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tl otal fh aed 

Preface 

The purpose of this book is to help to increase students’ facility in the early 

parts of the differential calculus. 

There are plenty of exercises in this book. The exercises are graded, and 

most types of exercise have a worked example with a full commentary to 

provide assistance. 

I would like to thank the authors of New General Mathematics, Messrs J B 

Channon, A McLeish Smith and H C Head, for allowing me to use their text 

for the sections on maxima and minima and for curve sketching, Rosemary 
Emanuel for checking the manuscripts and her many helpful suggestions, 

Sue Maunder for checking the answers and Addison Wesley Longman for 

their speed in producing this book. 

The responsibility for any errors is mine. 

Hugh Neill 

March 7, 1997 
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1 How to use this book 

Assumptions made 

This is a book which is designed to help you to learn differential calculus by giving 

you a number of carefully worked examples, and then problems based on them. 

The assumption is that you are not a beginner, and that you have been taught some 

calculus already. Thus, no theory is-given; if you need to know more, then you 

should consult your calculus book and your teacher. 

At the beginning of each chapter there is a list of topics which you should have 

studied and understood before commencing work. 

Most of the techniques are introduced in the context of polynomials. Chapters 13 and 

14 introduce the trigonometric, exponential and logarithmic functions. There follow 

three short chapters on implicit differentiation, parametric differentiation, small 

increases and curve sketching. 

Learning a technique 

Suppose that you need to learn how to carry out a particular technique. Look for the 

chapter which includes the technique, check that you have covered the theory, and 

then study the worked examples carefully, preferably with a pen in your hand. 

Write down the steps as you go, and check each step carefully. Ask yourself: Why 

was this particular step chosen? Do I agree with the working? Why is it like that? 

Remember that mathematics is not disconnected, and if you can learn the general 

principles behind calculus, you will make better progress in other areas of the 

subject. 

Trying the exercises 

If you get stuck with a particular exercise, then look back at a worked example 

similar to the one you are having difficulty with, and try to isolate the place where 

you are having the problem. 

Look at the answer. Sometimes, but not always, the general form of the answer can 

give you a clue. Remember that sometimes there can be different forms of the same 

1 



Help yourself to differentiation 

answer, and it may be that your answer is correct, but you do not recognise it as 

such. 

There are plenty of exercises in the book. Do as many as you need to perfect a 

technique. 

Short cuts 

In many cases the examples-are worked in more detail than you need to give ina 

solution. If you can skip lines, go ahead; but don’t make errors by so doing! It is 

better to write more steps, and to get the solution correct, than to skip steps, get 

things wrong, and subsequently lose confidence. 

Graphics calculators 

No mention is made of graphics calculators in this book. If you have one available, 

you should certainly use it where appropriate. However, problems in calculus need 

exact techniques, which are the focus of this book. 

Other non-calculus methods 

This is a book about differential calculus, so it follows that calculus methods are 

given for solving the problems in this book. However, there are other occasions 

when a non-calculus method may be quicker, for example, in certain maximum and 

minimum problems, and in curve sketching. 

Answers 

Answers are given, but in some cases the answer given may be in a form different 

from yours. If that is so, and you cannot reconcile your answer with that in the book, 

you should seek help. 



2 Gradient curves 

You will need to know 

e@ how to find the gradient of a straight line given two points on it 

e@ the difference between a line with positive gradient and a line with negative 

gradient, shown in Fig. 2.1. 

fale An 
k k 

Positive _ h Négative ___ h 
gradient gradient” = & 

Fig. 2.1 

If you are given a graph, you can measure or estimate the gradient at each value of x. 

You can then plot the values of the gradient against the value of x to get another 

graph. It is useful to be able to deduce the approximate shape of the gradient graph 

from the graph of the original function. 

1 For which parts of the graph in Fig. 2.2 is the gradient positive and for which 

parts is the gradient negative? 

Fig. 2.2 

Gradient is positive when a graph The intervals for positive gradient 

slopes upwards and to the right, are: 

negative for downwards to the right, —3<x<-2, -l1<x<0 and 

and zero when horizontal. \Lgurere an 



Help yourself to differentiation 

At the sharp joins of the straight lines | The intervals for negative gradient are: 

the gradient does not exist. —2<x<-land 0<x<1. 

2 For which part of the graph in Fig. 2.2 is the gradient greatest and for which part 

is the gradient least? 

Look at the numerical values of the The greatest gradient is 3 in the 

gradient in the pieces. intervals —-3< x<-—2 and 1<x<2. 

Look for the greatest and the smallest | The least gradient is —4 in the 

numerical values of the gradient. interval O<x<1. 

3 In question 1, you are told that the gradients are 3, —0.5, 1.5, —4, 3 and 0. 

Draw a graph of the gradient against x. 

Draw the values of the gradient for the gradient 

intervals of the graph in Fig. 2.2. 

Notice that there are breaks in the 

gradient graph corresponding to the 

sharp points of the joins in Fig. 2.2. 

Note that when the graph in Fig. 2.2 is 

steepest, the corresponding parts of the 

gradient graph are furthest away from 

the x-axis. 
Fig. 2.3 

When the original graph is curved, drawing the gradient graph is more approximate, 

and you can probably only give a very rough sketch which shows its general shape. 

4 For the part of the graph shown in Fig. 2.4, where is the gradient zero? Where is 

the gradient greatest and least? 

* 

The gradient is zero when the graph is_ | The gradient is zero at x =—1. 

horizontal. 



Gradient curves 

Fig. 2.4 

The graph has greatest gradient when it | The greatest gradient is at x =3 and 

is steepest to the right, and least when | the least gradient is at x = —3. 

it is sloping downwards to the right. 

5 Sketch the graph of the gradient for the graph in Fig. 2.5. 

The gradient is 0 at x =—1, so plot the 

point (—1,0) on the gradient graph. 

On the left of x =—1, that is, for 

—3< x <-l, the gradient is negative, 

so the graph of the gradient is negative 

and below the x-axis. 

Similarly, the gradient is positive for 

-1< x <3 so the graph of the gradient a ee > 

is positive and above the x-axis. “t 

The exact shape is vague, so the 

graduations have been removed from 

the graph of the gradient against x. Fie 25 

6 Sketch the graph of the gradient against x for the graph shown in Fig. 2.6. 

Here is an outline of the method. 

e. Determine first the points of the original graph at which the gradient is zero, and 

mark the appropriate points on the x-axis of the gradient graph. 



Help yourself to differentiation 

Fig. 2.6 

e@ Between the points of zero gradient, mark the curve with positive and negative 

signs corresponding to the gradient as shown in the top part of Fig. 2.7. If the 

gradient is positive, the sign will be positive; if the gradient is large, the 

positive sign will also be large. 

e@ Then use the information gained to plot the gradient graph, shown in the lower 

part of Fig. 2.7. 

The points marked 0 on the graph refer 

to the points of zero gradient. These 

points give rise to points on the x-axis 

on the gradient graph. 

Then the parts of the curve with 

positive gradient are marked with + 

signs; the larger the + sign, the larger 

the gradient. These points give rise to 

points on the gradient graph above the 

x-axis, since the gradient is positive. 

The parts with negative gradient give 

rise to points below the x-axis on the 

gradient graph. 

The points are then joined up to form a Fig. 2.7 

sketch of the gradient graph. 
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Gradient curves 

Exercise 2 

For the graph in Fig. 2.8, write down the maximum and the minimum 

gradients, and draw the graph of the gradient. 

Fig. 2.8 Fig. 2.9 

For the graph in Fig. 2.9, write down the maximum and the minimum 

gradients, and draw the gradient graph. 

For the graph in Fig. 2.10, write down the intervals of x for which the gradient 

is positive, and those for which the gradient is negative. Sketch its gradient 

graph, making it clear where the gradient graph crosses the x-axis. 

Fig. 2.10 Fig. 2.11 

For the graph in Fig. 2.11, write down the intervals of x for which the gradient 

is positive, and those for which the gradient is negative. Sketch its gradient 

graph, making it clear where the gradient graph crosses the x-axis. 



3 Differentiating powers of x 

You will need to know 

that the derivative of x” is nx"! for all values of n 

how to differentiate sums, differences and multiples of powers of x 

that the words ‘differentiate’ and ‘find the derived function’, ‘find 2 ’ ‘find the 

gradient function’ and ‘find f’(x)’ all have the same meaning 

the meaning of, and how to manipulate, indices 

how to find the equation of a line through a given point with a given gradient. 

You will find that, just as there is alternative language for the process of 

differentiation, there is also alternative notation. In the examples which follow, you 

will see alternative forms of language and notation. 

1 Find “ when y=x, y=2x', y =2x+3 and y=5x9-4x7 +2. 

Use the nx"! rule. 

Constant multiples do not affect the 

nx" rule. It is not usual to write this 

out in the detail given. 

Sums of functions are differentiated 

term by term. Note that y=2x +3 is 

the equation of a straight line with 

gradient 2. 

Sums of functions are differentiated 

term by term. Use the nx”! rule on 

each term separately. 

If y=x°, ee 9 
dx 

If y=2xx", then 

Saag = 8x°. 
dx 

If y=2x+3, es. 
dx 

? 

If y=5x° —4x? +2, then 

es 



Differentiating powers of x 

Find f i) for each of the ppllewing functions i (x). 
f(x)=a ary {= x?, f(x) =x° and f(x) =x? -2x"! 

The nx”! rule still works. Leave the 

answer in the same form as it was 

given. 

Use the nx”! rule again. Leave the 

answer in the same form as it was 

given. 

Use the nx"! rule. You should 

recognise that x° =1, so you are being 

asked to differentiate a constant and get 

0. 

Differentiate term by term. Once again, 

leave the answer in the form in which 

the question was asked. 

Find the derived functions of f(x) = a f(x) =~<x and f(x) = 
% 

1 
Express — as a power of x to 

x 
differentiate it. Then return it to the 

positive power form in which the 

function was given. 

You must express Vx asa power of x 

to differentiate it. Then return it to its 

original form using the standard index 

rules. 

If f(x) =x7!, then 

f(x) =-1xx? =-x”?. 

at 
73 If f(x) = x?, then f’(x) = 5X 

If f(x) =x°, then f’(x)=0xx7! =0. 

If f(x) =x” —2x"', then 

f’(x) =2x-2xx” x(-1) 

=2x+2x~ 

oe 7 

‘je tent 
x 

f’(x) =-1x x” 

1 1 a) 
x? xe 



Help yourself to differentiation 

Express z4 in power form, and then 
vx 

differentiate. In this case it is usual to 

give the answer as a positive power 

rather than — ait a 
/ me) 

-4 1 
=—; or simply x 

x2 

Here are some other examples where you need to manipulate the form of the 

expression before differentiating. The objective is to get the expression as the sum of 

powers of x, and then you can apply the ie 

4 Find the differential coefficients of (2x +1)”, 

This is not in the form of a sum of 

powers of x, but you can make it so by 

first multiplying out the brackets. 

You can express this as a sum of 

powers by first dividing. 

To differentiate this function separate it 

into the form ,/(2x) = V2 x Vx 

To differentiate a eek oad it 

ar into the form —— 

10 

rule for differentiation. 

