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Preface 

The purpose of this book is to help to increase students’ facility in integration. 

There are plenty of exercises in this book. The exercises are graded, and most 

types of exercise have a worked example with a full commentary to provide 

assistance. 

I would like to thank the authors of New General Mathematics, Messrs J B 

Channon, A McLeish Smith and H C Head, for allowing me to use their text 

for the sections on maxima and minima and for curve sketching, Rosemary 

Emanuel for checking the manuscripts and her many helpful suggestions, Sue 

Maunder for checking the answers and Addison Wesley Longman for their 

speed in producing this book. 

The responsibility for any errors is mine. 

Hugh Neill 

March 22, 1997 



1 How to use this book 

Assumptions made 

This is a book which is designed to help you to learn the integral calculus by giving 
you a number of carefully worked examples, and then problems based on them. 

The assumption is that you are not a beginner, and that you have been taught some 

calculus already. Thus, no theory is given; if you need to know more, then you 

should consult your calculus book and your teacher. 

At the beginning of each chapter, there is a list of work which you should have 

studied before commencing work. 

Most of the techniques are introduced in the context of polynomials, so that the first 

six chapters contain most of the ideas and techniques for using integration. Chapters 

7 to 10 are about methods of integration; in chapters 11 to 14 you can apply the 

techniques of the earlier part of the book in the context of more advanced functions. 

Learning a technique 

Suppose that you need to learn how to carry out a particular technique. Look for the 

chapter which includes the technique, check that you have covered the theory, and 

then study the worked examples carefully, preferably with a pen in your hand. 

Write down the steps as you go, and check each step carefully. Ask yourself: Why 

was this particular step chosen? Do I agree with the working? Why is it like that? 

Remember that mathematics is not disconnected, and if you can learn the general 

principles behind calculus, you will make better progress in other areas of the 

subject. 

Trying the exercises 

If you get stuck with a particular exercise, then look back at a worked example 

similar to the one you are having difficulty with, and try to isolate the place where 

you are having the problem. 

Look at the answer. Sometimes, but not always, the general form of the answer can 

give you a clue. Remember that sometimes there can be different forms of the same 
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answer, and it may be that your answer is correct, but you do not recognise it as 

such. 

There are plenty of exercises in the book. Do as many as you need to perfect a 

technique. 

Short cuts 

In many cases the examples are worked in more detail than you need to give in a 

solution. If you can skip lines, go ahead; but don’t make errors by doing so! It is 

better to write more steps, and to get the solution correct, than to skip steps, get 

things wrong and subsequently lose confidence. 

Answers 

Answers are given, but in some cases where the answer given may be in a form 
different from yours. If that is so, and you cannot reconcile your answer with that in 
the book, you should seek help. 



2 Integrating powers and polynomials 

You will need to know 

e how to differentiate powers of x and polynomials usng the formula y = kx”, 

ie nkx""! 
dx 

n+] 

j + C, where C is a constant, for integrating x", n#—-1. e@.the formula 
n+ 

You may find it helpful to think of the integration formula as, ‘Raise the power by 

one, and divide by the new power’. 

1 ‘Find the functions which differentiate to give x", 3x. 

n+l 
x : ie 

Use the +C rule with n=4. | The required function is tx +C. 
sie 

xnt! 

Use the rule on x? with The required function is 3 x tx? +C, or 
n+ ; 

n=2, and multiply the result by 3. | * +©- 

Do not forget the constant. 

1 5 ee 
2 Integrate —, 4x - a 

os x 

med i 2 
Write — as a power of x. +z =x 

x x 

xn! 5 x 

Use the +C rule with n=-2. ies dx=—— + C.. 
n+l =! 

es, -l Simplify the result. on ee. Zee al 2 

_ x 
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From this point onwards, the answers will usually be given in the eC 

1 
form, rather than the -—+C form. 

x 

3 Find [xP ax, [ve ax, [e- 
x 

n+l 
x aie: 2 

rule on x? with [x?ar=4-+C 

W 

Use the 
n+ 

To find [vax write sx asa [ve ax= ee Oe 

n+l 

rule x power of x. Then use the ii 
n+1 = 

Uy tr 
on x? with n=. 

intermediate steps in detail. 

This int ti h th is integration shows the [ Fe-2/ ate 

x 

= 22x? iC: 

4 Find J(? -2x—3)dx. 

You integrate a sum of functions by integrating them separately, then adding. 



Integrating powers and polynomials 

n+l 2 
Use the ~ i rule on each term of I(« ~2x— 3) dx 

n+ 

(ia aie = [x?dx—2f xdx—3f dx 

=4x9-2x4x?-3xx+C 

a4? x? -3x+C. 

D 
5. Pad f(2?-1) de 

You cannot integrate this function as it stands, but you can carry out the 

squaring to get a polynomial function, which you can integrate. 

Square ise - 1), and then integrate. lhe L 1) dx = I(=" 9x74 1) dx 

=4x°-2 0° 4x4C. 

As in Example 5, you cannot integrate this function as it stands, but you can 

divide to get a sum of functions, each of which you can integrate. 

eee ad 2 4 + Divide x +1 by x* and then [ Para [(x + Jax 

integrate. x x 

= [x d+ fx? ae 

atx? -xT +C. 

In the worked examples, many steps have been put in, some of which you may wish 

to omit. This is fine, but when you have an integral always check by differentiation 

that it is correct. This is the basis of a method called ‘Guess and check’, which is 

very useful. 
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Exercise 2 

Find the functions which differentiate to give the following functions. 

_ 

Find the following integrals. 

7, 

19 

21 

23 

25 

27 

29 

S| 

J] 

a Hs) 

37 

39 

[3x9 ax 

ee +x? +x+1)dx 

[(6x° 24x" 2x +3)dx 

pee 

4 x‘ 

6 3x 

8 2x 

128 5 
12s 

1 lg 
x? 

1 i 
x° 

18 fixtade 
3 20 [-4e 

22 foax 

24 f(r+nax 

26 [(2-ox)ax 

28 J (ox? +8)ax 

30 [(2+S)ex 
Ou 

320 f(gttdetatd 

34 [G8 -42)ax 

= 6 6 36 Sea 
{(2 x? x4 

38 fax? ax 

40 [2x ax 



41 

43 

45 

47 

49 

51 

53 

55 

a7 

59 

fax! dx 

[rae 

[ave ax 

eae 
J (2x +3)(3x + 2)dx 

| Gx-e+Iax 

[ve(e+2)ax 

| (ery 
Xx 

[Pea 

1 3 
z z {2 sb An 

Xx 

Integrating powers and polynomials 

m 
[x 3 dx 

Ee 
[sire 
f(e+2)? ax 

(ee 
[28(e+2)dx 

[ve(voe +1) ax 

[fe 

[oxo Py 
x? 



3 Finding the constant 

You will need to know 

how to integrate powers and polynomials 

how to use given information to find the value of the constant of integration. 

e @ 
The variables p and q are related by the equation oa =2q+4. When g=-2, 

q 

p =3. Find the relation between p and q. 

dp The equation 1 = 2q+4 is an example of a differential equation, which are 

treated in more detail in Chapters 13 and 14. In the examples in this chapter 

you can solve the differential equation directly. 

Integrate “2 =2q+4. 
dq 

Substitute g=-—2, p=3 to find C. 

Present the result. 

f 2 -2924 
dq 

p=q' +4q+C. 

When g=-2, p=3,s0 

3 =(-2)’ +4x(-2)+C 

=4-8+C 

=-4+C 

SOG = se 

The relation is p= q° +4q+7. 

The gradient at any point of a curve is given by 2 = 6x? +10x—7. The curve 

passes through the point (—3,7). Find the equation of the curve. 



Integrate oy =6x +10x—7. 
dx 

But (—3,7) satisfies this equation, so 
substitute x =-3, y=7 to find C. 

Present the result. 

Finding the constant 

If ee Or ST 
dx 

y = 2x? +5x7—-7Tx+C. 

(—3,7) lies on the curve, so 

1=2x(53)) +5x(—3)— 7x{—3)+C 
=—-54+454+21+C 

=12-+4C 

so C=-5. 

The equation is y = 2x? +5x? —7x—5S. 

A straight line with gradient 2 passes through the point (1,3). Find the equation 

of the line. 

Use the fact that gradient = “ , and 

integrate. 

But (1,3) satisfies this equation, so 

substitute x =1, y=3 to find C. 

Present the result. 

If gradient = 2, then ale 2, so 
dx 

y=2x+C. 

(1,3) lies on the line, so 

3=2x1+C 

=i 

so C=i5 

The equation is y=2x +l. 

Exercise 3 

If u and v are two variables such that “ = 4y—3, and u=5 when v=2, find 
v 

u in terms of v. 

Find the equation of the curve whose gradient is given by 2x+3, and which 

passes through the point (2,3). 
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3 

13 

14 

15 

16 

10 

Find the equation of the line with gradient 3 which passes through the point 

(-1,4). 

Two variables w and wu are such that a = 9u? +6u—3. If w=—-16 when 
Uu 

u =-3 find w in terms of u. 

A line passes through the point (5,—-2), and its gradient is —3. Find the 

equation of the line. 

A curve passes through the point (4,—3), and its gradient is given by 2—x. 

Find the equation of the curve. 

The point (2,8)lies on a curve whose gradient at any point is given by 

3x +6. Find the coordinates of the point on the curve at which the gradient is 

zero. 

The gradient of a curve at any point is given by x? —2. Find the equation of 

the curve, given that the point (—1,3) lies on it. 
A curve passes through the point (1,3), and its gradient at any point on it is 

I Pt ‘ 
given by 2x ——. Find the equation of the curve. 

x 

The gradient of a curve at any point is 5—6x. Find the equation of the curve 

if it passes through the point (1,2). 

Find the equation of the curve which passes through the point (2,—8), and 

whose gradient at any point is given by 5 Pe Tey 

If a curve passes through the point (—1,4), and its gradient at any point is 

2x —1, find the coordinates of the point on the curve at which the gradient is 

=. 

A curve passes through the point (2,7), and its gradient is given by 

3+ 8x —6x°. Find the equation of the curve. 

A curve passes through the point (—4,-6), and its gradient is given by 

2x +3. Find the points where the curve crosses the x-axis. 

The gradient of a curve is given by ax" dee Find the equation of the 
x 

curve if the point (2,—4) lies on it. 

: dy ; : i 
A curve for which re = 3x passes through the point (4,6). Find its 

equation. 



4 Kinematics 

You will need to know that, if s, v and a stand for displacement, velocity and 

acceleration, then 

e pets, 0) s= [var 
dt 

dv 
® a=—~,s0 v= fade. 

dt 

1 A particle moves in a straight line, and its velocity after t seconds is 

ce —3t- 2) ms-!. The displacement of the particle from a fixed point is s 

metres after t seconds, and s=10 when t =6. Find the formula for s in terms 

of ¢. 

ds ‘ 
Use v = — to find an expression for 

the displacement s. 

Use the fact that s=10 when t=6 

to find the constant. 

Present the result. 

sees, so s= [var 
dt 

c= ((? —3¢-2)dt 

wiih dik 38 he Se be ett Ct 

When t=6, s=10 so 

10=4x6° -3x6* -2x6+C 

=72-54-12+C 

=6+C 

giving C=4. 

Therefore s = 1) -37° —2t+4. 
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A particle moves in a straight line with a constant acceleration of 3 m s. If its 

velocity after t seconds is v m s |, find v in terms of ¢, given that the velocity 

after 2 seconds is 13 ms”. 

dv ‘ 
Use a= a to find an expression for 

t 

the velocity v. 

Use the fact that v=13 when t=2 

to find the constant. 

Present the result. 

pas x0) v= fad 
dt 

v= [3d¢ 

=3t+C. 

When t—=2. w= 13 so 

13=3x2+C 

=6+C 

giving C=7. 

Therefore v = 3t+/7. 

