 = 0⇒
λ = 2 dipl  rÐza.

'Ara, y0x = c12
x + c2x2x.

EÔresh thc ψx = x0(Ax2 +Bx+ Γ)

'Eqoume,

A(x+ 2)2 +B(x+ 2) + Γ−
4
(
A(x+ 1)2 +B(x+ 1) + Γ

)
+

4(Ax2 +Bx+ Γ) = x2 ⇔
A(x2 + 4x+ 4) +Bx+ 2B + Γ−

4A(x2 + 2x+ 1)− 4Bx− 4B − 4Γ+

4Ax2 + 4Bx+ 4Γ = x2 ⇔
A = 1

−4A+B = 0
−2B + Γ = 0

 ⇔


A = 1
B = 4
Γ = 8


'Ara ψx = x2 + 4x+ 8,

opìte telik�
yx = c12

x + c2x2x + x4 + 4x+ 8.

2. yx+2 − 4yx+1 + 3yx = x.

P (λ) = λ2 − 4λ+ 3 = 0⇒
λ = 1   λ = 3.

'Ara, y0x = c1 + c23
x.

EÔresh thc ψx = x1(Ax+B) = Ax2 +Bx)

'Eqoume,

A(x+ 2)2 +B(x+ 2)−
4
(
A(x+ 1)2 +B(x+ 1)

)
+

3(Ax2 +Bx) = x⇔
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A(x2 + 4x+ 4) +Bx+ 2B−
4A(x2 + 2x+ 1)− 4Bx− 4B+

3Ax2 + 3Bx = x⇔

− 4Ax− 2B = x⇔ A = −1

4
, B = 0

'Ara, ψx = −1

4
x2,

opìte telik�

yx = c1 + c23
x − 1

4
x2.

3h perÐptwsh
Sunduasmìc twn duo prohgoÔmenwn.

Par�deigma

yx+3 − 6yx+2 + 11yx+1 − 6yx = 4x+ 3 · 2x − 5x.

P (λ) = λ3 − 6λ2 + 11λ− 6 = 0⇒
λ = 1   λ = 2   λ = 3

'Ara, y0x = c1 + c22
x + c33

x.

EÔresh thc ψx = x(Ax+B) + Γx2x + ∆5x

= Ax2 +Bx+ Γx2x + ∆5x.

'Eqoume,

A(x+ 3)2 +B(x+ 3) + Γ(x+ 3)2x+3 + ∆5x+3−
6A(x+ 2)2 − 6B(x+ 2)− 6Γ(x+ 2)2x+2 − 6∆5x+2+

11A(x+ 1)2 + 11B(x+ 1) + 11Γ(x+ 1)2x+1 + 11∆5x+1

− 6Ax2 − 6Bx− 6Γ2x − 6∆5x = 4x+ 3 · 2x − 5x ⇔
4Ax− 4A+ 2B − 2Γ2x + 24∆5x = 4x+ 3 · 2x − 5x ⇔

A = 1, B = 2 Γ = −3

2
,∆ = − 1

24
.

Opìte,

yx = c1 + c22
x + c33

x + x(x+ 2)− 3

2
x2x − 1

24
5x.

Ask seic Lumènec: 21-26. 'Alutec: 35-43.

Arqikèc sunj kec

Na brejeÐ h lÔsh thc exÐswshc

yx+2 − 5yx+1 + 6yx = 0

ìtan y0 = 3 kai y1 = 11.
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LÔsh. Arqik� brÐskoume th genik  lÔsh :

yx = c12
x + c23

x

kai èpeita efarmìzontac s> aut  tic arqikèc sunj kec upologÐzoume tic stajerèc.

c12
0 + c23

0 = y0 ⇔ c1 + c2 = 3

c12
1 + c23

1 = y1 ⇔ 2c1 + 3c2 = 11

LÔnontac to sÔsthma prokÔptei:

c1 = −2

c2 = 5

'Ara
yx = −2 · 2x + 5 · 3x.
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