2 are 2 xetdately 
(2x), 

Let y=(2x+1)’. 

Then y=4x7 +4x41, so 

=8x+4. 

2 
Let y== beg Sag eo 

Then  =1- x =14+—5 
3 

Cy ys a Beh wridvoy 
—oooOoo eo —_—_—_— e 

3x 3) ale 3 

Then Oo = x-o tae t. 



Differentiating powers of x 

The derivative gives you useful information about the gradient of the curve whose 

equation you are differentiating. The examples which follow show you different ways 

in which you can use the derivative. 

5 Find the gradient of the graph y = x? +3x-1 at the points on it where x =3 

and x=-2. 

First differentiate to find the gradient at | y = x* +3x-1 

an int. 
_ RUSE co peruc 

dx 

Then put x equal to the values required. | When x = 3, 

gradient =2X3+3=9. 

When x=-2, 
gradient = 2 x(-2)+3=-1. 

Find the points on the graph y= x° +3x” —9x+3 at which the gradient is 15. 

First differentiate to find the gradient at) y = x3 +3x? -9x+3 

any point. O42 +6x-9. 
dx 

. d 
To find when the gradient is 15, put Gradient = 15 when ae =15 so 

2 =15, and then solve the resulting | 3x7 +6x—9=15. Solving: 

2 _ = 

quadratic equation by any of the usual 3x" + 6x—24=0 

methods, factorising or using the x? +2x-8=0 

quadratic equation formula. (x +4)(x-2)=0 

x=—-4o0rx=2_ 

11 



Help yourself to differentiation 

To find the required points you need the} When x =2, 

values of the y-coordinates as well as 

the x-coordinates. So substitute into 

the equation y= x? +3x? -9x+3 to 

find y. 

y=2?+3x2?-9x2+3 

=8+12-18+3=5S. 

Similarly, when x =—-4, y=23. 

Finally, give the coordinates of the| The required points are (2,5) and 
points. (-4, 23). 

Exercise 3 

Find = for each of the following functions y. Where they appear, a, b and c are 

constants. 

i ee 2 

Say 4 

5 cx? 6 

Tie ke 8 

9 x4 10 

11 2x? =3x* 12 

13. 3x’-7x-4 14 

15° x°=5x 4 3xee 16 

44+6x—7x’ 

M3 = 457 4x41 

Find the derivatives with respect to x of the following functions. 

17 

19 

21 

23 

25 

27 

reg 18 

Sa tx? 20 

2x° 22 

3x—3x° 24 

3x3 26 
(ox —2e 28 

2x7! 

it ee Sard 
zx +5x 

8x+4x7 
ay 

D5 

+ -2 
3x34+2x “+x 

3 Lat, 
4x? -2x 7+3x-2 

2 

, 

Differentiate each of the following functions. 

29 

“12 

1 
a 30 x Wx -3x 



Differentiating powers of x 

Shy 32 x3. 
Vx 

33 Siet ays 
34° (2x+1)(2x-1) 

35 (x+4) 36 [vs = 

ie shader) 
some 
41 (x) 42 (3x)b 

43 (4x) 44 Wn 

Find the y-coordinate, and the gradient, at the points on the following curves 

corresponding to the given values of x. 

45 y=x’ +3x4+2, see 46 y=2x? +x-1, La7 

47 ‘y=2x-x*, x=0 48 y=x(x-1), x=-2 

49 y=x(x-1)(x-2), x=3 50 y=vx, x=4 

For each of the following curves, find the point or points at which the gradient has 

the given value. 

51 y= 2x’, gradient 4 52 y= 3x? +2x, gradient — 4 

53 y= cu gradient — 4 54 y= x, gradient 6 
x 

55 y=x? — 3x7 + 5x =6, gradient 2 

56 y=x?-2x? +x-3, gradient 5 

13 



4 Tangents and normals 

You will need to know 

how to find the equation of a straight line given its gradient and a point which 

lies on it 

how to find the gradient of a line perpendicular to a given line 

the meaning of the word ‘normal’, shown in Fig. 4.1. 

Tangent Normal 

Fig. 4.1 

You can use differentiation to find the equation of the tangent to a curve through a 

given point. 

1 

14 

Find the equation of the tangent at (2,4) to the graph of y= see 

You can find the equation of a straight line if you know. its gradient and the 

coordinates of a point on it. As you know (2,4) lies on the line, you only need 

its gradient. To find the gradient, differentiate the equation y = x” of the 

curve. 

Differentiate to find the gradient. If y=x’, = =2x. 

For the gradient at x = 2, substitute When x =2, ~ = 4, so the gradient 

x =2 in the expression for 2. is 4. 



Use y— Y = m(x-— X) to find the 
equation of the line through (X, Y) 

with gradient m. 

Then simplify the equation. 

Tangents and normals 

The tangent has gradient 4 and passes 

through (2,4), so its equation is 

y-4=4(x-2). 

y=4x-4. 

Find the equation of the tangent to the graph of y= x? —3x? +1 at the point for 

which x =-1l. 

The only difference between this example and Example 1 is that you have to 

find the coordinates of the point on the graph for which x=-1. 

Differentiate to find the gradient. 

Substitute x =—1 to find the required 

gradient. 

Find the coordinates of the point on the 

curve for which x =—1 by substituting 

x =-1 in its equation. 

Find the equation of the line using 

y—Y=m(x-X). 

Then simplify the equation. 

If y=x°-3x’ +1, then 

BY as? on 
dx 

When x=-l, 

D =3x(-1) -6x(-1)=9 so the 

gradient is 9. 

When x=-1, 

y =(-1)? -3x(-1)? +1=-3, so the 
point is (—1,—3). 

The tangent has gradient 9 and passes 

through (—1,—3), so its equation is 

y-(-3) =9(x-(-1)) 
or y=9x+6. 

15 



Help yourself to differentiation 

3 Find the equation of the tangent to the curve y = 3x? —2x+1 which is parallel 

to the line y=10x. 

You need to use the fact that the line y = 10x has gradient 10 to find the point 

on the curve where the tangent has gradient 10. 

Differentiate to find the gradient. If y= 3x7 -2x+1 , then 

Le 6x7 =Z, 
dx 

Find where the gradient is 10. 2 Eth Wek Cres ee, tere 

when x =2. 

Find the y-coordinate for x =2. When x =2, 

y=3x2*-2x24+1=9. 

Use y—Y =m(x- X) to find the The tangent has gradient 10 and passes 
equation of the line. - through (2,9), so its equation is 

y-9=10(x-2) 

Simplify the equation. or y=10x-11. 

To find the equation of the normal to a curve, you need the extra information that if 

two lines are at right angles, then the product of their gradients is —1. 

4 

16 

Find the equation of the normal to the curve y = x? —2x-1 at the point for 

which x =3. Find the x-coordinate of the point where the normal meets the 

curve again. 

You cannot approach this problem directly. You have to find the gradient of 

the normal via the gradient of the corresponding tangent. * 



Differentiate, and find the gradient of 

the tangent at x =3. 

The tangent and normal are at right 

angles, so the product of their gradient 

is —1. Use this to find the gradient of 

the normal. 

Find the y-coordinate for x =3. 

Use y—Y=m(x- X) to find the 

equation of the normal. 

Simplify the equation. 

To find where this line meets the curve 

again, solve this equation 

simultaneously with the equation of 

the curve. 

Reject the solution you do not want. 

Note that you could have predicted that 

x =3 was a solution of the 

simultaneous equations, because it is 

one of the places that this normal 

meets the curve. 

Tangents and normals 

If ye = I= 1) then Dada pitn 
dx 

At x =3, the tangent gradient is 4. 

Let m be the gradient of the normal. 

Then 4Xm=-1, so m=-4. 

When x =3, y=3? -2x3-1=2. 

The normal has gradient —+ and 

passes through (3,2), so its equation 

is y-2=-4(x-3) 

or 4y=—-x+11. 

The line 4y =—x+11 meets 

y =x” —2x—1 where 

4(x? -2x-1)=-x+11, that is, 
4x” —7x=15 =0, or 
(x -3)(4x+5)=0, that is x =3 or 

pee 

The point x =3 is already known, so 

the required value is x =— 3. 

17 



Help yourself to differentiation 

5 Find the equation of the tangent and of the normal to y = x*(x—2) at the point 

other than the origin where it cuts the x-axis. 

Find where the graph of y = x°(x—2) 
cuts the x-axis. Recall that the x-axis 

has equation y=0. 

Differentiate and find the gradient at 

(2,0). 

The tangent has gradient 4 and passes 

through (2,0). 

The normal is perpendicular to the 

tangent, so its gradient is — 4. It also 

passes through (2,0). 

The curve y = x’(x—2) meets the x- 
axis at y=0, so x*(x-2)=0, 

giving x =0 and x =2. The point 

away from the origin is (2,0). 

y=x?(x—-2)=x3 -2x? 

D = 3x? —4x. At x =2 the gradient 

is 3x2? -4x2=4. 

The equation of the tangent is 

y—-0=4(x—-2), that is, y=4x—-8. 

The equation of the normal is 

y-0=-4(x-2), that is, 

4y=-x+2. 

It often appears more difficult to find the tangent at a point when the x-coordinate is 

given as a letter. 

6 

18 

Find the equation of the tangent to the curve y= Vx at the point x =a, where 

a>0o. 

It is important to be clear about what you are doing. The steps are precisely 

those of Example 2. 

Differentiate to find the gradient. 



Tangents and normals 

You want the gradient at x =a, so When x = a, the gradient is ; 

substitute x =a in the expression for Va 

sis ee 

Find the coordinates of the point on the} When x=a, y= Ja, so (a, Ja ) is 

curve for which x =a by substituting oy ; the point through which the tangent 

x =a in its equation. passes. 

Use the equation y— Y = m(x- X) to | The equation is 

find the equation of the line through y-va = sp (ea), that is, 

(a, Va ) with gradient fi 
1 

2Va 2Va(y--/a) =(x-a) or 

2Jay-2a=x-—a giving 

Way=xta. Simplify the result. 

Exercise 4 

In questions 1 to 6, find the equation of the tangent to the curve corresponding to the 

given value of x. Keep your working for questions 7 to 12. 

1 y=x’,x=-1 2 y=2x’ —3x+4,x=0 

3 y=2Vx,x=9 4 y=x?-x,x=1 

1 
5 ey 6 y=x°-—,x=1 

"3 x 

In questions 7 to 12, find the equation of the normal to the curve corresponding to the 

given value of x. 

7 y=x’,x=-1 8 y=2x’ —3x+4,x=0 

9 y=2Vx,x=9 10 y=x°-x,x=1 

1 
11 sjieee gudd 12 y=x-—=,x=1 

x x 

19 
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13 

14 

15 

16 

17 

18 

19 

20 

Find the equations of the tangent and the normal to y = x*(x—3) at the point 

(not the origin) where it cuts the x-axis. 

Find the equations of the tangent and the normal to the curve 

y= x> —2x* +.x—1 at the point where it cuts the y-axis. 