A particle moves in a straight line in such a way that its velocity after t seconds 

is (2t+5)ms_'. Find the distance travelled in the first 4 seconds. 

ds : : 
Use v= iG to find an expression for 

t 

the displacement s. 

Find expressions for the 

displacement when t = 0 and when 

Cae 

Find the difference between these to 

find the distance travelled. 

d 
st a so s= [var 

dt 

s= | (2r+5)dr 

=f? +5t+C. 

When 4= 0.755 3G. 

When t= 4, 

§=4745x44+C=36+C. 

The distance travelled is 

36+ C—C = 36 metres. 



Kinematics 

The acceleration ams~ of a particle moving in a straight line is given by 

a=6t—2. At time t=0 the velocity is 3ms/! and the displacement is 2 m. 

Find the velocity and displacement when t = 3. 

dv ; 
Use a= ee to find an expression for 

the displacement v. 

Use the fact that when t=0, v=3 

to find the constant C. 

ds ; : 
Use v= ee to find an expression for 

t 

the displacement s. 

Use the fact that when t=0, s=2 

to find the constant C,. 

Finally, substititue ¢=3 into the 

expressions for velocity and 

displacement. 

Aoi x0) v= fade 
dt 

v= fadr= | (6r-2)d1 

= 3 = 254 

When t=0, v=3 so, substituting in 

the equation v = 3? —2r+C, 

3=3x0?—-2x0+C or C=3. 
Therefore v = 3t? —2r+3. 

sens so s=|vai 
dt 

s= (Gr —2r+3)dt 

=P 1? +3t+G. 

When t=0, s=2 so, substituting in 

the equation s =r? — 17 + 3t+ Ci; 

22073 044 3X04 Gror’ EG, = 2: 

Therefore s =t? —t? +342. 

When t=3, v=3xX3*-2x3+3=24 
and s = 3° —3? +3x3+2=29. 
Therefore at time 3 seconds the velocity 

is v=24ms_' and the displacement is 

29 m. 

13 
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Exercise 4 

A particle moves in a straight line, and its velocity after t seconds is given by 

(36—4t)ms~'. The displacement of the particle from a fixed point after 

t seconds is s metres, and s = 40 when t =1. Find s in terms of t. 

A particle is projected from a point A in the line, and its velocity after 

t seconds is (48 —3t) cm s |. If its displacement from A at tf seconds is s cm, 

find s in terms of t. Hence find the time which elapses before the particle is 

back again at A. 

A particle moves along a straight line in such a way that its acceleration after 

t seconds is (2¢+1) cm s*. If its velocity after t seconds is vcms ’, find v 

in terms of t, given that v=11 when t=2. 

A particle is moving in a straight line in such a way that its velocity after 
1 

t seconds is (207 - t) ms. Find the distance gone in the first 3 seconds. 

A body is projected vertically into the air, and its upward velocity after 

t seconds is (147—9.8t) ms’. If its height after t seconds is A metres, find 

the formula for / in terms of ¢. Find also the greatest height reached. 

A body is moving along a straight line, and its acceleration after t seconds is 

(9-4t) cm s *. Its velocity after t seconds is vcms_', and its initial velocity 

is 3cms_’. Find v in terms of t. 

A particle moves a long a straight line AB, starting from A, and its velocity 

after t seconds is (12 -41°) ms. If s metres is the distance it has gone after 

t seconds, find s in terms of t. Find also the time that elapses before the 

particle comes to rest, and its distance from A at that instant. 

A particle is projected into the air in such a way that its velocity after 

t seconds is (307 —4¢+1)m s |. The distance of the particle from a fixed 

point A in the line is s metres after t seconds, and s=5 when t=2. Find the 

distance of the particle from A (i) initially, (ii) after 1 second, and (iii) after 

4 seconds. 

A body is projected vertically into the air with an initial velocity of 

58.8 m — and the constant acceleration due to gravity is 9.8 m s. If the 

velocity after t seconds is vm s', find v in terms of ¢. Find also h in terms of 

t, where h metres is the height after t seconds. Hence find the height after (i) 

5 seconds, (ii) 7 seconds. What do these last two results imply? 



5 Calculating area 

You will need to know 

the meaning of definite integrals and how to calculate them 

b 
that the area of the region shown shaded in Fig. 5.1 is given by | ydx or 

a 

fico dx 

Fig. 5.1 

b 
that the area of the region shown shaded in Fig. 5.2 is given by [zu or 

fi (y) dy 

Fig. 3.2 

b 
that if the region corresponding to the integral | ydx lies below the x-axis, then 

a 

the integral is negative 

b 
that if the region corresponding to the integral [oy lies to the left of the 

a 

y-axis, then the integral is negative. 

15 
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5 
1 Find the definite integral } x? dx. 

2 

upper and lower limits and subtract 

5 5 
Evaluate the integral, substitute the i} x dx= 4x3] 

the results. 5 

3 
2 Find the definite integral | ade 

=6 x 

3 =a _ 
Evaluate the integral, substitute the i wie dx = } x? dx= [=x] 

upper and lower limits and subtract - 

the results. ay. ¥ 4 ory 1 \ 
ht ren Feo Oa)-(-3) ee 

2 
3 Find the definite integral fra. 

4 

Evaluate the integral, substitute the } is dx = E x i 

upper and lower limits and subtract 

the results. This is still correct even 

though the upper limit is smaller =2-8=-6. 

than the lower limit. 

4 Find the area of the region bounded by the curve y = 3x? —4x +2, the x-axis and 

the lines x = 2-.and x=5. 

16 



Draw a sketch of the required region, 

shown in Fig. 5.3. It is important to 

draw such a sketch diagram, because 
b 

to use the formula [f()ax the 
a 

whole region must lie above the x- 

axis, as in Fig. 5.1. 

b 

Use the formula f(x) dx to find the 

area; the limits are the appropriate 

values of x. 

Calculating area 

y= 3x7- 4x +2 

Fig. 5.3 

The area = [ (ax 4x +2)dx 
2 

= ie La +2x] 

=(5°-2x5? +2xS5] 

— (2° -2x 27 +2x2} 

= 85-—4=81 units. 

You do have to draw a sketch. If part of the area is below the x-axis the formula 
b 
or does not work in the way you expect. 

5 Find the area of the region lying between the curve y=18+ 3x — x? and the x- 

axis. 

Draw a sketch of the required region, 

shown in Fig. 5.4. 

Fig. 5.4 

17 
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Find where the graph cuts the x-axis 

by solving the equation 

18+3x-x* =0. 

b 
Use the formula [t(xJax to find the 

a 

area. 

Draw a sketch of the required region, 

shown in Fig. 5.5. 

The graph cuts the x-axis where 

18+3x—x* =0, that is 
x? —3x-18=0 

(x -—6)(x+3)=0 

SO. == 5.0L ua 0- 

The area = [/ (I8+3x-2?)ax 

=[tex+ ge? -42°7, 
=(18x6+3x6? -1x6’) 

-(I8x(-3)+3x(-3)? -4x(3))) 
=90-(-314)=1214. 

Find the area of the region lying between the curve y = x? and the line y=4x. 

y 

Fig. 5.5 

The strategy is to carry out an ‘add and subtract’ calculation to find the area 

between the curves. But first you need to find where the curves intersect. 

To find where the curves intersect, 

solve the equations y = x” and 

y =4x simultaneously. 

18 

y=x? meets y =4x when 

x’? —4x=0, that is, x(x-4) =0 

SOl = Osan aie 



Calculating area 

To find the area under the straight line, you can either use the formula for the 
4 

area of a triangle, or you can calculate the integral } 4xdx. 
0 

4 

Usetheiomnnt I ade tot the 
0 

4 

area under the line, and | x dx to 
0 

find the area under the curve, then 

subtract. 

Area under the line 
4 > 4 

= [4xax=[2x leas: 
0 0 

Area under the curve 

= ft ar=[bx'] = 
= 64 2 Required area = 32 —=* == =10 

wt 

Alternatively, in Example 6 you could find the area of the triangle OAB in Fig. 5.5 

by using 4x base x height and get the area under the line as 5x 4x16 =32. 

7 Find the area of the region lying between the curve y = x” — 6x and the x-axis. 

Draw a sketch of the required region, 

shown in Fig. 5.6. 

Find where the graph cuts the x-axis 

by solving the equation x* -6x=0. 

b 
Use the formula ff (x) dx to find the 

a 

area. 

y 

Figs 5:6 

The graph cuts the x-axis where 

x* —6x=0, that is x(x-6)=0 

oy 22 S0) OF? SOx 

19 
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_ 

io) 

io) 

| 

\—) 

11 

Since the area is below the x-axis The required area is 36 units. 

you must expect the result to be 

negative. 

Find the area of the region lying between the curve y = /x and the y-axis 

between y=1 and y=4. 

Draw a sketch of the required region, 

shown in Fig. 5.7. 

Fig. 5.7 

4 : Pt: =e. ‘ 

Use the formula [ say to find the | Since y=Vx, x= y”, so required area 
1 4 4 

= 2 he 3 
area. =| y dy=[4y | 

=($x4°)-(4x1°) =21. 

Exercise 5 

In questions | to 14 evaluate the following definite integrals. 
2 4 
} x’ dx 2 } xi dx 
I 2 
5 eee 

[2xax 4 | at OR 
3 4 
4 8 

[5xax 6 i} 3dx 
6 3 
Sa 3 
} 9x* dx 8 } 8x? dx 
0 0 
2 5 2 

UN 10 Sie 
1x Ax 

6 3 
[(ox+2)ax 12 [ (6x? -4x+1)ax 

0 

20 



Calculating area 

6 1 1 , 

13 x+— |dx 14 | (3x*-6x-4)dx 
x 4 

In each of the questions 15 to 37, draw a rough sketch of the region involved. 

15__ Find the area of the region enclosed between the curve y= x, the x-axis and 

the lines x =1 and x =3. 

16 Find by integration the area of the region bounded by the straight line 
y =2x-—1, the x-axis and the lines x =3 and x=6. 

17 Find the area of the region lying between y=3x* —2 and the x-axis, for 

values of x from 1 to 3. 

18 Find the area of the region lying between y = 2x? —5x+6 and the x-axis, for 

values of x from | to 3. 

19 _ Find the area of the region lying between y= x’ —2x+l, the x-axis, and the 

line x=5. 

20 Find the area of the region enclosed by the curve y = ~x? +7x—10 and the x- 

axis. 

21 Find the area of the region enclosed by the curve y=104+3x—- x? and the x- 

axis. 

22 Find the area of the region lying between y= 4x? +5 and the x-axis, for 

values of x from 3 to 4. 

23 Find by integration the area of the region bounded by the curve 

y= 3x? —12"+ 16, the x-axis, the y-axis and the line x =5. 

1 : 
24 Find the area of the region bounded by the curve y= 2x +-—,, the x-axis and 

x 

the lines x =2 and x=5S. 

25 Find the area of the region lying between the curve y = —x* +8x—7 and the x- 

axis. 

26 Find the area of the region enclosed by the two axes, the line x =6, and the 

curve y=x? +4x41. 
2 

27 Find the area of the region bounded by the curve y=6+5x—x* and the x- 

axis. 

28 Find the area of the region lying between the curve y= x? and the strai ght line 

y=—-4x. 

29 Find the area of the region lying between the curves y = x? and y= +x? from 

the origin up to the line x=6. 

a 
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30 

31 

32 

33 

34 

35 

36 

37 

94 

Find the area of the region which is bounded by the curve y = x 2% +6 and 

the line y=3x+2. 

Find the area of the region which is bounded by the curves y = 2x? —x+4 and 

y= peo god fe 

Calculate the area of the region between the curve y= x? —7x+10 and the x- 

axis. 

Calculate the area of the region between the graph of y= , os 117 6 

the x-axis and the lines x =1 and x =3. Interpret your answer. 

Calculate the area of the region between the graph of y= <x" 6x + 117-6, 

the x-axis and the lines x =1 and x =2. 