Find the values of x for which the gradient of the curve y= x? -6x? +9x-4 

is zero. Hence find the equations of the tangents which are parallel to the x- 

axis. : 

Find the equation of the tangent and normal to the curve y= x” at the point 

for which x =a. 

Find the equation of the tangent at the point x =—1 to the curve y= x =%; 

and find where this tangent meets the curve again. 

Find the coordinates of the point on the curve y=2x+ 3x? — x? at which the 

tangent is parallel to the tangent at x =2. 

Find the equation of the tangent at x =a to the curve y= x’ +x+1. Hence 

find the coordinates of the points on the curve such that the tangent passes 

through the origin. 



5 Rate of change 

You will need to know 

e that the rate of change of y with respect to x is defined to be e 

e@ the meaning of displacement 

e@ how to draw and interpret a displacement-time graph 

@ that velocity means rate of change of displacement with respect to time 

@ that acceleration means rate of change of velocity with respect to time 

e@ that velocity and acceleration are the gradients of displacement-time and velocity- 

time graphs respectively 

e if you are not told what the rate is with respect to, you should assume it is time. 

1 Pat is swimming lengths in a swimming pool. Pat’s displacement-time graph is 

shown in Fig. 5.1, in which the units of time are minutes and the units of 

distance are metres. (a) How long does it take Pat to swim a length? (b) What is 

Pat’s velocity during the first minute, during the second minute, and during the 

sixth minute. 

50 

40 

30 

20 

10 

Fig. 5.1 

To answer this question you need to make some assumptions about the 

swimming bath. As Pat moves up and down the bath, it looks as though the 

length of the bath is 50 metres. 
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Help yourself to differentiation 

2192 

The time taken to swim a length is the time between turns. The positive sloping 

pieces of graph show when Pat is going up the pool, and the negative parts 

represent coming back. 

(a) The time for one length will be The time for a length is 1 minute. 

the time for which Pat is going in the 

same direction. : 

(b) In the first minute Pat’s The outward velocity is 50 m min. 

displacement changes by 50 m. 

In the second minute, Pat changes The return velocity is -5SO m min’. 

displacement from 50 to 0, that is, by 

—50 m. 

During the sixth minute, the change in | The velocity in the sixth minute is 

displacement is 0 m. Ommin"'. 

The velocity-time graph of a tube train between stops is given in Fig. Sua. 

Identify the times at which the acceleration is greatest, the velocity is greatest, 

and the acceleration is least. The units are metres and seconds. 

25 

20 

15 

10 

0 10 20 30 40 50 60 ¢ 

Fig. 5.2 



Rate of change 

Acceleration is rate of change of velocity, and is given by the gradient of the 

velocity-time graph. 

The maximum acceleration occurs at 

time t=0. 

The maximum acceleration occurs 

when the gradient is greatest. 

1 
The greatest velocity can be read The maximum velocity is 25ms_. 

straight from the graph. 

The minimum acceleration occurs at 

time t = 60, that is, after 60 seconds. 

The minimum acceleration occurs 

when the gradient is least. 

There is potential for confusion here because this minimum acceleration is 

negative, and because the word ‘deceleration’ is often used to mean negative 

acceleration. Thus in this case the minimum acceleration occurs when the 

deceleration is greatest. 

A particle moves along a straight line in such a way that its displacement 

s metres after t seconds is given by s = t? +2t—1. Find a formula for the 

velocity, and calculate the velocity when t = 2. 

ds 
Since velocity is rate of change of displacement, it is given by ae Therefore, 

ds 
if v denotes velocity, v= ee 

To calculate velocity, differentiate the 

expression for displacement. 

For velocity at t=2, substitute t= 2 

into the formula for v. 

If s=t* +2t—1, then 

pea 2, 
dt 

When t=2, v=2xX2+2=6ms. 
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24 

For the first ten seconds the velocity v metres per second of a car t seconds after 

it has moved away from traffic lights is given by v = 3t. Show that the 

acceleration is constant and find its value. 

: rer Te re dv 
Since acceleration is rate of change of velocity , it is given by 7a Therefore, 

t 

; P dv 
if a denotes acceleration, a= oF 

. t 

To find acceleration, differentiate the ia Of 

expression for velocity. pe ee 3 
dt 

Acceleration is measured in m 5. Therefore the acceleration is constant, 

3ms°. 

A particle is thrown vertically into the air. Its displacement s metres from the 

point of release t seconds after it is thrown is given by s = 20t— 5t?. Find (a) 

the initial velocity of the particle, (b) the time at which the particle is 

momentarily at rest, (c) the position of the particle when the velocity is 

5ms_. 

Find a formula for the velocity by If s=20t—5t?, then v=20-10¢. 

differentiating the displacement. 

(a) The initial velocity of the particle | When t =0, the initial velocity is 

is when t= 0, so substitute this value | y=20-10x0=20ms_!. 

in the velocity formula. 

(b) The particle is momentarily at rest | When v=0, 20-—10¢=0 , giving 

when v=0. Use this to find an t =2. The velocity is zero after 2 

equation for t and solve it. seconds. P 



Rate of change 

(c) Find the time at which the, When v=5, 20-10r=5 giving 

velocity is 5m ae t=1.5. 

Then use this time to find the When ¢t = 1.5, 

displacement. s=20x1.5—5x (1.5)?=18.75 

Displacement is 18.75 m. 

The idea of rate of change applies to situations other than displacement, velocity and 

acceleration. For example, if you measure the temperature in degrees Centigrade of a 

cup of tea as it is cooling, then the gradient of the graph of temperature against time 

gives you the rate of change of temperature with respect to time. 

6 The temperature T degrees Centigrade of a cup of coffee t minutes after it is 

poured is given approximately by the formula T = 70 —-10¢+ $ t?. The formula 

is valid only for 0 <t < 10. Find (a) the initial temperature, (b) the rate of loss 

of temperature after 5 minutes. Explain why the formula might only be valid for 

the first 10 minutes. 

The initial temperature is when t=0. | Put t=0. 

The initial temperature is 70 °C. 

For the rate of loss of temperature, you | 7 _ 79_ 10741}? dT _ -10+t 

need the rate of change, so differentiate. Pate 

Then substitute t=5. When fs GE A Mons Ss. 
” dt 

, die F : i 
Notice that —— is negative showing he ate: of lossoflemperainne:# 

dt 5°C/min. 

that the rate of increase of temperature 

is negative. To find the rate of loss of 

temperature, reverse the sign. 

The formula is not likely to work after 10 minutes because it predicts that the 

temperature starts increasing. 
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Help yourself to differentiation 

Exercise 5 

1 Figure 5.3 shows the displacement-time graph of a mechanical toy moving 

backwards and forwards along a straight line. The units are centimetres and 

seconds. 

-20 

Fig. 5.3 

During which periods is the velocity greatest? What is happening in the fourth 

second? Calculate the least velocity of the toy. 

2 The velocity-time graph of a cork on the surface of a wave is shown in 

Fig. 5.4. The time is measured in seconds, and velocity in cm go} 

-20 

Fig. 5.4 

At what times is the acceleration least? When is the acceleration zero? 

3 After t seconds the displacement s metres of a particle is given by the formula 

s = 2t—3. Show that its velocity is constant and find its value. 

4 The displacement s metres after t seconds of a particle is given by s = 5t— ee 

calculate the velocity after t seconds. Find the value of t when the velocity is 

zero. 

5 After t seconds the displacement s metres of a moving body is given by 

s =2+6t-?’. Find expressions for the velocity and acceleration. Find when 

the velocity is 2m So 

6 The velocity of a moving particle after t seconds is vm s_' where 

v = 3t? —2t. Calculate the acceleration after 1 second and after 2 seconds. 
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Rate of change 

A stone is thrown vertically upwards. Its displacement s metres from the point 

of release t seconds after it is thrown is given by s =10t— 5t”. Find the 

displacement of the stone when is at the top of its path. 

A particle moves so that its displacement s in metres after time t seconds is 

given by s= t? — 917 +24t —12. Find expressions for its velocity and 

acceleration and find its displacement when the velocity is zero, and when the 

acceleration is zero. 

The temperature 9 °C of a hot plate t minutes after the power has been 

switched off is given by 6 = 3(10— t) +20 for 0<t<10. Find (a) the initial 

temperature of the hot plate, and its initial rate of loss of temperature, (b) the 

rate of loss of temperature when t = 5 and t =10. What can you deduce from 

your last answer? 
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6 Local maxima and minima (1) 

You will need to know 

e that a stationary point is any point for which a = 

e@ how to tell whether a stationary point is a local maximum, a local minimum or 

a point of inflexion by using the sign of 7” near the stationary point. 

You should also know that many people use the words ‘maximum’ and ‘minimum’ 

as shorthand for ‘local maximum’ and ‘local minimum’. 

1 Find the stationary points of y= x? -12x +3. (You do not need to distinguish 

between them.) 

The stationary points on the curve are those points for which ° =0. 

ets 
Differentiate to find 2, put ad =0, |fysx -lax+ 3, then aa ; 

Wa 2 
dx 

= 3(x-2)(x +2). 

Solve the resulting equation for x. “ =0 for x=2 or x=-2. 

Stationary points occur at x = +2. When x =2, 

Find the corresponding y-coordinates y= 2? -12x243=-13. 

by substituting these x-values in the Similarly, when x =-2, y=19. 

equation y= x? -12x+3. 

. ‘ 

Present your results. The stationary points are (2,—13) and 

(-2,19). 
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Local maxima and minima (1) 

: : : 1 
Find the stationary points of y = x +—. (You do not need to distinguish between 

x 

them.) 

: ; : wana 
The stationary points on the curve are those points for which Y=0. 

dy 
Differentiate to find as You need first 

eee | x 
to write — as x a 

x 

Put = = 0 for stationary points. 

Solve the resulting equation for x by 

multiplying both sides by x’ to clear 

the fractions. 

Stationary points occur at x = +1. 

1 
If y=x+-—, then y=xtx! and 

x 
dy | 
— =14+(-1)xx? =1-—s. opt naked! o 

) when SRE 
dx ae 

Therefore x” —1=0, giving 

x=land x=-1. 

When x =1, yal+o=2, 

Find the corresponding y-coordinates (-1) 

=-2. by substituting these x-values in the When x=-1, y=-1+ are 

equation y=x+—. 
x 

Present your results. The stationary points are (1,1) and 

(eit). 

Determining whether a given stationary point is a local maximum, a local minimum, 

or neither of these, you need to draw, in effect, a very rough sketch of the curve close 

to the stationary point, using evidence given to you by the sign of the gradient. 
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In Example 1, determine whether each of the stationary points (2,—-13) and 

(—2,19) for the graph y= x? —12x +3 is a local maximum or a local 

minimum. 

Investigate the sign of “ when x is 

just less than 2. 

Investigate the sign of 2 when x is 

just greater than 2. 

Collect the conclusions. 

If x is a little less than 2, x—2 is 

negative and x+2 is positive. 

Therefore 3(x—2)(x+2) is negative. 

If x is a little greater than 2, x—2 is 

positive and x+2 is positive. 

Therefore 3(x—2)(x +2) is positive. 

Therefore, as x passes through the 

value 2, passes from negative to 

zero to positive. 

The method now involves drawing a very rough sketch of that part of the graph 

close to the turning point. For this case your sketch should have a negative 

gradient to the left of 2, then zero gradient, followed by a piece with positive 

gradient. 

dy When oe is negative the curve slopes 

downwards, that is, AW 

aye : 
When me is zero the curve is 

horizontal, that is, >. 

dy . oe 
When ae is positive the curve slopes 

upwards, that is, Vo 

When x is a little less than 2, the 

gradient is negative and the curve 

slopes “. 

When x equals 2, the gradient is zero 

and the curve slopes >. 

When x is a little greater than 2, the 

gradient is positive and the curve 

slopes Lay 



Local maxima and minima (1) 

Now put these three arrows together, in| Around x = 2, the shape of the curve 

order. The shape appears like a is \>7, so at x =2 there isa 

minimum. minimum. 

This process is not usually written in such detail. For x =-2, the work is 

shortened. 

Investigate the sign of oy. when xis | When xis a little less than —2, the 

gradient is + leading to ue 

When x equals —2, the gradient is 

zero and the curve slopes >. 

When x is a little greater than —2, the 

gradient is negative leading to’. 

just less, equal to and greater than —2. 

Put these arrows together in order to Around x = —2, the shape of the 

deduce the shape of the graph around curve is 7x, so at x =—2 there 

x=-2. is a maximum. 

In Example 2, determine whether each of the stationary points (—1,—1) and (1,1) 

Le 4 aut 
for the graph y= x+— is a local maximum or a local minimum. 

x 

For x =1, find the sign of oy when x dy =H ae ie When x is just less than 
dx dx x 

is just less, equal to and greater than 1. | 1, the gradient is negative, NX. 

For x equals 1, the gradient is 0, ~. 

For x just greater than 1, the gradient 

is positive, we 

Put these arrows together in order to Around x =1, the shape of the curve 

deduce the shape of the graph at x =1. | is \+7,, so at x=1 there is a 

minimum. 
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Help yourself to differentiation 

1 act’ 
For x =-1, find the sign of ay when ay = 1-— —,. When x is just less than 

dx dx x 
x is just less, equal to and greater than | —1, the gradient is positive, A, 

zs I For x equals —1, the gradient is 0, >. 

For x just greater than —1, the 

gradient is negative, ~ 

Put these arrows together in the correct | Around x =—1, the shape of the curve 

order to find the shape of the graph at | is 7x, so at x =1 there isa 

x=-l. maximum. 

Notice that in this case, the minimum is at (1,1) and the maximum is at 

(-1,-1), that is, the minimum is greater than the maximum. This is why the 

terms ‘local minimum’ and ‘local maximum’ are sometimes used. 

Fig. 6.1 shows a sketch of this graph, and explains why the local minimum is 

greater than the local maximum. There is a break in the curve as it crosses the 

y-axis. 

Fig. 6.1 

Function notation is often used instead of ‘d’ notation. The mathematical process 

does not change. 

5 Find the maximum or minimum value of the function f(x) =3x* —9x -2. 
’ 

The technique is identical to Examples 3 and 4. Only the notation is different. 
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Differentiate to find f’(x). 

Put f’(x)=0 for stationary points. 

Find the corresponding value of f(x). 

Find the sign of f’(x) when x is just 

less, equal to and greater than 15. 

Put these arrows together to deduce the 

shape of the graph at x = 15. 

State the result. 

Local maxima and minima (1) 

f(x) =3x* -9x-2, f(x) =6x-9. 

f’(x)=0 when 6x—9=0, that is, 
when x=1t. 

(14) =3x(14)° -9x(14)-2 

=-83. 

f’(x) =6x-9 =6(x-13). 
When x is just less than 15, the 

gradient is negative, “. 

For x equals 15, the gradient is 0, >. 

For x just greater than 15, the 

gradient is positive, Le. 

Around x =14, the shape of the curve 
is \>7, so at x= 14 there is a 

minimum. 

The function f(x) =3x? —9x-2 has 

a minimum of —84 (at x =14). 

Find any stationary points of f(x) = x, and determine their nature. 

Differentiate to find f’(x). 

Put f’(x) =0 for stationary points. 

Find the corresponding value of f(x). 

f(x) =x°, f(x) =3x7 

f’(x) =0 when 3x? =0, that is, 

when x =0. 

f(0)=0° =0 
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Help yourself to differentiation 

Find the sign of f’(x) when xis just | f’(x)=3x’. 

less, equal to and greater than 0. When x is just less than 0, the 

gradient is positive, ig 

For x equals 0, the gradient is 0,—>. 

For x just greater than 0, the gradient 

is positive, re 

Put these arrows together to deduce the | Around x = 0, the shape of the curve 

shape of the graph at x =0. is AeZ7, so at x =O there isa 

horizontal point of inflexion. 

State the result. The function f(x) =x? has a 
horizontal point of inflexion at (0,0). 

Figure 6.2 shows a sketch of the graph of y= x? with the horizontal point of 

inflexion at (0,0). The curve follows the shape of the arrows in Example 6. 

Fig. 6.2 

Exercise 6 

For each of the following functions, find the values of x at which stationary points 

occur, and distinguish between them. Find also the corresponding value(s) of the 

function. Use the notation in which the question is given. You may find it useful to 

keep your answers for the curve sketching chapter, Chapter 8. 

1 y=x? -6x4+3 2 y=7-4x-x? 

3. f(x) =6x—x’ 4 f(x)=x? $32" 

5 y=2x?-x3 6 y=x°-3x-1 

7 (x)=3x? +2x-5 8 f(x)=4-12x—3x’ 
9 y=x(5—2x) 10 y=x°-12x+2 
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11 

13 

15 

17 

19 

21 

23 

25 

f(x) =2x7 -—9x? +12x-4 

y=1-3x-3x ae 

‘(yee ee 
x 

y=6+12x-3x? -2x° 

f(x) =2x° +3x* —36x+6 

yiasrene 
xX 

f(x) = x9 —5x? +7x-3 

16 2 =x -— 

4 Xx 

12 

14 

16 

18 

20 

22 

24 

Local maxima and minima (1) 

f(x) =149x4 3x? - 2° 

y=x°-6x? +12x-11 

f(x) =2x? —3x* —36x+6 

y=3-x 

f(x)=x° +2 

(eres 
x 

£(x) = 29-27x+9x? — x° 
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7 Local maxima and minima (2) 

You will need to know 

2 
e.thatif + <0 at a point for which = = (0), then y has a local maximum at 

that point 

2 
e that if + > 0 at a point for which “ = 0), then y has a local minimum at that 

point 

dy ea cdy 
e that if —>=0 ata point for which — = 0, then y could have a local 

dx 

minimum, a local maximum or a horizontal point of inflexion at that point. 

You can use the second derivative to tell whether a stationary point is a maximum or 

ay ah 18 at d? d 
a minimum, provided the second derivative is not zero. If an = 0 and Pa =0 ata 

point, you cannot use the second derivative method. You must go back to the method 

of Chapter 6. 

1 Find the maximum and minimum values of y= x? -4%43. 

Differentiate to find a put oo. y=x? —4x+3, Lee 
dx dx dx 

and solve the resulting equation for x. dy 
a 0 h 2 x 4 = 0, wey = D = 

Find the corresponding y-coordinate. dx Mids) faces ek 

When x=2, y=2?-4x24+3=-1. 

To determine whether (2,-1) is a maximum or a minimum, find the value of 

d? ; 
= at x =2, and use the evidence at the start of this chapter. 
dx 

, 
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Local maxima and minima (2) 

. d’y , d2y 
Find re, and substitute x =2. Note | —> 

dx 

that when you substitute x =2, the 

result is still 2. 

2 

Use the information at the beginning Since at x =2, We > 0, this is a 
dx 

of the chapter. 
minimum point. 

Present the information. So/(2,-1) is a local minimum. 

2 Find the maximum and minimum values of f(x) =2x° -3x’. 

Differentiate to find f’(x), put f(x) =2x? —3x’, f(x)= 6x? —6x 

f’(x) =0, and solve the resulting f’(x)=0 when 6x(x-1)=0, so 

equation for x. Find the corresponding | x=Oorl. f(0) =0 and f(1) =-1. 

values of the function. 

Find f”(x), and substitute x =0 to f”(x)=12x—6. Putting x =0 gives 

find out whether the second derivative | f”(0)=12x0-6=-6<0. As 

is positive or negative. f”(0) <0 this point is a maximum. 

Similarly, find f”(1). Putting x =1 gives 
f”(1)=12x1-6=6>0. As 

f”(1)>0 this point is a minimum. 

Present the information. So(0,0) is a local maximum, and 

(1,-1) is a local minimum. 

You need to take care with this test for maxima and minima. When it works, it is 

often very quick and easy to use. However, as the third bullet shows, it doesn’t 

always work. Here are two examples where it fails. 
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Help yourself to differentiation 

3. Find the maximum and minimum values of f(x) = x*. 

38 

Differentiate to find f’(x), put 

f’(x) =0, and solve the resulting 

equation for x. Find the corresponding 

values of the function. 

Find f”(x), and substitute x =0 to 

find out whether the second derivative 

iS positive or negative. 

f(x)=x', f’(x)=4x° 
f’(x) =0 when 4x° =0, so x=0. 

Substituting x =0 gives f(0)=0. 

f”(x)=12x’. Putting x =0 gives 

f”(0)=12 x0? =0. As f”(0) =0 the 
second derivative test gives no further 

information. 

You need to revert to the method of Chapter 6 to find what kind of stationary 

point there is at x =0. 

Find the sign of f’(x) when x is just 
less, equal to and greater than 0. 

Put these arrows together to deduce the 

shape of the graph at x =0. 

f'(4)=Ax°. 

When x is just less than 0, the 

gradient is negative, . 

For x equals 0, the gradient is 0,—. 

For x just greater than 0, the gradient 

iS positive, as 

Around , the shape of the curve is 

Moe Zt: so at x=O0 thereisa 

minimum. 

Find the maximum and minimum values of f(x) = x°?. 

Differentiate to find f’(x), put 

f’(x) =0, and solve the resulting 
equation for x. Find the corresponding 

values of the function. 

f(x)=x°, f’(x)=3x? 
f’(x) =0 when 3x” =0, so x=0. 
Substituting x=0 gives f(0)=0. 



Find f”(x), and substitute x =0 to 
find out whether the second derivative 

is positive or negative. 

Find the sign of f’(x) when x is just 

less, equal to and greater than 0. 

Put these arrows together to deduce the 

shape of the graph at x =0. 

Local maxima and minima (2) 

f(x) =6x. Putting x =0 gives 
f”(0)=6x0=0. As f”(0)=0 the 

second derivative test gives no help. 

f’(x) = 3x’. 
When x is just less than 0, the 

gradient is positive, Tol 

For x equals 0, the gradient is 0, >. 

For x just greater than 0, the gradient 

is positive, qi, 

Around x =0, the shape of the curve 

is 77 , so at x=0 there is a 

horizontal point of inflexion. 

Examples 3 and 4 show you that different conclusions are possible about the nature 

2 

of a stationary point when at = 0 ata point for which - = (0. Beware! You have 

to use more information. 