Calculate the total area of the region cut off the graph of 

y=x>-6x" +11x-6 by the x-axis and the lines x =1 and x =3. 

Calculate the area of the region between the graph of y= x?, the y-axis and 

the line y=1. 

Calculate the area of the region between the graph of y= x3, the y-axis and 

the line y=1. 



6 Volumes of revolution 

You will need to know 

e@ that you obtain a volume of revolution by rotating a curve about an axis 

b 
@ that the volume of revolution shown in Fig. 6.1 is given by | y* dx 

a 

Fig. 6.1 

e@ that the volume of a similar volume of revolution formed by rotating a curve 
b 

around the y-axis is given by | x? dy. 
a 

1 Thecurve y* = 6x is rotated about the x-axis. Find the volume generated by that 

part of the curve which lies between x =1 and x =4. 

It is not essential to draw a figure for volumes of revolution, because they 

always come out as positive numbers. 

b 4 
Use the formula | y* de. Volume = | y* dx 

a 1 

: ; 4 Substitute for the value of y from nde j ek 

the equation of the curve. 1 

= n[3x?] 
1 

=1(3x 4?)—2(3x1) 

= 487 — 3m = 452. 

23 



Help yourself to integration 

Present your result. The required volume is 457 units. 

Note that it is usual to leave the factor 7 in your results. 

2 

24 

Find the volume generated by rotating about the x-axis that part of the curve 

xy =2 which lies between the lines x =2 and x=8. 

b 
Use the formula 7 | y? dx. 

a 

Substitute for the value of y from 

the equation of the curve. 

Present your result. 

ae 
Volume = x y~ dx 

2 

The required volume is 30 units. 

Find the volume generated by rotating about the y-axis that part of the curve 

y =x’ which lies between x =0 and x =2. 

b 

Use the formula | x4 dy; the 
a 

limits are appropriate values of y. 

o.4 Volume = x x” dy 
0 



Volumes of revolution 

} 4 
Substitute for the value of x from the =| ydy 

equation of the curve. ’ 

“fe 22 NG 

2 4 
= 1| — |-2(0 [F]-m0 
= 87 

Present your result. The required volume is 87 units. 

Exercise 6 

In the following questions, do not substitute for 7. 

1 

10 

The curve y =5x-+2 is rotated about the x-axis. Find the volume generated 

by that part of the curve which lies between x =2 and x =4. 

Find the volume generated by rotating about the x-axis that part of the curve 

y= +x? which lies between the origin and x = 3. 

Find, by integration, the volume of the cone formed by rotating about the x- 

axis the line y=2x for values of x from 0 to 5. Check by calculating the 

volume of the cone using the usual formula. 

6. Sor 
The curve y=— is rotated about the x-axis. Find the volume generated for 

x 
values of x from 2 to 9. 

The equation x + y? = 9 represents a circle of radius 3 units, with its centre 

at the origin. By integrating between x =—3 and x =3, find the volume of a 

sphere of radius 3 units. 

Find, by integrating, the volume of a frustum of a cone formed by rotating 

about the x-axis the line y= tx for values of x from 3 to 6. 

Find the volume generated by rotating about the x-axis that part of the curve 

y= x? — x which lies between its intersections with the x-axis. 

The curve x? —y” =4 is rotated about the x-axis. Find the volume generated 

by that part of the curve which lies between x =3 and x= 4. 

The equation x? + y? = 16 represents a circle of radius 4 units, with its centre 

at the origin. Find the volume of a zone of a sphere of radius 4 units, cut off 

by parallel planes at distances | unit and 3 units from the centre. 

The part of the curve y= x? —x-2 between the points where it cuts the x- 

axis is rotated about that axis. Find the volume so generated. 

pe. 



Help yourself to integration 

11 

12 

13 

14 

26 

A wooden cylinder has a radius of 4 units and height 2 units. Its axis lies 

along the positive x-axis, and one end of the axis is at the origin. A lathe cuts 

out of this cylinder a shape equivalent to the volume of revolution formed by 

the curve y= x? between x=0 and x=2. Find the volume of wood 

remaining. 

The part of the curve y= x between y=1 and y =4 is rotated about the 

y-axis. Find the volume of the solid of revolution formed. 

The region between the curves y = Vx and y= x” is rotated about the x-axis. 

Find the volume of the solid of revolution formed. 

The region between the curve y = /x and the line y =x is rotated about the 

y-axis. Find the volume of the solid of revolution formed. 



7 Using standard forms to integrate 

You will need to know 

1 : 
e | dx = x"*! + C, provided n#-1 

n +1 

1 
8 {rar=inx+e if x >0O and [ar=m-a)+c ite OM thatss 

X Xx 

[oex=in|x|+c 
x 

e Jet dx=e*+C and Jet dx=—e" +C 
a 

; : 1 
r [sin xdx =-cosx+C and | sinaxdx =——cosax+C 

a 

P 1, 
@ [cos x dx =sinx+C and | cosaxdx =—sinax+C 

a 

e@ the composite function rule (chain rule) for differentiation, and how to use it in 

reverse. 

1 Integrate oe 

Use fx" ax= a4 €, faxtae=2f x4 dx 
n 

=2xtx+C=2x°+C. 

You may be able to leave out some of the steps. But whatever you do, you should 

always check your answer by differentiation, and never leave out the constant of 

integration. 

2 Find [Eae. 
x 

1 2 1 
Use [oex=inx|+e. [Far=2 —dx 

ay x, x 

= 2In|x|+C. 

2a | 



Help yourself to integration 

You should remember what In| x| means. If x =5, then In| x|=In|5|=1n5; but if 

x=-7, then In| x|=In|-7|=1n7. 

3 Find [3cos4xdx. 

Use [cosaxdx=—sinax+C. [3cos4x dx =3] cos 4x dx 
a 

=3xrsindx+C 

3 7sin x +C. 

It is at this point that you first see the essence of this chapter, which is to use the 

composite function rule in reverse. Suppose that you are calculating hem dx. The 

2x 
key is to recognise that when you differentiate e you get e~ multiplied by the p y 

derivative of 2x, that is, 2. So a first guess at the integral te dx is e*; you can 

then check the multiplying constant by differentiation. 

4 Find fede. 

Notice that the derivative of e7” is a To find | e2* dx, try €2* 

multiple of e**; this shows that the : 

integral is a constant x e2*. Then Fra aie =2e?*, 

Make the adjustment for the 
Aig Therefore ic. dx = +e +C. 

multiplying factor. 

Integration is harder than differentiation. However, you can always check your answer 

to an integration problem by differentiating your proposed integral. This is rather like 

checking a solution of an equation; you should always do it, even if you only do it 

mentally. 

28 



Using standard forms to integrate 

This process will be called ‘guess and check’. First you guess the essential part of the 

integral. Then you check the multiplying constant by differentiation. 

Find the integral of (2x +1)*. 

Notice that the derivative of (2x +1)° 

is a multiple of (2x +1)’; as a first 

guess, try as the integral (2x +1)°. 

Make the adjustment for the 

multiplying factor. In this case the 

multiple is 5x2 =10. 

Evaluate J x cos( x” ) alec 

In this case, you might try as a first 

guess cos(x"), since a multiple of the 

derivative of Gage namely x is 

outside the term cos(x” ). 

Try as the first guess (2x +1)°. 

Then 

Zs (2x+1))=5x(2x+1)* x2. 
dx 

Thus fex+yy de=4 (2441) +C. 

Try as the first guess cos(x” J. 

Then ~(c0s(x*)) = -sin(x?) Se 

This shows that the first guess was wrong. But it should also show you that a 

better try would have been sin(x’). 

Try sin(x’) instead. 

Since cos( x”) Os oes 956 cos( x? ] it is 

; 2 
a constant multiple of xcos{ x fe 

Then <(sin( x" ) = cos(x”) DIE. 

Thus | xc0s(x?) dx = $sin(x’) +C. 

Zo 



Help yourself to integration 

7 Find | a= 
1+x 

This looks tricky, and you need to 

_ f(x) 
: Try as the first guess In(1 + att J 

remember that =, (inl f())) Fay Then 4 (in(1+2") -- 1 ae 

; 1 2X oad i“ 
Since x 2x = —, itisa i tev ss ali 2 (eee ie? Thus { —yax + In(1 +x )+C. 

: x 
constant multiple of oa 

1x 

This form is so important that it is worth remembering as a special case for use when 
BA 

you need it. If you see the form ew where the numerator is a multiple of the 
x 

derivative of the denominator, then the integral will be a natural logarithm. 

Sometimes there may be alternative forms for the answer, and they may occasionally 

look quite different from your form. For example, using the laws of logarithms, 
a8 

4 In(1+ x?) = In(1+ x7)’ =In y1+x’ , so an alternative, rather different looking, 

answer may be Inv1+ ae 1 6 

Or you could write instead of C, InC, which would still be a constant. Then the 

result would be Inv1+.x? +InC, which you can write, using the laws of logarithms 

again, as In CV1+x? . 

5 A A : x 
The important thing is that all three forms are correct as integrals of ATO as you 

“te 

can check by differentiation. The moral is not to be put off by a different form for an 

answer. 

spogie aes +1) de. 
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Using standard forms to integrate 

One way to approach this is to 

multiply out the bracket, but it is 

better to notice that x? is a multiple Then mle 4 1) = 3(x? + 1) x 3x? 

of the derivative of (x9 + 1). es 

3 
Try as the first guess (x? + 1) ; 

=9x7(x? +1). 

The constant multiple is 9. So 

9 Find the integral of ——. 
2+x 

Re-write this in an index form. x 9\-4 

Remember that you can’t integrate or / 2 dx = x(2 1a dx. 
y 8 Ditex 

differentiate results involving square 

roots unless you put them into index 

form. 

You may now see the pattern, that 
Bb 

(2 + moe is a good first guess, 

se) 

because the bracket (2 + so) * is 
x, 1 

multiplied by a multiple of the Thus = dx = (2 vy sal VE. 

derivative of (2 + a | ; Nock 

In fact, in Example 9 the power of (2 + x’) has been raised by one. This also occurs 

in Example 10. 

31 



Help yourself to integration 

10 

11 

12 

a2 

dx 

2 
Calculate | 

Re-write this in an index form. 

This is a power, so raise the power by 

1 to get to your first guess, (x + 2)?. 

The constant multiple is 5, so divide 

by it, that is, multiply by 2. 

Calculate Jy 2X aK. 

Re-write this in an index form. 

Take the factor of 2? out of the 

bracket. 

Now you can integrate using the 

standard methods. 

Calculate [ sin’ xcos x dx. 

You can think of sin’ xcosxdx as 

I (sin x)° cos x dx. 

{ ae = [(x+2)? ax. 
x+2 

Then <(x+2)! =1(x+2)? x1 

: 3 : 
J (sinx) cosxdx = tsin* x+C. 



Using standard forms to integrate 

Exercise 7 

Find the following integrals using the guess and check technique. 

1 

3 

fax‘ ax 

fax? ax 

[22(1+ x?) ax 

[Vx (1+Vx)ax 

fx —5)(2x +5) dx 

fa-2 dx 

fa+2x)? dx 

foa+txy dx 

[cos2xdx 

J 2 sin(-2x) dx 

2 

4 

foxax 

2 

Joe 
2 iE ole 

x 

x+1 
dx J 

(oer a 
Xx 

a 
Mi 

J Syralie 

dx 

J -cos xdx 

[4c dx 

[20 ax 

ee dx 

[-2e* dx 

f(e+2)° dx 

[ (5-32)? dx 

[3@-2x)* ax 

fosday ea 

[4sin4xax 

J cos( mx) dx 

33 



Help yourself to integration 

39 

41 

43 

45 

47 

49 

Sl 

53 

55 

Su, 

ms 

61 

63 

65 

67 

69 

34 

J xsin(x?) ax 

| sin(ax-+b) dx 

Jre 1+x 

Je 1-x 

laa 2(1+ 3x) 

leas 1-—7x 

eG 
dx 

eee 

cos x 
| —— dx 

sin x 

t—x’ 

2 
———— dx 
per 

COS X 

sin x 

as 
[ime 
I (3x)* dx 

leans 
| poo 

(3+ 2sin x) 

40 

42 

44 

46 

48 

50 

52 

54 

56 

58 

60 

62 

64 

66 

68 

70 

[x(1-2°)" ae (n #-1) 

| 4 

V3+ 

ls = 

2x(1+ x") 

Data 
|z« 
V2x 
1 
—dx 
2X 

J+ 2sin x)? cos x dx 

tis 
2x? 