Exercise 7 

For each of the following functions, find the values of x at which stationary points 

occur, and distinguish between them. Find also the corresponding value(s) of the 

function. Use the notation in which the question is given. 

1 

—_ Qo mam ONIN WwW 

y = x(5—2x) 2 y=x?-12x+2 

f(x) =2x3 —9x +12x-4 4 f(x)=149x4+3x? -x° 

y=1-3x-3x° -x° 6 y=x>-6x° +12x-11 

f(x) =29-27x + 9x? -x° 8 f(x) =2x3 —3x7 -36x+6 

y=6+12x—3x? —2x° 10 y=3-x 

f(x) =2x? +3x* -36x +6 12, f(x) ax +2 

Slo hes 14 ap rer 
X Xx 

eee 16- vege 
Xx x 
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8 Sketching graphs of quadratics and 
cubics 

You will need to know 

e@ that quadratic graphs are all parabolas with shapes shown in Fig. 8.1 below 

e@ that cubic graphs have one of the shapes shown in Fig. 8.2 below. C > 
Fig. 8.1: Possible shapes of quadratic graphs 

ee oe 

A Srey 
Fig. 8.2: Possible shapes of cubic adhe 
ay ox 

The graphs may be squeezed or stretched in either the x or the y-direction, but they 

will still appear as one of the shapes in Fig. 8.1 or 8.2. However, you need to do 

some work in order to find which shape the curve is, and where it crosses the axes. 

1 Sketch the graph of y = x? —4x4+3. 

A sketch of a graph should not attempt to be accurate. You need to give an idea 

of its general shape, together with the coordinates of special points, including 

those where the graph crosses the axes, and any maxima or minima. 
Ly 

First find where the curve crosses the When x=0, y= 0? -4x0+3=3 : 
y-axis by substituting x =0. so (0,3) lies on the curve. 
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Sketching graphs of quadratics and cubics 

If it is easy to do, find where the curve | y=0 when x? —4x+3=0, that is, 

crosses the x-axis by putting y=0 and | when (x—1)(x-3)=0, so x=1 or 

solving the resulting equation. x=3. 

Fi i ini d 4 . 
ind any maxima or minima, by a =2x—4, so there is a stationary 

finding where gy =(. . 
dx point when 2x-—4=0, or x=2. 

When x=2, y=2?-4x2+3=-1. 

Find whether this point is a maximum d’y’ ane 
: —; =2 which is positive, so (2,-1) 

or a minimum. de 

is a local minimum. 

You can now put all this information together to sketch the curve. The fact that 

the graph has a local minimum tells you that it is of type A in Fig. “en ts 

Sketch of 

Sketch the graph of y=3-—2x—- 2x. 

First find where the curve crosses the | When x=0, y=3, so (0,3) lies on 

y-axis by substituting x =0. the curve. 

If it is easy to do, find where the curve | y= 0 when 3-—2x- 2x” =0, that is, 

crosses the x-axis by putting y=0 and | when 2x? +2x-—3=0. This has no 

solving the resulting equation. factors, and will not be taken further. 
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Help yourself to differentiation 

42 

; a d ° : 
Find any maxima or minima, by sey 4x, so there is a stationary 

finding where == 0 2 = hing g te . point when —2-—4x=0, or x=—-3. 

When x=-t, y=34. 

2 
Find whether this point is a maximum eid =—4 which is negative, so 

or a minimum. 

(-4, 3 3) is a local maximum. 

Notice that no attempt has been made in this case to show where the graph 

crosses the x-axis. Nor has any attempt been made to draw the graph to scale. 

(4.4), 

Sketch of 

Fig. 8.4 

Sketch the graph of y = By ED 

First find where the curve crosses the | When x=0, y=2, so (0,2) lies on 
y-axis by substituting x =0. the curve. 

If it is easy to do, find where the curve | y=0O when x? -3x7 43x4+2= 0, 

crosses the x-axis by putting y=0 and | This has no easy factors, so this will 

solving the resulting equation. not be taken further. 



Sketching graphs of quadratics and cubics 

Find any maxima or minima, by 

finding wher dy = 
dx 

2 
Use the ge to find whether this point 

dx 

is a maximum or a minimum. 

Use the method of Chapter 6 instead, 

involving looking at the gradient just 

before, and just after x =1. 

Put these arrows together to deduce the 

shape of the graph at x =1. 

ae 
pee —6x +3, so there is a 

stationary point when 

3x? —6x+3=0, or 3(x—1)° =0, 
that is, at x=1. When x=1, y=3. 

d2 2 
qt For v= <=0, 

which gives no information. 

d : 
7 = 3(x -1)’. When « is just less 

than 1, the gradient is positive, Te: 

For x equals 1, the gradient is 0,—>. 

For x just greater than 1, the gradient 

iS positive, Zw. 

Around x = 1, the shape of the curve 

is Ae, so at x =1 there isa 

horizontal point of inflexion. 

Since there is a horizontal point of inflexion at x =1, and the gradient is 

otherwise positive, this graph is of type B in Fig. 5.2. 

Sketch of 

y y=x? — 3x7 43x42 

Fig. 8.5 
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Help yourself to calculus 

4 Sketch the graph of f(x) =x°+3x+1. 

First find where the curve crosses the | f(0)=1, so (0,1) lies on the curve. 
y-axis by substituting x =0. 

If it is easy to do, find where the curve | f(x)=0 when x? +3x+1=0, This 
crosses the x-axis by putting f(x)=0 | has no factors, and will not be taken 

and solving the resulting equation. further. 

Find any maxima or minima, by {(x)= 3x? +3, so there is a 

finding where f’(x) =0. stationary point when 3x” +3=0, or 

3{ x? + 1) =(). There are thus no 

maxima or minima or horizontal 

points of inflexion. 

As there are no stationary points, the graph is of type C or F in Fig. 8.2. Since 

{"(x)= alee + 1), the gradient is always positive, so the graph is type C. 

Sketch of . 

f(x)=x° +3x41 
y 

Fig. 8.6 

5 Sketch the graph of f(x) =12x —3x? —2x°. 

First find where the curve crosses the | f(0)=0, so (0,0) lies on the curve. 
y-axis by substituting x =0. , 
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If it is easy to do, find where the curve 

crosses the x-axis by putting f(x) =0 

and solving the resulting equation. 

Find any maxima or minima, by 

finding where f’(x) =0. 

Use the f”(x) to find whether these 

points are maxima or minima. 

Sketching graphs of quadratics and cubics 

f(x) =0 when 12x—3x” -2x° =0, 
or x(12 —3x- 2x”) =). The quadratic 

part does not factorise easily, and will 

not be taken further. Note however, 

that there are roots, and that the graph 

crosses the x-axis three times. 

f’(x)=12—-6x—- 6x”, so there is a 

stationary point when 

12 6x —6x" =0, or 

6(x-1)(x+2)=0, ie, x=-2 or 1. 

f(-2) =-20, and f(1)=7. 

f”(x)=-6-12x. f"(-2)=18>0 so 

(—2,18) is a local minimum. 

f”(1) =—-18 <0 so (1,7) is a local 

maximum. 

Since this cubic curve has a local minimum followed by a local maximum, it is 

a curve of type D in Fig. 8.2. 

Sketch of 

f(x) =12x— LS 

Fig. 8.7 
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Help yourself to calculus 

Exercise § 

Sketch the graphs of each of the following functions. You may already have evidence 

about them from your work in Chapter 6, but note that not all the question numbers 

correspond exactly with those of Chapter 6. 

1 y=x? -6x+3 2 y=7-4x-x? 

3 f(x) =6x-x? 4 f(x)=x? +3x 

5 y=2x?-x3 y 6 y=x?-3x-1 

7 f(x)=3x? +2x-5 8 f(x) =4-12x-3x 
9 y=x(5-2x) 10 y=x°-12x+2 

11 © f(x)=2x° -9x? +12x-4 12 = f(x) =1+9x+3x? -x? 

13. y=1-3x-3x?-x? 14. y=x?-6x? +12x-11 

15 f(x) =29-27x+9x" -x° 16 f(x) =2x° —3x? -36x+6 
17 y =64+12x-3x? -2x° 18 y=3-x 

19 f(x) =2x° +3x? -36x+6 20 = f(x)=x°+2 

21.) f(x) =x? —5x? +7x-3 22 y=3-6x-x° 
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9 Points of inflexion 

You will need to know 

e that a point of inflexion is a point where the gradient was increasing and starts to 

decrease, or the gradient was decreasing and starts to increase 

2 
e that if = 0 at a point for which ° #0, then y has a point of inflexion at 

that point 

2 
e that if = =0 ata point for which “ = Q’, then y could have a horizontal 

point of inflexion at that point, but it could also have a local minimum or a 

local maximum. 

At a point of inflexion a curve takes one of six shapes shown in Fig. 9.1. 

aoe 
i) 

Fig. 9.1 

The middle two shapes in each row are horizontal points of inflexion. 

1. Find the point of inflexion of y = x? Ax 45. 

2 dy 

Differentiate to find oy and ABE VS x3 4x7 +5 i 3x° —8x 
dx dx dx 

2 

< y= 6x8. 
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dy 

Find where —- =(()e 
dx? 

Find the value of “ at the point at 

2 

which = = 

Use the information at the beginning 

of the chapter. 

Find the corresponding value of the 

function. 

Present the information. 

Since at x =4, SF 20 and 

Ys -54+0 there is a point of 
dx 

inflexion at x = Z. 

So (4, 4) ig a point of inflexion. 

Find the points of inflexion on the graph of y = f(x) where f(x) = 4° 2162". 

Differentiate to find f’(x) and f”(x). 

Find where f”(x) =0. 

f(x) =x* —216x” 

f’(x) =4x° — 432x 

f”(x) =12x? - 432. 

£”(x) =0 when 12x” —432=0, 

that is, x7 -36=0 or x=+6. 



Find the value of f’(x) at the points at 

which f”(x)=0. 

Use the information at the beginning 

of the chapter. 

Find the corresponding value of the 

function. 

Present the information. 

Points of inflexion 

When x =6, 

f’(x) =4x 6° — 432 x6 =-1728 #0. 
Similarly, when x = —6 

f’(-6) = 1728 #0. 

Since at x =6 and x=-6, f”(x)=0 

and f’(x) #0 there are points of 

inflexion there. 

When x=6, 

f(x) = 64 —216 x 6* = —6480 
Similarly, at x =-—6, f(x) =—6480. 

So (6,—6480) and (—6,—6480) are 

points of inflexion. 

You need to take care with this test for points of inflexion. When both = = 0 and 

2 
+ = (0, you need to use the method of looking at the gradient before and after the 

critical points, as illustrated in Chapter 6. 

Here is an example, using function notation, where both f’(x) =0 and f”(x)=0. 

3 Find any points of inflexion of f(x) = x°. 

Differentiate to find f’(x) and f”(x). f(x) =x° 

fix=6x 

f”(x) =30x*. 
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Help yourself to differentiation 

Find where f”(x) =0. 

Find the value of f’(x) at the points at 

which f”(x)=0. 

Find the sign of f’(x) when x is just 

less, equal to and greater than 0. 