8 Some special integrals 

Some integrals are awkward and it is not obvious how to tackle them. You need 
special methods for them. 

You will need to know that 

@ the trigonometric formulae for cos2x in the forms 2sin* x =1—cos2x and 

2cos? x =1+cos2x 

@ how to use partial fractions. 

1 Integrating sin* x and cos” x. 

To integrate sin* x and cos” x you sin? xdx= 4 [2sin? xdx 

need the trigonometric formulae 

2sin? x =1—cos2x and = 4 (1-cos2x) dr. 

2cos? x =1+cos2x. 

Now it is in a form that you can [ sin? ice (x — 4 sin 2x) +C. 
integrate. 

a 
2 

In some ways this is no different from a number of the integrals you have seen 

before. You need to transform the integral into a form that you can integrate. 

Here is another example which appears in a different form in Exercise 7, number 52. 

2 Find tan xar. 

sin x sin x 
Write tanx = and then use the [tan sO be= | 

COs x cos x 

fact that the numerator is the =~In|cosx|+C. 

derivative of the denominator. 

It is difficult to give rules for this kind of transformation. You have to try ideas 

which seem promising. 

35 



Help yourself to integration 

3 Find tan? xdx. 

Use the identity 1+ tan? x =sec* x f tan? xdx= | (sec? +o 1) dx 

to transform the integral. 
= tan x ee C, 

Sometimes you can use trigonometric formulae to help you to integrate. 

4 ind J Sree. rd 

Use the identity } sin 4x.cos3xdx 

2sinAcosB=sin(A + B)+sin(A — B) 

to transform the integral. =4 [2 sin 4x cos 3x dx 

= 4] (sin 7x +sin x) dx 

me Seb 28 = ig COS 7X + COS X + Ce 

Here is another kind of integral where you have first to transform the integrand. 

5 Integrate ———————_. 
PO e143) 

To integrate ———————— 
: (x + 1)(x +3) 

Z a ee 

(x+1)(x+3) xt+1 x+3° 

you ought to be able to carry out the integration. 

by using partial fractions. That is, if you know 

2 A B 

; (x+1)(x+3) xt+1 x+3 

ps 
= INO its paral 
(x+1)(x+3) 

fractions. 

36 

, you need to split it into its individual components 



Multiply both sides by (x+1)(x+ 3). 

Equate coefficients of x and the 

constant term. 

Solve the equation simultaneously. 

Integrate. 

Some special integrals 

2 = A(x+3)+ B(x+1). 

A+B=0 

3A+ B=2. 

A=1,B=-1. 

p 

l= =e 

1 

=| (cts x+1 x+3 

= In| x+1]-In]|x+3]+C. 

You could also write the previous answer in the very different looking form 

A(x +1) 

Pat 

2 

Frecveceypumee by taking the constant to be InA instead of C, and 

by using the properties of logarithms to simplify your result. 

: 8—7x 
6 Find (8x—2)(x+1) 5 

jen ee 
(3x —2)(x +1) 

fractions. 

Split into its partial 

Multiply both sides by 

(3x —2)(x+1). 

Equate coefficients of x and the 

constant term. 

Solve the equation simultaneously. 

8—7x A B pe Oe a 
(3x-2)(x+1) 3x-2 x+1 

8—7x = A(x+1)+ B(3x-2). 

37 



Help yourself to integration 

Integrate. 8—7x 

(3x —2)(x+1) 

> hiss oer 3x-2 xt+l1 

= $1n|[3x-—2|-3ln|x+1|+C. 

spam ioe [Pee 
(x ani); 

z A B 
You can integrate cara > iis pe form ——+———;. 

(x +1) cat (%+1) 

“mowed Otrarias 4 ae Be ge A B 
Split > into its partial Let > = a aE” 

(x +1) (x+1)°  x+1l (x41) 

fractions. 

Multiply both sides by (x +1)”. 2x+3=A(x+1)+B. 

Equate coefficients of x and the A =2 

constant term. A+ B=3. 

Solve the equation simultaneously. A=2, B=1. 

Int : ntegrate | 2 wit 

(x +1)(x +3) 

‘eect a+] . (ea) 

=2In)x+1|-——+C, 
x 

Sometimes the expression in the numerator has an equal or higher power than the 

expression in the denominator. If that is the case, you need to divide first. 

38 



Divide and split into partial 

fractions. 

Multiply both sides by x= At 

Equate coefficients of powers of x 

and the constant term. 

Solve the equation simultaneously. 

Integrate. 

Some special integrals 

2 
ea i 10 

x =—4 

=A+ = ‘. e : 
KAZ x —2 

ym 10 

= A(x? —4)+ B(x-2)+ C(x +2). 

A =| 

B+C=-1 

—4A-2B+2C=-10. 

=x+In|x+2|-2In|x-2|+C. 

Exercise § 

Find the following integrals. 

1 

3 

5 

“I 

cos? x dx 

1 

Vera cos” x 

[cot xax 

1 
dx 

l= Ly 

[ Vit cos2x dx 

2 fsin? 4+ xdx 

4 J cot? xdx 

6 J cos? 2x dx 

8 sin’ xax 

10 J sinxcosxdx 

39 



Help yourself to integration 

[2sin2xcos.xdx 12 [cos2xcos4x dx 

is [sin3xsin xdx 14 [2sin2xcos4xdx 

15 fret oe 16 \Feecpeenca 
(x -1) a (x —3)(x+2) 

a een aia em 
(4x —3)(2x +1) 6x°+x-1 

19 [Xe 20 [|e 
(x +1) (2x-1) 

21 | =Se 22 ( = dl 
(2x —5) (x+2) 
a 2 

my | ee 24 [ye 
(x-1)(x +1) x“ —4 

ee x2 25 Sie diy :( 
(x+1) (x —2)(x +3) 
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9 Integration by substitution 

You will need to know 

@ the composite function rule for differentiation 

@ how to make a substitution in an integral 

@ the inverse trigonometric functions, and their domains of definition. 

The idea of integration by substitution is to change the variable in an integral, and, 

with luck, to transform the integral into a standard form which you recognise. 

1 Find the integral i 
xX 

————— dx. 
V2x-3 

You cannot transform this using the methods of previous chapters. In this 

situation it is worth try a substitution for the ‘awkward’ part of the expression. 

In this case try substituting z=2x-3. 

When you make a substitution in an | Let z=2x-3. 

integral, you need also to substitute | Then dz=2dx. 

for dx. So you need to differentiate 

the equation z=2x-3. 

Express x in terms of z and make the = +( z+3) 

substitution. You can now integrate ' l2x=3 dx = Ne x7 dz. 

the expression in z. 

Integrate the expression in z. +( z+3) 

Vz 

Substitute back so that the result is | Se 

given in terms of x. M2 

=1(2x-3)? +3(2x-3)? +C. 
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Help yourself to integration 

x 
You could also integrate i dx by making the substitution z=/2x-3. “iineacdie a 
This substitution is made in Example 2. 

x 
2 ~ Find the integral (—S« by making the substitution z= /2x-3. g ax 3 y g 

Differentiate z= -~/2x —3 to make Let z= V2x-3 =(2x- 3). 

the substitution for dx. Then dz=2 1 (2x = 3)? dx 
2 

1 
= dx. 

2x-3 

Express x in terms of z to get i es dx 
= || xx 

x= 4(2 + 3), make the substitution 2x-3 2x-3 

and integrate. It is good practice first pe | me (2? re 3) oe 

to substitute for the dx. 
= 42 t- 3z eG, 

Substitute back so that the result is | are 

given in terms of x. 

In Example 2, the substitution is more difficult, but the integration is easier. 

Unfortunately, you don’t usually win both ways! 

ve 

3 Find | 5 dx. 
Mitt 2. 

Substitute for the part of the Let z=x* +2. 
integrand which appears awkward. 

Differentiate z = x? +2 to make the | Then dz=2xdx. 

substitution for dx. 
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Make the substitution, substituting 

first for dx. Then integrate. ~ 

Substitute back so that the result is 

given in terms of x. 

Integration by substitution 

3 2 

= dx = ai 7 
x2 Mh Be S59) 

] #2 

-{(5x Z = xa 

J «2 

= (x? +2)-In(x? +2)+C. 

Note that there is no need for the modulus sign in the logarithmic term because 

(33 + 2) is always positive. 

Here is an example where the ‘obvious’ substitution does not work. 

4 Find | 
V4—x? 

Substitute for the part of the 

integrand which appears awkward. 

Differentiate z= 4—-— x” to make the 

substitution for dx. 

Make the substitution, substituting 

first for dx. 

Let z=4-x?. 

Then dz=-—2xdx. 

x —2x dx lanl 
=| oe 

1 - {+ & 
2 4z-2" 
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Help yourself to integration 

The final integral is no easier than the original. The method of integration by 

substitution is not infallible. There must be a better way! 

However, there is a trigonometric substitution which works. 

5 Find \—« 
V4—x 

Try the substitution x =2sin6. Let s=2sind. 

Differentiate x =2sin@ to make the | Then dx =2cos@d@. 

substitution for dx. 

Make the substitution, substituting 1 “Die 2cos@d@ 

first for dx, and integrate. PO ale Or ee sce 

_ { 2cosédé 

‘- 1 4.cos? (e) 

=[d0=0+C. 

Substitute back so that the result is l sh 
given in terms of x. | = sin (5.x)+ G. 

The reason that this substitution has worked so well is that you can take the square 

root of 4—4sin? 6. 

Here is another trigonometric example. 

6 Find x dx 
9+x 

Try the substitution x = 3tan@. Let x =3tan@. 

Differentiate x = 3tan@ to make the | Then dx =3sec” 6d0. 

substitution for dx. 
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Make the substitution, substituting 

first for dx, and integrate. 

Substitute back so that the result is 

given in terms of x. 

Integration by substitution 

2 { Kran = | oue 

9+x 9+9tan* 0 

- {sec 3ee 

9sec* @ 

=[400=40+¢. 

{ ae ee= fan "(ha) ec. 

When the integral is a definite integral, you can either proceed as in the examples 

above, or you can change the limits to fit the new variable in the integral. 

] 

TeRind } palleaniix. 
(0) 

Try the substitution y=1- x. 

Differentiate y =1-—.x to make the 

substitution for dx. 

Make the substitution, substituting 

first for dx. 

Let y=1—-x. 

Then dy =—dx. 

f, xVI—x dx = {0 ~ y)/y x-dy. 

Notice how, for the moment, the limits have been written from x=0 to x=1 

to make it clear that these are x limits and not y limits. 

Now use the equation y=1-—x to 

change the limits. 

When x=0, y=1, so the new lower 

limit is 1. 
When x=1, y=0, so the new upper 

limit is 0. 

So [ira = [(-yWox-wy. 
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Help yourself to integration 

46 

Integrate. 

4 
1 

Integrate ———_ dx. 
: 1 Vx+4 

Try the substitution y= Vx +4. 

Differentiate y = x +4 to make the 

substitution for dx. 

Make the substitution, substituting 

first for dx. 

Now use the equation y = Vx +4 to 

change the limits. 

if xV1—x dx = ii (1- y),/y x -dy 

= 
> 158 

Let y= vx+4 

Then dp atx? ee 
; 2(y - 4) 

4 x=4 + 

i ar=| 2(y- 4) dy_ 
1] Vx +4 ret y 

When x=1, y=S, so the new lower 

limit is 5. 
When x =4, y=6, so the new upper 

limit is 6. 
4 Safa, 

so | I ax= | AIS. 