Put these arrows together to deduce the 

shape of the graph at x =0. 

Present the information. 

f”(x)=0 when 30x* =0, 

that is. «—0; 

When x =0, f’(x)=6x0° =0. 

f’(x) =6x°. 
When x is just less than 0, the 

gradient is negative, \. 
For x equals 0, the gradient is 0,—>. 

For x just greater than 0, the gradient 

is positive, Nas 

Around , the shape of the curve is 

‘+7, so at x =0 there is a 

minimum. 

So there is no point of inflexion on 

the graph of f(x) =x°. 

Exercise 9 

y=xr4+3x? +2x-1 

f(x) =x* — 6x? —24x* -6x-1 

y=x' —4x? + 6x? —4x 

For each of the following functions, find the values of x, if any, at which points of 

inflexion occur. Use the notation in which the question is given. 

y=2-3x+6x? -x? 

f(x) = x°(2-x) 

y=ax* +bx+c 



10 Problems involving maxima and 
minima 

You will need to know 

e how to find maximum and minimum values of functions, and to distinguish 

between them. 

The work of this chapter is designed to sharpen your technique in dealing with 

problems involving maximum and minimum values of functions. 

Read Examples 1 and 2, and the commentary which follows them. This shows the 

general pattern of these problems. 

1_ A farmer, who has 120 metres of fencing with which to enclose animals, intends 

to make a rectangular enclosure using an existing wall for one side. Find the 

maximum area which can be enclosed. 

Name the variables. Let x metres be the length of the side 

perpendicular to wall, and y metres be 

the length of the side parallel to the 

wall. 

Let Am” be the area. 

ym 

Fig. 10.1 

Find an expression for the area. A=xy 

Find the relation between x and y. The length of the fence is 120 metres 

so 2x+y=120 

Now find an expression for A, which you want to maximise, in terms of a single 

variable. So eliminate either x or y; in this example y is being eliminated. 
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Help yourself to differentiation 

D2 

Find y in terms of x, and substitute in y=120—2x 

the expression for A. A= xy =x(120-2x). 

Use differentiation to find the maximum value of A. 

Differentiate and put <= 0. Then A= x(120 —2x) =120x — 2x? 

solve for x. we =120-4x 
dx 

Ceo when x = 30. 
dx 

; d7A oy 
Check that this value of x gives a —; =-4<0, giving a maximum. 

maximum value of A. dx 

Present the final result. The enclosure of maximum area has 

dimensions 30 m x 60 m giving an 

area of 1800 m?. 

A stained glass window takes the form of a rectangle surmounted by a semicircle. 

The diameter of the semicircle is equal to the width of the rectangle. The 

perimeter of the window is 20 metres. The window is made to have a maximum 

area in order to let in as much light as possible. Find the radius of the semicircle. 

Name the variables. Let r metres be the radius of the 

semicircle, and h metres be the height 

of the rectangle. 

Let Am? be the area. 

Draw a figure. 

Fig. 10.2 



Problems with maxima and minima 

Find an expression for the area. A=2rh+4mr°. 

Find the relation between r and h. The perimeter is 20 metres so 

2h+2r+ar=20. 

Now find an expression for A, which you want to maximise, in terms of a single 

other letter. So eliminate either r or h; in this example h is being eliminated. 

Find f/ in terms of r, and substitute in | h=10—-r —iar 

the expression for A. Simplify the A#2rh+ “ mr? 

expression for A. 
=2r(10-r-4ar)+4a° 

=20r-2r? - mr? +407" 

=20r—2r? —4 ar’. 

Use differentiation to find the maximum value of A. 

Differentiate and put = =0. Then co 20-4r-—ar 
dr dr 

Baive TOC F- ey when 20—4r-—ar=0, 
dr 

iving r= : 
Sent, 4+7 

dA fm, 
Check that this value of r gives a —, =-4-7<0, giving a 

maximum value of A. dr 
maximum. 

Present the final result. The radius of the semicircle is 

20 
— metres. 
4+ 

Examine the common features of Examples 1 and 2. In both of them the quantity that 

you want to maximise has two variables. In addition, there is a relationship between 
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Help yourself to differentiation 

the two variables. This relation enables you to eliminate one of the variables, so that 

you can use the maximum and minimum techniques of Chapters 6 and 7. 

3 Find the maximum volume of a solid circular cylinder which has a total surface 

54 

area of A mM where A is constant. 

Name the variables. 

Find an expression for the volume. 

Find the relation between r and h. 

Find h in terms of r, and substitute in 

the expression for V. Simplify the 

expression for V. 

Differentiate and put < =0. 
lf 

(Remember that A is a constant.) 

Then solve for r. 

Check that this value of r gives a 

maximum value of V. 

Let r metres be the radius of the 

cylinder, and h metres be its height. 

Let V m? be the volume. 

V=arh. 

The area is Am so 

2nrh+2nr? =A. 

oe A-2nr’ 
27r 

2ar 

=+Ar—ar’. 

Oy anki 2 
dr ? 
dV 
ee when 4A-3nr? = 0, giving " 

Z r= —. 
61 

d°v 
a = —67r, and, as r is positive 

; 

d°v aS > . 

<r <0 giving a maximum. 



Problems with maxima and minima 

Substitute this value of r to find the V=1tAr—n2r 
2 

maximum volume. (The simplification ile pay aaa 

is awkward.) r (a mae 

= At} A A) 

V 6m \? 67 

Anta 1 
= Bae A-tA) 

A] 

A A? 
= oe A) = 

Or 3(67)? 

3 

Present the final result. The maximum volume is ; m> 
3(67)? 

Exercise 10 

A rectangular sheet of metal measures 8 cm by 3 cm. From each corner a 

square of side x cm is removed, and the flaps so formed are bent uP to make a 

small open box. Show that the volume of the box is (4x° =22x4 24x) cm?, 

and find its maximum value. 

In question 1, if the width of the metal had been 5 cm instead of 3 cm, what 

would have been the maximum volume of the box? 

If A= xy where 3x+y =18, find the maximum value of A. 

If P=9x+8y where xy = 2, find the minimum value of P, taking x and y to 

be both positive. 

Find the maximum area of a rectangle whose perimeter is 32 metres. 

A piece of wire of length 36 cm is cut and bent to make the shape shown in 

Fig? 10.3: 

Fig 10.3 

Find the dimensions which will maximise the volume outlined by the wire. 
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Help yourself to differentiation 

7 

10 

11 

12 

ES 
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A water tank is to be made, open at the top, on a square base. The volume of 

the tank is to be 32 m?. Find the least area of metal sheet which can be used. 

When an object is projected into the air its height, s metres, after ¢ seconds is 

given by s = 98t- 4.9t”. Find the greatest height to which it rises. 

A rectangular sheet of metal measures 20 cm by 15 cm. Equal squares of side 

x cm are cut from two adjacent corners, and the flaps so formed are bent up to 

form the tray of a shovel, as in Fig. 10.4. 

Fig. 10.4 

Find the value of x if the volume of the shovel is to be a maximum. 

Figure 10.5 shows the shape to which some wire is bent to reinforce a 

package. If the volume of the package is to be a maximum, and the total 

length of the wire is 60 cm, find the length marked y cm. 

Fig. 10.5 

A sheet of metal is a square of side 24 cm. From each corner equal squares are 

removed, and the flaps so formed are bent up to make an open box. Find its 

maximum volume. 

A farmer uses some 2 metre hurdles to enclose a rectangular pen of area 

200 m2. If one side of the pen is a river bank which needs no fencing, find the 

least number of hurdles needed. 

The surface of a swimming bath has the shape shown in Fig. 10.6. The 

perimeter of the bath is 132 m. Find the maximum surface area. 

Fig. 10.6 



14 

15 

16 

17 

Problems with maxima and minima 

Sheet metal with area 216 cm? is used for making a closed rectangular box 

with square ends. Find the dimensions which will give the greatest volume. 

A total length of 54 cm of wire is used to make the rectangular shape shown 

in Fig. 10.7. Find the maximum volume outlined by the wire. 

yom 

xcm 

xcm 

Fig. 10.7 , 

An open trough made of wood is in the shape shown in Fig. 10.8. The ends 

are right-angled isosceles triangles, and are perpendicular to the sides. The total 

area of wood used is 1728 cm?. Find the values of x and y which will 

maximise the volume of the trough. 

yom 

xcm 

xcm 

Fig. 10.8 

A tin box with a lid is being made in the shape of Fig. 10.9. The lid is 1 cm 

deep. The total area of metal is 960 cm’. Find the dimensions which give the 

maximum volume. 
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Help yourself to differentiation 

18 A swimming pool is of the shape shown in Fig. 10.10, the radius of each 

semicircular part being one quarter of the width. The perimeter of the bath is 

200 m. Find the width when the area is a maximum. Leave 7 in your answer. 

Fig. 10.10 

19 Find in terms of V the minimum surface area of a solid circular cylinder whose 

volume is V cm?. 

20 A piece of wire of given length is bent to form the perimeter of a sector of a 

circle. Find the angle between the bounding radii when the area of the sector is 

a maximum. 
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11 The composite function rule 

You will need to know 

@ the composite function rule in the form oy = oy, x ces 
ye dz dy 

Written more fully, if y is a function of z where z is a function of x, then 

eS : this formula is especially easy to remember. 
dx dz 

You need the composite function rule, sometimes called the ‘function of a function 

rule’, to differentiate functions such as Cae ae 

You may know the composite function rule in one of two forms, using “d’ notation 

or function notion. Most people seem to prefer ‘d’ notation so that is the notation 

used in the examples. 

1 Differentiate (2x+1)’. 

Notice that you could, if you wish, multiply out the bracket, but that would be 

very long-winded, and it would not help you to see the structure of the method. 

Define the function z. Let z=2x+1, so that y= Zz 

ie ad wo and Lge 
dz dx dz dx 

Use the formula Oye Oe, CA oy. 
digpGZardx, dx 

Substitute z, and simplify your answer.) dy _ 9(2x+1)® x2 

=18(2x+1)*. 
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Help yourself to differentiation 

2 Differentiate y =~ x aL! 

Rewrite in index form. 

Define the function z. 

Find see and ng 
dz dx 

Use the formula 2 ss su x de 

Substitute z, and simplify your answer. 

dz dx 

1 

y= ie + We 

a 

Let z= x’ +1, so that y=z?. 

gly aie ey 
dz dx 

dy _1,-4 
7 is gS 

dy | 2 -3 
rie G +1) x 2x 

Sera 

x +1 

If you study the form of the derivative in Example 1, you will see that in the first, 

you differentiate a function to the power 9 by writing 9 x the function to the power 

8, multiplied by the derivative of that function. 

Similarly, in Example 2, you differentiate a function to the power + by writing $ 

x that function to the power -4, and then multiplying by the derivative of the 

function. 

You will see this pattern in the following examples. Try as you work to predict 

mentally what the result will be. 

4 

3 Differentiate (3x? —2x+ 1) 

Define functions y and z. 

60 

Let z=3x? —2x+1, so that y=z. 



Find a and oa 
dz dx 

Use the formula ou = 2 x ae 
abe Kabe abe 

Substitute z, and simplify your answer. 