1vx+4 5 y 



Integration by substitution 

Integrate. | So(y—4 
i) ae-| 2(y~4)dy 

1 Vx+4 5 y 

6 fh “es 

=[2y-8in| y|]? 

= (12 -81n6)—(10-81n5) 

=2-8in$. 

Exercise 9 

In questions 1 to 12, use the given substitution to evaluate the given integral. In 

some of them, you may be able to integrate by inspection, using the methods of 

Chapter 7. Nevertheless, use the substitution for the practice. 

1 | avx=3 ax EES 

2 [(e+2)Vx=2 ax z=x-2 

3 | ev2x+1 dx Se RES 

4 [(@x-1V2x=3 ax z=2x-3 

5 | 2v3x-2 ax VELBLOo 

6 [2?V2x4+1 dx y ora 

ae 
) ———— zZ=1+2x 

Bese 

3 
8 ax = (ee 

V1+x? 

9 xdx z=9-x? 

Aree 

10 | aN x =3sin0 

ee 

3 
ma iF dx > ae 

44x 
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Help yourself to integration 

dx 
12 

4+x? 
x =2tan@ 

In questions 13 to 24, find the following integrals. If you can write the answer down 

using the guess and check method, do so. If you need a substitution, select one for 

yourself! 

13 [vas Tax 14 [2xV2x-3 dx 

15 [22vx3-2 ax 16 [(e+2)V4r43 dx 

17 [== 18 ay 
V2+3x V3-—x 

19 S 20 aoe 
1—x2 2I6 X 

2 ma {<5 22 (<= 

25+ x 254+ x 

23 a 24 | = 
V3—x? j=" 

In questions 25 to 30, you are given a definite integral and a substitution. Give the 

new values of the limits. Give the lower limit, then the upper limit. Do not work 

them out at this stage, but keep your answers for questions 31 to 36. 
alt 
2 1 1 

25 |——-« x =sin@ 26 [ G+ vi=x ax y=l-x 
0 ovl—x? 

27 Ir ad x=2tan@ 28 ede 3 — = 2 tan Z=3+ 
044+x7 ove x . 
1 2 1 

BM ob xdx 
29 x =3tan@ 30 | a 3 
fs oe—8 vx 

In questions 31 to 36, find the definite integrals. 

t+ 4 l a 
a | = dx 32 [ (+ xvi wax 

ovl-x 0 

33 f ad 34 ad 
04+x7 ov3+x 

Le 1 

35 [3 36 \ 
o9+x one 
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10 Integration by parts 

You will need to know 

@ the rule, usually written as | ude =uv - fv Sar, for integrating by parts. 

The rule for integrating by parts comes from reversing the product rule for 

differentiation. To use the rule, you need to identify u and = in the formula above. 

1 ‘Find the integral Je sin x dx. 

Identify u and ee Let u=x and Ke =sinx. 
dx dx 

Find = and v to use in the Then = =1 and v=—cosx. 
dx dx 

formula. 

You do not need to worry about a constant of integration at this stage. If you 

are worried by this, try it and see what happens. 

Substitute for a and v in the J xsin x dx = x(—cos x) — [tc cos x) dx 

formula. =—xcosx+ | cos x dx. 

You can see that, if you can integrate the new integral, in this case [cosxdx, 

you can integrate the original integral. 

You can now integrate [cos.xdx, [ xsinxde =—xcosx+ [cos.xdx 

and finish off the integration. =—xcosx+sinx+C. 

Put in the constant of integration at this last stage. 
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Help yourself to integration 

The purpose of integration by parts is to transform an awkward integral into 

something which is easier to integrate. 

2 Find the integral lee dx. 

Identify u and a Let u =x and ove Ci 
dx dx 

Find (au and v to use in the Then = =1 and v=-e™”. 
dx dx 

formula. 

Substitute for “ and v in the [eet dx = x(-e-*) - [(-e*)ax 

formula. ae re } e* dx 

=-xe *-e*+C. 

Sometimes the integral that you need to find after the first step may be easier, but 

need another integration by parts. 

3 Find the integral [2et ax. 

: dy dv 
Identify u and —. Let u=x* and — =e’. y = u= x" an < e 

, d 
Find — and v. Then au = 2x and v=e’. 

dx dx 

Substitute for “ and v. [ae dx=x'e* = faze" dx. 

At this stage the transformed integral is easier than the original, but you still 

cannot integrate it yet. However, you can use integration by parts again. 
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Identify u and ie for J 2xe* dx. 
dx 

Find ae and v. 
dx 

Substitute for ao and v. 
dx 

Put this result into the result 

Pes dx = x*e* - [ 2xe" dx. 

Integration by parts 

Let u=2x and tats. 
dx 

Then coe and y=e”. 
dx 

[2xe* dx =2xe* — [2e* dx 

= ye 1— Der Ce 

[ie8 dx = x7e* - [2xe* dx 

= x7e* —2xe* +2e* —C. 

; dv , : 
If you make a poor choice of u and e you can transform the integral, but not in a 

helpful way. 

4 Find the integral Ile cos xdx. 

dv 
Identi and —. entify u a 

Find 24 and v. 
dx 

Substitute for me and v u a : 
dx 

Let u=cosx and (Mang 
dx 

du é 
Then — =-—sinx and vetx’, 

dx 

| xcos.xdx 

tea heey ithe : =5Xx cosx— [4x (—sin x) dx 

=,’ cosx+} | x” sin x dx. 
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Help yourself to integration 

The final result is correct, but unhelpful, because the final integral is more difficult 

than the original. Under these circumstances the best policy is to start again with new 

3 dv 
choices for vu and —. 

Generally, if one of the terms of the product to be integrated is a power of x, then 

generally this power of x should be put equal to u and therefore be differentiated when 

the formula is applied. This will usually make the second integral easier. 

5 Find the integral finxae. 

At first sight it appears that you do not have a product to integrate, but there is 

one choice for u and dv. A similar method works for fin x and [sin Xi. 

Identify u and wr Let u=I1nx and a 
dx dx 

Find ug and v. Then =~ and v=x. 
dx dx <x 

, du 1 
Substitute for — and v. Jinxax=xinx- [ xx—as 

dx x 

=xInx— [ide 

=xInx-x+C. 

In Example 6, you need a trick to finish the integration by parts. 

6 Find the integral le sin x dx. 

2 d ; 
Identify u and a Let u=sinx and - =<. 

} d 
Find — and v. Then = =cosx and v=e’. 

dx dx 
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Integration by parts 

} d : : 
Substitute for oe and v. Jer sinxdx=e* sin x— je cos x dx. 

This new integral doesn’t look easier, but persevere. 

: d 
Identify u and < for the new Let u=cosx and sd =e, 

dx dx 

integral. 

teed 
Find — and v. Then ae =—sinx and v=e”. 

dx dx 

Substitute for “ and v. le cos x dx = e* cos x-| e*(—sin x) dx 

= €” COS x+[e* sin x dx. 

You seem to have come round full circle, and arrived back with the original 

integral. But persevere a little further, and put the two results together. 

Put the results together. J e* sin xdx 

=e* sinx—e* cosx~ fe" sin x dx. 

Add lic sin x dx to both sides to 2fe* sin x dx = e* sinx —e* cosx, so 

solve the equation. Jer sinxdx=4e* sinx -—4e* cosx+C. 

Exercise 10 

Use the method of integration by parts to find the following integrals. In some of the 

early questions, a hint about how to divide into parts is given. 

1 | xcosxdx Put u=.x and ey =ICOSIH 

dv xe = 2x 
dx Put uw=x and —=e. 2 Je ¢ 
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Help yourself to integration 

16 

18 

54 

| xcos2xdx 

[xinxax 

le. sin x dx 

[x?e* ax 

lbe In x dx 

fx cos 2x dx 

sin? xdx 

J xtan" xdx 

[vein xa 

Nea sin bx dx 

4 } 2xe2* dx 

You will need to integrate twice. 

You will need to integrate twice. 

9 [—inxax 
oe 

11 fae ax 

13 sin"! xdx 

er 

15 tan“! xa 

le cos x dx 



11 More areas and volumes 

There are no new principles involved in this chapter. 

You will need to know 

e@ how to find the area between a curve and the x- or y-axis, as in Chapter 5 

how to find volumes of solids of revolution, as in Chapter 6 

how to find integrals, as in Chapters 7, 8, 9 and 10. 

Find the area of one loop of the graph of y = sinx which is cut off by the x-axis. 

Draw a sketch of the required region, 

shown in Fig. 11.1. 

Find where the graph cuts the x-axis 

by solving the equation sinx =0. 

Identify the integral which you need 

to evaluate to calculate the area. 

Integrate. 

Present the answer. 

Fig. 11.1 

sinx =O when x=0 and x=7. 

(Remember that x has to be in radians 

for the integration.) 

Since there are no intersections of the 

graph with the x-axis between 0 and 7, 
1 

the required area is [sin xdx. 
0 

T 

[sinxax =[-cosx]5 
0 

= (-—cos 2) —(—cos0) 

= -(-1)-(-1)=2. 

The required area is 2 units. 
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Help yourself to integration 

2 Find the area of the region bounded by the curve y = 

and the lines x =2 and x =4. 

Draw a sketch of the required region, 

shown in Fig. 11.2. 

Note that the area is negative, 

because it is below the x-axis. 

b 

Use the formula [ t(x)ax to find the 
a 

area. 

You calculate this integral using the 

method of partial fractions. 

Integrate. 

Present the answer. 

the x-axis Ye 
(x= 1)(—5)’ 

= [In] x-5|-In] x1], 

= (In1—1n3)—(In3—In1) 

= —21n3. 

The required area is 21n3 units. 

In Example 2, if you do not use the modulus of the logarithm, when you substitute 

the limits you get In(—3), which is meaningless. It is important to include the 

modulus. 

3 Find the volume of revolution when the part of the curve y= 

and x =2 is rotated around the x-axis. 

b 

Use the formula 2} y? dx. 
a 
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aS. between x =1 

2 Volume = 7 | y~ dx 
1 



More areas and volumes 

Substitute for the value of y from 24 es tir 

the equation of the curve. a : ar | € sith 
2 

= (In| x ll 

= m(In2) — z(In1) 

=71n2. 

Present your result. The required volume is 7 1n2 units. 

Find the volume of revolution when the part of the curve y=e* between x =0 

and x = 2 is rotated around the x-axis. 

b 2 
Use the formula | y* de. Volume = | y* dx 

a 0 

Substitute for the value of y from & [ley Apes nf e™ - 

the equation of the curve. 0 0 

=e 
= oF CI. 

2a 
ani n(e = 1) 

Present your result. The required volume is in(e* - 1) 

units. 

Find the volume of revolution when the part of the curve y=e* between x =0 

and x = 2 is rotated around the y-axis. 

b b 

Use the formula | i dy. Volume = | x dy. 
a a 

ail 



Help yourself to integration 

58 

Find x in terms of y to use in this AS y= e*, x=In y. The appropraite y 

formula, and find the required limits | limits for the integral are y =1, (when 

for y in this integral. x=0)and y= e?, (when x =2). 

2 
e 

Put this information together. Volume = n{ (In y)” dy 
1 

e? 2 

Integrate by parts to calculate this = | (In y)” dy 
1 

integral. Use (In y) as one part and : . 
e e€ 

1 as the other. Refer to Chapter 10 if = alo yy] - J In ra | 
necessary. 

Substitute the limits, and integrate = ne? M27 E Is 0) 
by parts again. : 

‘E 2a In yf - je] 

= 4e7n - 2n(e? x 2) + 2nly|e 

= 2n(e? = 1) 

Exercise 11 

Find the area of the region enclosed between the curve y =e”, the x-axis and 

the lines x =1 and x =3. 

Find the area of the region enclosed between the curve y= sin’ x, the x-axis 

and the lines x =0 and x=7. 

Find the area of the region enclosed between the curve y = In(2x), the x-axis 

and the lines x =1 and x=2. 

Find the area of the region lying between y = “ and the x-axis, for values 
met: 

of x from | to 3. 

Find the area of the region lying between y= xe * ; and the x-axis, for values 

of x from 0 to 3. 



14 

15 

More areas and volumes 

3x-8 
Find the area of the region lying between y = G—2)x—3) 

x—2\(x= 
and the x-axis, for 

values of x from —1 to 1. 

Find the area of the region lying between y = i and the x-axis, for values 
+x? 

of x from —1 to 1. 

Find the volume generated by rotating about the x-axis that part of the curve 

y =sinx which lies between x =0 and x=7. 

Find the volume generated by rotating about the x-axis that part of the curve 

y=e ” which lies between x =—1 and x =1. 

Find the volume generated by rotating about the x-axis that part of the curve 

y =Inx which lies between x =1 and x =4. 

Find the volume generated by rotating about the x-axis that part of the curve 

y=cosx which lies above the line y = + and between x =—7 and x=7. 

Find the volume generated by rotating about the x-axis that part of the curve 

1 

f Vv x7 +4 

Find the area of the region lying between the y-axis, the curve y=e ~* and and 

the lines y= e | and y=1. 

Find the area of the region lying between the y-axis, the curve y=1+1nx and 

and the lines y=0 and y=1. 

Find the volume of the solid of revolution formed by rotating the part of the 

which lies between x =—1 and x=1. 

curve y= tan! x between x =0 and x=1 about the y-axis. 
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12 Approximate integration 

You will need to know 

e that not all functions can be integrated exactly 

e@ that there are a number of elementary methods of approximate integration, 

including the rectangle rule, the trapezoidal (or trapezium) rule, the mid-point 

rule and Simpson’s rule. 

In this chapter there are examples of each of these four rules. You almost certainly do 

not need to use them all, and you should ensure that you work on the rule or rules 

which are appropriate for you. 

b 
Each of the rules applies to the integral [vax and involves dividing the interval 

a 

between the limits of integration into n equal divisions. The lower limit of 

integration is a, and the upper limit is b. Then let x9 =a and x, =b. Each division 

has width which will be called h, so that h=——“. Then Xp =a, 
n n 

b= Dm b= 
oy 5 pe WTR op) By 2 PMS Bo: (pig) 9 x, =b.The y-values 

n n n 
corresponding to these x-values will be called yo, yj, Yo. --- 5 Yn-1 > Yn: 

1 
Each of the first three of these approximate methods will be used on | x* dx which 

0 
you know to be equal to 0.333.... 

l 
1 Use the rectangle rule with ten intervals to find an approximation to | x dx. 

0 

The rectangle rule is based on the 

geometric approximation shown in 

Fig, 22.1. 
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The formula for the integral is 
b 

[ode=A(o +9, +... 494-1): 

Approximate integration 

Using a=0, b=1, n=10 and h=0.1 

[2 dx 
0 

= 0.1(0 +0.01+ 0.04 + ...+0.81) 

= 0.12.85 

= 0.285. 

The rectangle rule is not particularly accurate, and you can do better without too 

much difficulty. 

2 Use the trapezoidal rule with ten intervals to find an approximation to | 

The trapezoidal rule is based on the 

geometric approximation shown in 

Fig. 12.2. Each of the shaded regions 

is a trapezium with its upper vertices 

lying on the graph. 

Already you can see that it is 

difficult to see the difference between 

the area under the graph and its 

approximation 

1 
x’ dx. 

0 

a xX»! 
xX, X3 

Fig. 12.2 

b 
The formula for the integral is [vax =4A(yo +2y, +...+2y,_1 +Yn)- 

a 

Using a=0, b=1, n=10 and h=0.1, gives 
1 

[ 2? dx=4x0.1x(0+2(0.01+ 0.044 ...+0.81) +1) 
0 

=1x0.1x3.35 
= 0.335. 

As you probably expect, the trapezoidal rule is better that the rectangle rule. 

It may be a surprise to know that generally the mid-point rule is better still. 
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Help yourself to integration 

1 
3 Use the mid-point rule with ten intervals to find an approximation to | x? dx. 

0 

The mid-point rule is based on the 

geometric approximation shown in 

Fig. 12.3. Each of the shaded regions 

is a rectangle so that the mid-point 

of its upper edge lies on the graph. 

The notation y,, y, etc. is used. 
2 2 

b 
The formula for the integral is [vax = Alyy ty t...+ Yana t Vag). 

a a 

Using a=0, b=1, n=10 and h=0.1, gives 
1 

[, x? dx = 0.1 (0.0025 + 0.0225 + 0.1225 +... +0.9025) 

=" (hex 

=()515431325 

=) 31345), 

The best rule is Simpson’s rule, which needs an even value for n. The rule works by 

fitting a second degree curve (a parabola) so that it passes through the points (a, Yo): 

(x, ; y;) and (x2, ¥2) , and then calculates the area under this curve exactly. It then 

does the same through the points (x,,y2), (x3,y3) and (x4,y4), and so on until the 

whole interval of integration is covered. 

No diagram is given, because it would be impossible to distinguish the curve from 

the approximations to it. 

Simpson’s rule is not used on the example | x? dx because it gives an exact value 
0 

1 
for the result. Instead it is used on } x dx, with ten intervals, as before. You know 

0 

that this integral is equal to 0.2. 
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Approximate integration 

1 
4 Use the Simpson’s rule with ten intervals to find an approximation to } kd 

0 

The formula for the integral is 
b 

[oar =$h(0 +49, +2y, +4y3+2y4t+...+4y,_) +y,). 

Using a=0, b=1, n=10 and h=0.1, gives 
1 

[ xf dx=4x0.1x(0+4(0.1' +...+0.94)+2(0.24 +...+0.84) +1) 
0 

=+x0.1x(0+4 x 0.9669 + 2 x 0.5664 + 1) 

=$x0.1 x 6.004 

=O 200015333: 

As you can see Simpson’s rule is very accurate indeed. 

Exercise 12 

For each of the following integrals, find a ten interval approximation using 

whichever method is appropriate to you. 
1 1 = 

1 [ eax 2D [ vi+2? ax 
0 0 

4x ae 
3 } sin x dx 4 F sin x dx 

0 

5 [rey ax 6 [Vee a 
0 
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13 Differential equations 

You will need to know 

@ what a differential equation is 

e@ how to solve differential equations in which you can separate the variables. 

You first encountered differential equations in this book in Chapter 3. In the 

examples there you could integrate the differential equation, that is, solve it, by direct 

integration. In this chapter, you will see another type of differential equation, the 

variables separable differential equation. 

A variables separable differential equation is one for which you can write the equation 

in the form with all the terms involving one variable on one side of the equation and 

the other terms on the other side. 

1 Solve the differential equation yo =X. 

This equation is variables separable, dy 

so separate the variables. y ae 7 SS at 

Notice that the left-hand side contains only terms in y and the right-hand side 

only terms in x. This is the form with variables separated which you are aiming 

for in every question in this chapter. 

Integrate both sides. fra = fra 

Sometimes it may be convenient to give the constant in a slightly different form. For 

instance, in Example 1, if the constant had been ZC instead of C, the solution 

would have appeared as ty? = +x? +iC, or as y =x? +C, This may happen in a 

number of the following examples, and in the exercises. 
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Differential equations 

2 Solve the differential equation xo =y. 

This equation is variables separable, dy dy dx i x—=yso —=—. so separate the variables. dx ay aed 

Integrate both sides. | dy i dx 

7 MI 

so In| y|=In|x|+InC. 

Notice that in this case, the constant is given as InC. 

Simplify the solution. y = Cx, where C is a positive or 

negative constant. 

A common type of equation describes growth. Examples 3 and 4 are of this type. 

3 Solve the differential equation a =2x. 

te th lables. Separate the variables & = 2x so oe 

th sides. Integrate both sides ie = [2a 
xX 

so In| x|=2¢+InC. 

Simplify the solution. | x | = Ce" 

In the kind of equation in Example 3, it often occurs that x is strictly positive; in this 
5 2 

case the solution would be x = Ce“’. 
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Help yourself to integration 

pee a 
4 Solve the differential equation a = kx +m, where k and m are positive 

constants. 

Separate the variables. a =kx+m so we =dt. 
t +m 

Integrate both sides. | oe = far 
kx +m 

sO sinlex+ m|=re4inc. 
k k 

Note the form of the constant in this case. 

Simplify the solution. In| kx + m | =kt+InC, so 

| kx +m|= Ce”. 

If x is to be positive, as is quite Are re ae 

likely, then you can drop the oO FLY, in Ohta rr 
modulus signs. 

This kind of equation can also describe decay. 

5 Solve the differential equation “ =—3x, 
t 

S te the variables. : epara lables =-—3x so a =-3dt. 
+ 

Integrate both sides. 
: i Mie | -3dt 

ay 

so In| x|=—3r+InC. 

Simplify the solution. In| x= ~3t+InC, so |x | =Ce. 
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Differential equations 

If x is to be positive, you can drop Then aces! 

the modulus signs. 

6 Solve the differential equation x2 = y(y+1), given that when x =1, y=2. 

Separate the variables. dy dy dx 
x—=y(y+1) so —~~=—. 

Wyt+l1) x 

Integrate both sides. You need partial | Y = Ws so 

fractions for the left-hand side. y(y +1) “2 

I5-sa)o-fE = 
In| y|— In| y +1] = In| x]+ Inc. 

Simplify the solution. In 2 ]=nls|+inc. 
yt 

Substitute x=1, y=2 to find C. In |= tn) |+inc so C=3. 
3 

Present the solution. 

Exercise 13 

In questions 1 to 8, solve the following differential equations, giving the constant in 

a convenient form. You may need to give your answer as an implicit equation 
relating x and y, rather than as an equation in the form y=.... 

d 

dy dy ee 4 =e 
or eee de 
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Help yourself to integration 

5 oY sins 6 Yano 
dx cosy dx 

dy 2xy dy  tanx 

dy =x" +1 dx tany 

In questions 9 to 16, solve the given differential equation, using the initial condition 

to determine the value of the constant. You may need to give your answer as an 
implicit equation relating x and y, rather than as an equation in the form y=.... 

9 ar, when x =0, y=2 
dx 

10 Lapeer when x =-1, y=-2 
dx 

dy 
11 —=xy-x when x = 0, y=1 re xy y 

dy 
12 x—=2 when x =1, y=2 re y ¥ 

dy 2 
13 2y—=e’ly*-1 when x = 0, y= 2 hee (y? -1) y 

14 ye = 10 when x = 0, y = 30 
dx 

15 Ss henx=17,y=4 se sack pale when x =¢1,y=7% 

16 ee 1 when x=1, y=- 
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14 More differential equations 

You will need to know 

e@ how to solve differential equations in which you can separate the variables 

@ that the rate of change of a quantity q is given by “ 
t 

. ds dv_d’s_ dy 
@ that velocity v= — and acceleration a = — = —y = v— 

dt de df ds 

e@ how to construct a differential equation from information about rate of change. 

1 For all values of x the gradient of a graph is given by 2e**. The graph passes 

through (0,e). Find its equation, and find the value of y when x =1. 

Use the information about the ; dy dy ae 
: j , : Gradient = —, so —=2e™. 

gradient to write down a differential dx dx 

equation. 

Integrate the equation. y= er 4. 

Use the information that the graph When x=0, y=e, so e=e°+C or 

passes through (0,e) to find the 
e=1+C, giving C=e-1. 

value of the constant C. 

Put this value of C in the equation. | The equation is y= Gime, 

Use the equation to find the value of | When x=1, y= eo tue | 

y when x=1. 

Most differential equations will involve a rate of change rather than a gradient, and are 

likely to require you to write down an equation given information about the rate of 

change. 

In Example 2, the equation is given to you. 
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Help yourself to integration 

2 

70 

The number of insects in a colony is N. The insects breed in such a way that the 

rate of increase of N per day is 0.1N. The initial value of N is 1000. Find the 

value of t when N = 2000. 