Re 

Find the derivative of [x — ae 

Define functions y and z. 

Find pa and sod 
dz dx 

dy _ ay dz 
Use the formula 

~ dz Ge 

Substitute z, and simplify your answer. 

Find the derivative of uel es 
J x? +2x 

~ Define functions y and z, and write the 

function in power form. 

The composite function rule 

d SE and “Seo 
dz dx 

dy 
= 47> x(6x-2 

dx ae 

dy ean = 4(3x? —2x+ 1) x (6x—2) 

= 8(3x -1)(3x? -2x+1) . 

a: 

Let z=x*-1, so that y=2?. 

ee and Belin 
dz dx 

D = 324 x2. 

ae ai) 2% 

Let z=x°+2x, so that y=z ”. 
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Help yourself to differentiation 

Find dy. and ea) 
dz dx 

Use the formula = = Oy x de 

Substitute z, and simplify your answer. 

dz dx 

D4 (x! +2x)? x (2x +2) 

= TUS 
(x? +2x)’ 

Notice that the same pattern works in all these cases. As soon as you are able, drop 

the substitution and differentiate mentally; but do not make mistakes by doing it! 

Exercise 11 

Differentiate the following functions. Where it is relevant, a and b are constants. 

1- (Qx+1) 

3 (2x+ 5)? 

See 

7 (2x?+3) Dae ae, 

9 moe) 

x+1 

1 

11 Vl 

13 ——~; 
(2x1) 

15 vatbx 
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oA fk N 

10 

12 

14 

16 

(1-3x)° 

(4x- ie 

SNcte oe 

[S) es) (x? +2)’ 

(no? + 2): 

(3x? - x). 

1 

1-2x 

1 

a’ +x? 



12 The product and quotient rules 

You will need to know 

e@ that product rule for differentiation 

e the quotient rule for differentiation. 

The product rule for differentiation states that if uw and v are functions of x, and if 

y=uy, then 

dy _ ay, du 
dx dx dx 

Se rety 
1 Find — when y=x(x+1). 

dx 

y = x(x+1) 

Define functions u and v. Let u=x and v=x+1. 

dy 
Use the product rule. (Note that you ae =xx14+1x(x+1) 

could, if you wished, multiply out the are 

bracket before differentiating.) ag ice 

2 Find = when y=(x? +1)(x? +2). 

y= ie + 1)(x? + 2) 

Define functions u and v. Let u=x? +1 and v= yee 

Differentiate u and v. du any. dv a 

dx dx 
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Help yourself to differentiation 

Use the product rule. DY = (x? +1)x2x+2xx(x? +2) 

dx 

Simplify the result by looking for =2 x( Pee eS ols 2) 

common factors. In this case, 2x is a . 

common factor. = 2x(2x x 3) 

2 
i rind 2 ote x(1+x7)°. 

dx 

2 
y= (1 + oe 

2 
Define functions u and v. Let u=x and v= (1 + x’) . 

; du dv 4 
To differentiate v you use the Fs = |- oe = 4x(1 +x ) ; 

composite function rule, Chapter 11. 

dy _ 2 2\2 
Use the product rule. —=xX 4x(1 +x )+ 1x (1 +x ) 

dx 

Simplify the result by looking for = (1 + x2 (4 xr 414+ x’) 

common factors. In this case, (1 + x") 3 ; 

is a common factor. - (1 +x ja + 5x ). 

In practice you may be able to write down an expression for the result of the 

differentiation without formally defining functions u and v, and then simplifying if 

necessary. 

4 Differentiate ist +x+ i)(x -1). , 

Let pele +x+I1)(x-1), 
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Use the product rule. 

Simplify the result. There are no 

common factors, so you just have to 

multiply out and collect terms. 

5 Differentiate (2x + 1)(3x +2)(4x +3). 

The product and quotient rules 

=(x? +x41)x1+(2x +1)x(x-1). Q 

dx 

= (x? +x+1)x1+(2x+1)x(x-1) 

=x? +x+142x? -—x-1 

= 3x". 

To differentiate this ‘triple product’ it is not hard to show that you 

differentiate the components one at a time, and leave the other two. This gives 

you three terms to add. 

Use the product rule. 

There are no common factors. You 

have to simplify by brute force. 

Let y=(2x+1)(3x+2)(4x +3). 

& = (2x4 1)Gx+2)x4 

+(2x+1)x3x (4x +3) 

+2 x (3x +2)(4x +3) 

= 72x? +92x+29. 

: : : : Uu 
The quotient rule states that if wu and v are functions of x, and if y=—, then 

v 

3x 

Qx+1 
6 Find gy when y= 

dx 
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Define functions u and v. 

Differentiate u and v. 

Use the quotient rule. 

Simplify by multiplying out the 

brackets and collecting like terms. 

Dx? ty 

es | j 
Find oy when y= 

dx 

Define functions u and v. 

Differentiate u and v. 

Use the quotient rule. 

Multiply out the brackets in the 

numerator and collect like terms. 

3x 

2x4+1 

Let u=3x and v=2x+1. 

dy _ (2x+1)x3-3xx2 

dx (2x +1) 

ed 3 

(2x-+#1). 

2x? +x 

es we tal 

Let u=2x* +x and vex? +l. 

Se i oO ay. 
dx dx 

dy (x? + (4x +1)- (2x? + x)2x 

dx (x? + 1) 

dy _ 4x+1—x? 

dix (x? +1) ‘ 



The product and quotient rules 

Simplifying the result can sometimes be harder than the original differentiation. You 

need to think clearly about what you have to do. It is best to write all the powers as 

positive before starting to simplify. 

Vx 
2241. 

8 Find gy when y= 
dx 

Define functions u and v. 

Differentiate u and v. 

Use the quotient rule. 

Multiply numerator and denominator 

by 2x? to simplify. 

vx 
Oy rt 

SS 

tetera and v=2x+1. 

du 1 4 1 dv 
—=-xX = ar —=2). 

dx = 22 ax2 dx 

1 i 
(2x+1)—=--—x* x2 

dy 2x7 
dx (2x+1) 

dye (er) 4a eee 

dx 2x?(2x+1) 2x?(2x +1) ; 

You will often have to use the composite function (function of a function) rule in the 

process of using the quotient rule. 

2x-1 
9 Differentiate y= ———;. 

ae Rare 

Define functions u and v. 

ie 2x-1 

(3x+1) 

Let u=2x—1 and v=(3x+1)’. 
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Help yourself to differentiation 

Differentiate u and v. 

Differentiating v =(3x+1)° needs the 

composite function rule. 

Use the quotient rule. 

Simplify. 

Vv 
— = 2(3x+1)x3=6(3x+4+1). 5p 7 23x41) x3 = 63x +1) 

dy dy _ Gx +1)°2-(2x-1)6(3x+1) 
ig BAI al ERT I 

(3x+1)* 

dy _ 2(3x+1)? —6(2x -1)(3x+1) 
dx (3x+1) 

_ 2(3x +1) - 6(2x-1) 
3 (3x+1)° 

6a +5 

(3x41) 

Using the product and quotient rules is usually straightforward. Sometimes, however, 

the simplification which follows can be tricky. In the answers to this chapter, 

therefore, there appear two versions: the first is what you get immediately you use 

the product or quotient rule; the second is what you get when you simplify the result. 

If you get the first answer but not the second, then you know that you need to brush 

up on your simplification skills. : 

Exercise 12 

Use the product rule to differentiate the following functions with respect to x. 

Simplify your answers. 

1 

—_ ma OI MM W 
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(2x + 3)(3x +4) 

(x3 —3x+ a\(4x +1) 

(2x -3)(2x” -5) 
(x? + 2x\(2x? =3X 

(x+2)(x? -2x+4 

(x+ I(x? + 1)(x° + 1) —_— nora sh NY 

x’ —1\(2x+1) 
z ail (x? +1) 

(x—1)(x? +x° +x+l) 

(x+1)Vx 

(x-3)(x? 43x49) 
(ax +b)(ax? +b) 



The product and quotient rules 

Use the quotient rule to differentiate the following functions with respect to x. 

Simplify your answers. 

13 hes apes 
1+x 1-2x 

is Vie 
x1 pam 5 

1#5 es 1s yt 
2 2 ke 1+ 

9) 20 ——> 
he ole § 1-x 

f2x+1 
21 —— 22 Z 7) 

(1+ 2x) (x+2) 

3 x 
23 = 240 ——— 

(3x+2)° (x+3)° 

Be 
sae | 26 2x1 

x+1 x? +1 
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13 The trigonometric functions 

You will need to know 

sin x 
that tan x = 

cos x 
, and similar relationships 

that in the following three results, x is in radians 

that the derivative of sinx is cos x 

that the derivative of cosx is —sinx 

that the derivative of tan x is sec? x. 

In the following examples it is assumed that you know the three differentiation rules, 

the composite function rule, the product and the quotient rule, and that you are 

proficient at solving trigonometric equations. 

1 

70 

Find os when y=sin2x. 
dx 

This is an example of the composite function rule. It may be easier to follow if 

you write in the form y=sin(2x). 

y =sin2x 

Define the function z. Let z=2x, so that y=sinz. 

Find ue a oe yey: and ee. 
dz dx dx 

Use the formula Sy ae Pee 
dev idz dx 

, 

Substitute z, and simplify your answer. o sey Pen em 



The trigonometric functions 

In the following examples it will be assumed that you can use the composite 

function rule mentally, without writing out the details of the substitution. 

2 ~~ «Find oy when y= tan(x? +1). 
dx 

Use the composite function rule 

mentally. 

3. ~=Differentiate cos? x. 

y= tan(x? + 1) 

dy an = sec” (x? + 1) x 

2X seo” (x? + 1). 

You need to note that cos? x means (cosx)° in order to differentiate. In this 

example, this is written explicitly, but it will not be in future examples 

Use the composite function rule 

mentally. 

y = cos? x = (cos x)° 

9 = 2.cos.xx(—sin x) 
dx 

= —2sin XCOS x. 

You can also expect to use the product and quotient rules. 

4 Differentiate sin2xcos2x. 

Use the product rule, together with the 

composite function rule. 

Let y=sin2xcos2x. 

GY = sin 2x x(-sin2x)x2 
dx 

+cos2x Xcos2x x2 

= eos: 2s —2 sin? 2x. 
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Help yourself to differentiation 

5 

oN 

ne 

Differentiate sec x. 

You need to write secx = and use the quotient rule. 
COS x 

Let y=secx= é 
OS x 

Use the quotient rule. dy _ cosxx0-1X(-sin x) 

dx cos” x 

impli 1 sin x Simplify your answer. 2 y doe ee 

cosx cosx 

Find the maximum and minimum values of y =3sin x +4 cos x in the interval 

OsxXS2r. 

Differentiate to find oe put = =i ()P i =3cosx—4sinx. 
dx dx dx 

and solve the resulting equation for x. dy Si hen eee nee 

that is, when ae tan x = 3. 
cos x 

So x =0.644..., 3.785... correct to 3 

decimal places. 

Find the corresponding values of the | When tan x =i and x = 0.644..., 

function. sin x = 3 and cos x = 4. Then y=5. 