Construct an equation from the 

information about the rate of change. 

Integrate both sides. 

Use the initial condition to find the 

value of the constant C. 

Use this equation to find what you 

need. 

The question needs a numerical 

answer. 

The rate of change of N is ae so 

” =0.1N, that is, ja 0.1 dt. 
dt N 

{= foe 
N 

so In| N|=0.1f+InC, and since N>O, 

N=Ce""'. 

When t=0, N=1000, so 1000=C, 

and N =1000e*""" 

When WN = 2000, let the time t=T, so 

2000 = 1000e°!" and 2=e°!". 
Taking logarithms, 0.17 =1n2 or 

# =101In2 

The population is 2000 after about 

6.93 days. 

The acceleration of a particle which is moving in a straight line is given by 

—qw*x, where x is the distance from a point on the line, and @ is a constant. 

When v=0, x =a. Find an expression for the velocity. 



More differential equations 

When you are given the acceleration, you need to decide whether to use 

dv d*x dv Spee Seba eet a=— or a=—x or a=v—. If the acceleration is given in terms of x, use 
dt dt dx 

dv ree iy a. ys dv 55 
a= Vier If the acceleration is given in terms of t use a= re ora= ai Ifv 

t t 

, Oye te: , ie a 
is required, use ay? if x is required, it is usually better to use a= oP but 

t 
: She: dv : dx 

sometimes it is better to use a= Lor to find v, and then to substitute v = aa 
t 

to find x. 

Write down an equation from the dv 2 

information about the acceleration. dx 

This equation is variables separable, | vdv =—@*xdx so | vav = [-ox dx 

so separate the variables and 
pes and $y? =-4a@?x? +C. 
integrate. 

Use the given information to find C. | When v=0, x =a, so 

0=-4@7a*+C and C=407a’. 

Present your result. 

When the rate of change of something is negative, the quantity is decaying. 

4 The rate of loss of temperature per minute of a cup of coffee is k(@ — 20) where 

@ is the temperature in degrees Centigrade, and k is a constant. Initially the 

temperature is 70°, and after 10 minutes the temperature is 50°. Find an 

equation for the temperature in terms of time. 

Construct an equation from the i k(@ -20). 

information about the rate of change. | dr 
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Help yourself to integration 

12 

sn Shyer , dé ; 
The negative sign arises because WF: represents the rate of increase of 

t 

temperature, and the information given is about the loss of temperature. 

This equation is variables separable, dé = } —kdt so 
so separate the variables and (6 — 20) 

integrate. In| 09 — 20| = —kt+InC. 

Use the given information to find C. | When t=0, 8=70, so In50=InC 

and In| @ —20|=—kt+1n50, giving 

6=20+50e™. 

You can find k by using the other When t=10, 8=50 so 

piece of information. 50 = 20+50e !™ giving 0.6=e 1% 

and k=—751n0.6 or k= jh 1n3. 

Present your result. The temperature @ °C is given by 

0= 20-5060, 

Exercise 14 

The gradient at any point on a curve is given by -- The curve passes 
ay 

through (3,4). Find its equation. 

The gradient at any point on a curve is given by > The curve passes through 
x 

(1,2). Find its equation. 
The rate of growth of a population p of bacteria is given by 2p per hour. 

Initially the population is 1000. Find when the population has doubled correct 

to the nearest minute. 

Radioactive substances decay in such a way that their rate of decay is 

proportional to the amount present at that time. Let q be the quantity of 

radioactive substance present at any time. Suppose that the initial amount of g 

present is 1000 gm and that the amount present after 1 year is SOO gm. Find 

an equation for g in terms of time. 



More differential equations 

The velocity vms of a body moving in a straight line is given by 

v =3sin2t, where t seconds is the time from the moment when it passed 

through a fixed point O. Find the distance of the particle from the fixed point 

at time ¢ seconds. 

The temperature of a hot-plate is falling at a rate proportional to the excess 

temperature of the hot-plate above its surroundings. Initially the temperature 

above the surroundings is 300°C, and the temperature is down to 200°C 

after 5 minutes. Find the time, to the nearest minute, when the temperature is 

only 20°C above the temperature of the surroundings. 

A colony of insects initially has 1000 insects. The rate of growth of the 

number JN of insects at time ft days is given by kKN(M —N) where k and M are 

positive constants, and M > N. Find an expression for N in terms of k, M and 

L: 

q3: 



15 Revision exercises 

Revision exercise 1 

2 
Integrate 3x +1, (x? +1) and Vx. 

Given that 2 =2x+1, and that when x=2, y =3, find y in terms of x. 

Find the area of the region between the curve y = 3x? +2x—1, the x-axis and 

the lines x =2 and x=4. 

The part of the curve bounded by y= /x+2, the lines x=2 and x=7 and 

the x-axis is rotated about the x-axis to form a volume of revolution. Find the 

volume of this solid. 

Solve the differential equation 2 =2y, given that when x=1, y=2. 

The acceleration ams” ofa particle moving in a straight line is given by 

a=2cos2t. When t =0, the displacement is 3 m, and the velocity is 

2 ms |. Find the displacement and velocity after 1 second. 

Revision exercise 2 

| 

2 

74 

3 
1 1 

Integrate cos” 3x, [x++) and , 
R x 2x 

Solve the differential equation y? “ =2x+1, given that when x=2, y=3. 

1 

Use the substitution u = sin x to calculate J cos" 2xsin? 2x dx. 

Find the area of the region bounded by the curve y = x°, the y-axis and the 

lines y=1 and y=8. 

The acceleration ams” of a body moving in a straight line is given by 

a= 3x* where x m is the distance from the origin. When x =1, v= 2. Find 

the velocity when x =2. 

; 1 
The part of the curve with equation y = x +— between x = 4 and x =2 is 

a 
rotated about the x-axis. Find the volume of the solid of revolution formed. 



Revision exercises 

Revision exercise 3 

2 

1 = Calculate { [x-<p Jas a — dx and = ax, 
Vx 

2 The acceleration a ms~ of a train which starts from rest at time t= and 

travels in a straight line is given by a=2-— it for values of t lying between 

0 and 60 inclusive. Find the velocity and displacement of the train after 60 

seconds. 

3 Acurve which satisfies the differential equation e = xysin x passes through 

the point (5 i 1). Find the equation of the curve, and the value of y when 

x=. 

4 The region bounded by the curves y =x? and y= x is (a) rotated about the x- 

axis and (b) rotated about the y-axis. Find the two volumes of revolution so 

formed. 

5 Find the area of the region bounded by the curve y = (2 — x)In x and the 

X-axis. 

6 Use integration by parts twice to calculate the integral ee sin bx dx. 

Revision exercise 4 

5a In2 3 in : 

1 Calculate | cos xcos2xdx, | e = dx. | xsin2xdx. 
0 0 0 

2  Theacceleration ams” ofa body falling from rest under gravity taking air 

resistance into account can be modelled by the equation a = g —kv, where g 

and k are constants and v ms"! is the velocity. Find an equation for the 

velocity after time ¢ seconds. 

3 Calculate the area of the region between the curves y = x’ and y=x°, 

4 A glass holding 0.5 litres is to be made in the form of a volume of revolution 

of the graph of y= kx*, where k is a constant, between x =0 and x =10, 

rotated about the y-axis. The units are centimetres. Calculate the value of k. 

dy 
5  Accurve satisfies the differential equation (1 +x 2) ae = 2xy and passes through 

the point (1,1). Find its equation. 

fis) 



Help yourself to integration 

1 
6 Use the substitution u=1+ x? to calculate [, (x+ 2x3 )y(t + x?) dx. 

Revision exercise 5 

1 51 In2 13 4a 

Calculate } sin 2x dx , } xe, dh, } tan x dx. 
0 0 0 

Find the area of the region bounded by the curve y = (x —a)(b— x), where 

b> ia. 

Find the volume of the solid of revolution generated when the region bounded 

by the graph of y=cosx between x=-—42 and x=+7 is rotated about the 

X-axis. 

d : 
Solve the differential equation (1 - x’ ly Fe =x, given that when x =1, 

y=l. 
€ 

Use integration by parts to find I x” Inx dx. 
1 

The acceleration ams ~ of a body falling from rest under gravity taking air 

resistance into account can be modelled by the equation a = g — kv? , where g 

and k are constants and v ms" is the velocity. Find an equation for the 

velocity when the displacement is x metres. 

Revision exercise 6 

76 

1 2 In2 
Calculate } cos* x dx, } (1+ 4x)? dx, } Aes Os, 

0 0 0 

The region between the curve y= x’, the x-axis, the origin and the line x =k, 

where k > | is rotated about the x-axis to form a volume of revolution. The 

volume between x =0 and x =1 is exactly half of the volume of the total 

solid. Find the value of k. 

Find the area of the region between the curve y =x? —3x+2 and the straight 

line y=2x-2. 

de2* 

2+3e7* 
The temperature @ °C of a cup of tea f minutes after it was made is given by 

Use the method of integration by substitution to find \ 

; ee 4 
the differential equation Pe = —k(@ —20). Initially the tea is at temperature 



Revision exercises 

70 °C and 5 minutes later the temperature is 50 °C. Find when the 

temperature is at 40°C. 

Solve the differential equation a =2y+3, given that when x=0, y=-2. 

Revision exercise 7 

2a 

Calculate | In(—x)dx, } sin? 4x dx, ie 
| 0 1 2x+1 

I 
———— dx 
V3 -4x° 

The region shaded in Fig. 15.1 below lies between the curves y* = x and 

dx. 

we on 
Use the substitution x = B sino to integrate 

y? = x —2. Find its area. 

y 

Fig.c 1521 

In Fig. 15.1, the shaded region is eer about the x-axis to form a volume of 

revolution. Find its volume. 

pay At lty™ 

“it 
A curve which satisfies the differential equation — Passes through 

the point (2,3). Find its equation. 

A particle moves in a straight line in such a way that its retardation is always 

proportional to x” where x is the displacement from the origin O. When 

x =1, the velocity v=0, and when x =0, v=2. Find v in terms of x. 

Tr 



16 Answers 

In these answers, C stands for an arbitrary constant. 

Exercise 2, page 6 

45 

78 

tP4+C 

3x°+C 

xe 

4x7 +C 

3x7+C 

x7 +C 

~dxt+e 

Fda 1 6) 

3x4 +C 

-~3x7+C 

4x44 

Dy Ben C 

2x SO 

3x? ~4x°+C 

tx 4x7 a3 & 

txtgtyr tty? texte C 

Osi Fe 3 C 

2x1 +3x7+C 

257 4C 

3 
x? +C 

8 x34¢ 

2x7 4C 

2x? +C 

ers 

tx°+C 

3x°+C 

+ 

5x+C 

tx°+C 

-x'+C 

-tx°+C 

px +c 

x +C 

C 

tx? 4x4 

2x — 3x 

3x2 +8x+C 

txt 4x74 

gx tt tty? +ix+C 

1x4 -tx°+C 

5x! +3x7 -2x34+C 

4x7 4C 

~4x7 +C 

9x3 +C 

4x? +C 

a3 3 

8 
x?+C 



eel i 
Ae ee br I 

V2 

49 2x°+Bx?+6x4+C 

51 x 42° -1 26 

53 2x2 44x74 

55 28 42x42x7+C 

57 —x 135% 2x74 

59 8x? —4x 

Exercise 3, page 9 

1 u=2v* -3v+3 

3 y=3x+7 

5 y=-3x+13 

7 (-2,-16) 

9 ae A 
x 

11 Maa —3x 2% 

13 yel+3x+4x7-2x° 

ian? esameey ey woe 
x 

Exercise 4, page 14 

1 s=6+36t-20? 

3 var? +t+5 

5 h=147t—4.9t7, 1102.5 m 

7 s=12t-46,6s,48m 

9 

An bh WN 

Cann sk WY 

Answers 

tx +2x7 +4x4+C 

i) 

Ulo Nfe uly Ule wl 

bad x a | S - 

& 

de Rie 

| 

tad = 52 + : q 

nN 
36 +4x +C 

x°-x +C 

Xx 

y=x? +3x-7 

w =3u> +3u? —3u+29 

y=-4x° +2x%—3 

y=tx? -2x+4 

y =5x-3x? 

(-3, 14) 

(2,0) and (-5,0) 

y=2x?=10 

J= 481-32’, 32 seconds 

even 

v=9t-21? +3 

3 m,3m,39m 

v= 58.8—9.8t, h = 58.8t— 4.97, 171.5 m, 171.5 m. After 5 and 7 seconds the 

particle is at the same height, once on the way up and once on the way down. 

79 
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Exercise 5, page 20 

1 24 2 60 

Sen 4 -37 
5 -50 6 15 
7 Bi 8 162 
9 24 10 -1 

i 15 
2 13 13% 
2 15 8s 

17. 22 

! 19 = 214 

1 21 574 

80 



23 

25 

27 

29 

31 

55 

36 

57 

36 

a|— 

Answers 

81 
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23 0 
The positive area above the x-axis exactly 

cancels out the negative area below the x- 

axis giving the result 0. 

1 34 se 

3 36 me 

1 347 2 an 

3 Be 4 147 
3 

SP 5675 6 70 

7 Ae 8 cae 
30 3 

9 Eile 10 bis 
3 10 

ah 28 12 1003, 
5 5 

13 2 14 25 
10 15 
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Exercise 7, page 33 

Answers 

In some cases, where space permits, alternative answers are given. 

1 

3 

5 

7 

35 

a0 

2x°+C 

8x + C or 8x? +C 

tx 4+tx°4+C 

2x8 417? 4C 

4x? -25x+C 

2 In| x|+C or In(x?)+C 

1 

x 
—In| x|+C or In}—|+C 

-4(1+2x)"! + C or 

3 

4(1+4x) +C 

Fsin2x+C 

cos(—2x)+C 

ae 
2(1+ 2x) 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

24 

26 

28 

30 

36 

38 

4x94 

to ela Gp heean 
BG 

4x? + In| x|+C 

In| x|-x7! + Cor Inx|- +40 : 
x 

4x? +2x+In|x|+C 

4 In| x|+C or In(x? 4c 

1 
—2 In| x|+C or in( x} 

x 

—sinx+C 

265 + 

-e* +C 

1 acts AG: 

a 

Ae? BC 

e*-e *-2x+C 

4(x+2)°+C 

-4(5-3x) +C 

4(1-2x)° +Cor 

at 

16(1+4x)° +Cor8V4+x+C 

—cos4x+C 

ee 
2(1-2x) 
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39 —4.cos(x7)+C 40 -—cos(} mx) +C 

41 = coslaxt By-uG 42 + sino(x—42)+C 
a @ 

43 2Inll+x|+C 44 Inf2+3x|+C 

45 Injl—x|+C 46 Injx-1|+C 

47 <lnj1+3x|+C 48 -In|4—5x|+C 

49 —Inj1-7x|+C 50  -3In|2-3x|+C 

51 -Injl-x?|+C 52 Linlx?-1]+C 

53 Injsinx|+C 54 -In|cosx|+C 

55 —Vl-x7+C on fate) a0 
2(n +1) 

57 2W1+2x+C 58 = 2V3+2x7+C 

59 2Vsinx+C 60 21l+e7+C 

61 -4y1-x*+C 62 V2x°+x44+C 

PEE SY 64 —xt4CorJ2x+€ 
3 V2 
ue 
3 

65 —xt+¢ 66 tn] x|+Cor In| yx|+C 

67 (2+cosx)  +C 68 1(1+2sinx)'+C 

69 41n|3+2sinx|+C 70 2Wv1+e*7+C 

Exercise 8, page 39 

f 4x+4sin2x+C 2 4x-Fsinx+C 

3 tanx+C 4 -x-cotx+C 

5 In|sinx|+C 6 4x+ ysin4x+C 

7 -cotx+C 8 $x—4sin2x+y5sin4x+C 
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9 2sinx+C 

11 -4cos3x-cosx+C 

13 Fsin2x-fsindx+C 

15 21n|x-1|+In|x+1|+C 

17) In[4x—3|-Inf2x+1|+C 

19 2In| x+1|-——+C 
x4 

i | Pnl2x—5|- GIy +e 

23) x+4In|x+1|+5In|x-1|+C 

25 x=2lajx+1|-—2-+¢ 
x+1 

Exercise 9, page 47 

2(x—3)? +2(x-3)? +C 

(2x +1)? -1(2x+1)?+C 10 
3 

2(3x+2)? + (3x+2)?+C 

aa 
28 

YY A na WO — 

\ =) 
ais 

\o | ca 

‘S tw 

ari 

+ Q 

11 4(4+x") melee) C 

13 2(x+1)?- 2(x+1)? +C 

15 2(3x2-2)" +c 

17 $(2+3x)?+C 

19 sin'x+C 

21 $1n(25+x7)+C 

23 —446—-12+C 

10 

12 

14 

16 

18 

20 

22 

24 

26 

(2x +1)? _ P(ox+1)? +4(2x+1)? +C 

8 

10 

Answers 

4 sin? x+Cor— cos” x+C 

Fysin6x+4sin2x+C 

+ cos 2x —4.c0s 6x +C 

31n| x -3|+2In]x+2|+C 

In| 2.x +1|+ In] 3x-1]+C 
1 

In| 2x —1]—-————- +C sees ee 

In| x +2|+ nae 
(x+2) 

x+In|x-2|-In]x+2|+C 

x+4In|x-—2|-21In|x+3|+C 

x2)? +2(x—2)'+C 

2x =3) +2(2x—3)' -C 
PN pm 

ztan“'(4x)+ C 

1 (2x3)? +(2x-3)? +C 

4 (4x43)? +5(4x4+3)? +C 

2(3- x)? -6(3—x)?+C 

stan "'(4x)+C 

x—Stan7'(4x)+C 

sin! re G 
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25 Oandiz 26 

27 Oandta 28 

29 Oand tan + 30 

31 tx a2 

33 42 34 

35 1-3tan' + 36 

Exercise 10, page 53 

1 xsinx+cosx+C Z 

3 4xsin2x+4cos2x+C 4 

5 4x7? Inx-Fx7+C 6 

7 -x’e* —2xe* —2e* +C 8 

9 +(inx)? +C 

10 4x? sin2x+4xc0s2x-tsin2x+C 

i ote = eC 12 
a a 

13 xsin'x+V1-x2 +C 14 

15 xtan'x-ZIn(1+x?)+C 16 

17 +e*sinx+5e* cosxt+C 

18 sin eee =e -e™ cosbx+C 
a+b a+b 

Exercise 11, page 58 

86 

3 
e —e 5 

3In2-1 4 

1 
! 1-5) 6 +( Ag 

bn 8 
bale?) 10 

e 

land O 

3 and 4 

—3 and —2 

14 
15 

4.3 - 6% 
2 3 212-54In3 

] 2X AN TD 22x 
x Xe ae FC 

=e -te**+C 

—~x* cosx+2xsinx+2cosx+C 

due Oe eee: 
zx Inx a! +C 

1 
4x—Fsinxcosx+C 

1? tan x ++ tan! Poe ete 2 2 2 
3 3 

$x? Inx-¢x? +C 

m(16(In 2)’ -16In2+6) 



Answers 

lslayv3 -1(1 11 AL hora 12. tan (3) 

13 joe 14 quite 
e € 

15 n(1-+7) 

Exercise 12, page 63 

Four sets of answers are given, the first for the rectangle rule, then the trapezoidal 

rule, the mid-point rule, and finally for Simpson’s rule. In each case, the answers are 

given correct to six decimal places, but that does not indicate the accuracy you can 

expect. 

The rectangle rule. 

1, .0:202)5 2 tOO1 622 

3 0.919 403 4 1.106 657 

See Or J 07 6 7.741 407 

The trapezoidal rule 

t ek 25) 7-580) 2 My at 125332 

3 0.997 943 4 1.185 197 

5 2578-704 6 8.147 741 

The mid-point rule 

1 0.248 75 2 1.111006 

3 =1.001 029 4 »_ 1201952 

5 2.576 424 6 8.144 793 

Simpson’s rule 

i 025 2 1.111 446 

3 —_:1.000 003 4 1.193 089 

S184 6 8.145 797 

Exercise 13, page 67 

1 y= Ce?” 2. y=C 
1,? 1,2 

y=Cer” y=Coe 

siny+cosx=C 6 e =4x°+C 
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i y= Cx? 8 

9 y=3x+2 10 

iy? 1,? 
ED y=t+e ory=l-e" 12 

13 In| y? -1]=e* -1 14 

15 siny=2sinx 16 

Exercise 14, page 72 

f+ y? =25 

3 21 minutes 

5 3- cos 2t 6 

1000M 

{1000 +(M- 1000)e"™*"| 

Revision exercise 1, page 74 

S. 

3x7 +x4+C, tx +30 $040, 3x? 

yHx?+x-3 

NHN nn fw YN = 

Ww ie) |— a 

(54 —tcos 2) m, (2+sin2) ms! 

Revision exercise 2, page 74 

dace ¥ Hin eis y 2 = 1 77 Sin OX +5x+C, 7 a +3Inx ; 

y =(3x? +3x4 9)’ 

Aun bf} &R WN 

88 

cos y = Ccos x 

y==n>3 

y=2x? 

y? = 20x +900 

A? p2 
Via es pace 

y=2x 

gq =1000e 7"? 

33 minutes 

PEC. ne 



Answers 

Revision exercise 3, page 75 

an bk WB NY -— 

1,2, In4 

Oms!,1200 m 

Iny =sinx—xcosx-1, e”~ 

ae™ sin bx — be™ cos bx 
+C 

gabe 

Revision exercise 4, page 75 

1 

DHA nan & WSO WN 

tenn ear 
3° 94227 

flare a 
pals 
12 

ae 10 

y=4(1+x7] 

14 1 rope 
Revision exercise 5, page 76 

= S ale 
| 

co|— 

| al 
y 

i) 

ST eee n+l (n+l) (n+l) 

ee) 
k 
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Revision exercise 6, page 76 

_ WON = 

Revision exercise 7, page 77 

1 -1, a, $1n5 

2 sin E+C 

10/5 - 2/3 
87 

NH oO Bh W 

iS) iS) 
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Index 

Acceleration 

Approximate integration 

Area 

Area 

Area ‘below the axis' 

Definite integrals 

Differential equation, 

Differential equations 

Differential equations 

Displacement 

Guess and check 

Integrating a sum of functions 

Integrating polynomials 

Integrating powers 

Integration by parts 

Integration by substitution 

49 

41 

Mid-point rule 

Partial fraction, use for 
integration 

Parts, integration by 

Rate of change 
Rectangle rule 

Simpson's rule 
Standard forms, use of for 

integration 
Substitution, integration by 

Trapezoidal rule 
Trigonometric substitution 

Variables separable 
Velocity 
Volume of revolution 

Volumes of revolution 

91 
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Help yourself to 

integration 
Help yourself to integration is designed for all students of 

Advanced Level mathematics, enabling them to improve and 

practise their skills in calculus. 

Through clear explanation and plenty of practice, the book aims 

to increase confidence and proficiency in the skills needed to corrplete the 

advanced course successfully. 

The book provides: 

Chapters focused on individual techniques 

_ Worked examples with commentaries to illustrate the general principles, 

strategies and skills needed to solve specific problems 

_ Graded exercises, with answers, to give practice in manipulation 

and problem solving 

An index for easy reference. 

The following titles comprise the Help Yourself series: 

Help yourself to algebra 0 582 29068 6 

Help yourself to advanced algebra 0 582 31805 X 

Help yourself to differentiation 0 582 317967 

Help yourself to integration 0 582 31804 | 
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