When tanx = and x =3.785..., 
2, cosx=—4,s0 y=-5. sinx=-<, 5° 

, 



it da 
Find a , and substitute these values 

of x into it to find out whether the 

second derivative is positive or 

negative. 

Present the results. 

The trigonometric functions 

d? 
3 =-—3sin x —4cos.x. Since the 

i f d’y : 
value o aa is equal to —y, when 

d’y 
=5, —=-5<0 giving a y ae g g 

maximum. When y=-5, 

d’y ” 0 ivi <a 
7d 5>0 giving a minimum. 

y =3sinx+4cosx has a maximum 

of 5 when x = 0.644... , anda 

minimum of —5 when x =3.785... . 

There are alternative trigonometric ways to do the last example without calculus. 

7 Find the equation of the normal to the curve y = xsin x at the point x=7. 

Differentiate, and find the gradient of 

the tangent at x=7. 

The tangent and normal are at right 

angles, so the product of their gradient 

is —1. Use this to find the gradient of 

the normal. 

Find the y-coordinate for x = 7. 

Use y—Y =m(x- X) to find the 

equation of the normal and simplify it. 

; d A 
y=xsinx, so ae eos + sin x, 

d : 
INE G8 S78 Be 7 TOO Sin w= =H, 

so the gradient of the tangent is —7. 

Let m be the gradient of the normal. 

1 
Then -—7X¥m=-l1,so m=—. 

1 

When x=7, y=7sinz=0. 

The normal is y-O= LG — 7), that 
1 

is T¥=XxX-T. 

73 



Help yourself to differentiation 

8 A particle moves up and down in a straight line in such a way that its height 

h metres at time t seconds is given by the equation h=3cos2t. Find the 

velocity of the particle after 2 seconds, and indicate whether it is moving towards 

the origin, or away from it. 

To calculate velocity, differentiate the | Let the velocity be v ms”'. Then 

expression for displacement. 
‘ 

pare oant:, 
dt 

Find the velocity at 2 seconds by| When t=2, v=—6sin4=4.541.... 

substituting t=2. The velocity is 4.541... ms. 

To find whether the particle is moving towards or away from the origin, you 

need to find its displacement as well as its velocity. If the displacement is 

negative, and the velocity is positive, or vice versa, it will be moving towards 

the origin. If they are both positive or both negative it is moving away. 

Calculate the displacement when t=2.| At t=2, h=3cos4=-1.961... . 

Present the conclusion. Since the displacement is negative and 

the velocity is positive, the particle is 

moving towards the origin. 

Exercise 13 

In questions 1 to 20, differentiate the following functions with respect to x. 

nN uu WO = 

13 

15 

74 

4cosx 2 sin 5x 

sin 5x 4 tan 2x 

2cos3x +3sin3x 6 2cos+x—sin4x 
. 1 sin(2x + 2) 8 “ccos3 (45x) 

2sin? x 10 cos’5x , 

sin? 4x 12 tan? 3x 

xcos2x 14. x? tanzx 

xsin? x 16 xsinx+cosx 



17 

19 

21 

22 

23 

24 

25 

26 

The trigonometric functions 

sin x ‘ae 1 

G 1+ cos2x 

1 al 20 cos x 

sin x 5¢ 

Find the maximum and minimum values of the function y=sinx—cosx in 

the interval OS x $27. 

Find the equation of the tangent and the normal to the graph of y= tanx at 

the point for which x = in : 

at the point for which x =47 ' sin x 
Find where the tangent to the curve y= 

58 

meets the y-axis. 

At which points on the graph of y=cos2x in the interval —7 <x <7 is the 

gradient of the tangent equal to 1? 

The displacement x cm of a toy oscillating up and down on the end of a spring 

after t seconds is given by x = 10sin5t. Calculate the velocity and acceleration 

of the toy after 1 second. Find the displacement of the toy at the time when it 

is first instantaneously at rest. 

The height x metres of the level of the water above the sea floor is given by 

Kae S cos(< mt) where f is measured in hours. Find the velocity of the water 

level when it is rising fastest. At what time is this? 

Te 



14 The exponential and logarithmic 
functions 

You will need to know 

that the derivative of e* is e* 

that In x is defined only for x >0 

ee | 
that the derivative of Inx is — 

x 

the shape of the graph of y =e” 

the shape of the graph of y =Inx. 

In the following examples it is assumed that you are familiar with the three 

differentiation rules, the composite function, product and quotient rules, and that you 

are proficient at manipulating exponential and logarithmic functions. 

1 

76 

Find ay when y=e”*. 
dx 

This is an example where you need the composite function rule. 

Define the function z. 

Find ®, and Ce 
dz dx 

Use the formula a) = ny x Ls 
dx dz Wax 

Substitute z, and simplify your answer. 

ye 

Let z=2x, so that y=e"*. 

OY ee: and Lae 
dz dx 

—=e'x?2. 
dx > 

9Y _26?*, 
dx 



3 Differentiate y = xe~ 

The exponential and logarithmic functions 

Find oy when y=In3x. 
dx 

This is another example where you need the composite function rule. 

Define the function z. 

Find o and us 
dz dx 

Use the formula wy. = dy x dz 
de sdz 0% 

Substitute z, and simplify your answer. 

y=In3x 

Let z=3x, so that y=Inz. 

Ded aqele: = 3 
dz dx 

OG 
abe | ke 

OY, asad wigan cd 

ibe She Xx 

At first sight this result is surprising. However, note that In3x =1n3+Inx so 

that 1n3x differs from \nx by a constant. 

x2 

Define y. 

Use the product rule, and the composite 

function rule mentally. 

In the following examples it will be assumed that you can use the composite 

function rule mentally, without writing out the details of the substitution. 

E77) 

ee oe 

Oe x2xexet 
dx 

Ww 



Help yourself to differentiation 

78 

Simplify the result. 

Find f’(x) when f(x) = In(1 +x”). 

Use the composite function rule 

mentally. 

Differentiate In x*. 

d =) age 

ale ee 

ea (1 Po ) 

f(x) = In(1+ x”) 

1 x5 
filcey= <2 
) 1+ x? 

Two methods are given for this problem. The first is similar to the previous 

examples, but the second is neater. 

Define a function. 

Method 1. 

Use the composite function rule. 

Method 2. 

Use one of the properties of the 

logarithm function to simplify before 

you differentiate. 

Let y=In xh 

ee 
- I. 

x IA 

y=Inx4 =4Inx, so i 
dx 



The exponential and logarithmic functions 

l 
Sketch the graph of y= —~ for x>0. 

x 

Note that \nx is defined only for x >0, so the graph does not exist for x <0. 

First find where the curve crosses the 

y-axis by substituting x=0. 

If it is easy to do, find where the curve 

crosses the x-axis by putting f(x) =0 
and solving the resulting equation. 

Find any maxima or minima, by 

finding where = = (0, and use the 

quotient rule to find Sy. 
dx 

Find the corresponding value of y. 

2 
Use the oy to find whether this point 

dx 

is a maximum or a minimum. 

Note that it is not worth simplifying this expression for 

2 

The curve does not exist when x =0, 

so it does not cross the x-axis. 

] 
ae =0 when x =1 so the point 

(1,0) lies on the curve. 

1-Inx 
x2 

dy _ xxo=Inxx! 

dx x? 

dy O when 1—Inx=0,s0 x=e. 

l 1 
When x =e, yaa. 

cmc 

x” x(-=)-(-Ina)x2x 
i patna iE hae tas 3 CB a 

2 x4 & 

d2 
Set because you 

d 
actually want the value of el when x =e. 

d’y 
Substitute x=e in —;, to find 

dx 

whether it is positive or negative. 

2 Le\s 
Be Se st sO (e.2) isa 
dx e e 

maximum. 
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Help yourself to differentiation 

80 

You must check on the behaviour of the graph for very large positive values of 

x, and for values of x which are positive but very small. 

Check the behaviour of y when x is For very large positive values of x, 

very large and positive. In x and x are both large and positive, 

but x is much bigger than In x, and 

~~ => 0. 
x 

Check the behaviour of y when x is For very small positive values of x, 

very small and positive. In x is large and negative and x is 

" lnx .. 
small and positive, so —— is very 

x 

large and negative. 

You can now produce the sketch shown 

in Fig. 14.1, which is not to scale. 

(1,0) 

Sketch of 
Inx 

Fig. 14.1 

Find where the normal at (1,e) to the graph of y = e* meets the x- and y-axes. 

Differentiate, and find the gradient of y=e*, so Lae ercAt (he). 
the tangent at (1,e). d da: 

Y =e! = e, so the gradient of the 

tangent is e. 

The tangent and normal are at right Let m be the gradient of the normal. 

angles, so the product of their gradients Hemi ekett ass mn ee 

is —1. Use this to find the gradient of e 

the normal. 



The exponential and logarithmic functions 

Use y—Y =m(x- X) to find the 
equation of the normal. 

Simplify the equation. 

Put x =0 to find where this line meets 

the y-axis. 

Put y=0 to find where this line meets 

the x-axis. 

The normal has gradient ath and 
e 

passes through (1,e), so its equation 

is eee aay 
e 

The equation of the normal is 

ye-e =—x+1. 

ye—e? =—x+1 meets the y-axis at 

1 
(0. e+ *) ; 

e. 

ye- e? =—x+1 meets the x-axis at 

1+e,0 (1+e*,0), 

A particle oscillates in a straight line in such a way that its displacement 

x metres at time f seconds is given by the equation x= Ae‘ cost. Find the 

velocity and acceleration of the particle for the first time it is at the origin after 

t=0. 

Find when the particle is at the origin 

by putting x =0 and solving for t. 

Since v= -. differentiate to find v. 

Since a= <. differentiate to find a. 

The particle is at the origin when 

x =0, that is, when Ae’ cost =0. 

Thus, cost =0, and the first positive 

solution is t=47. 

dx & ayy 
y=—=—Ae' cost—Ae ‘ sint. 

a=—=2Ae 'sint. 
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Help yourself to differentiation 

ath: & 

Substitute t= 40 to find the velocity | When t=>7, v=—Ae ala 1 

and acceleration. When t= 

1 

2 

ah 
2 

i << e 
+m, a=2Ae 2" ms”. 

Exercise 14 

In questions 1 to 20, differentiate the following functions with respect to x. 

aN uu Wo -_— 

13 

15 

17 

1S 

21 

22 

23 

24 

25 

26 

27 
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e” 2 Met 
et A 36-7" 

onus 6 ? 

In3x 8 Inx? 

In(2x + 3) 10 In(x? + 2x) 

In(e*) 12 e™ 

In(cos x) 14° In3x? 

In( px? +qx+r) 16 Invx 

xe 18 xlInx-x 

in ==) 20 in 2) 

2-x -a+ bx 

Find where the gradient of the graph of y =e” is equal to -1. 

Find the maximum value of the function y = xe *.. 

Find the first maximum value of y =e * sinx and show that the values of 

successive maxima are in geometric progression. Find the common ratio of 

this geometric progression. 

The temperature @ in °C at time ¢ minutes of a liquid cooling is given by 

@=20+60e°!’. Find when the temperature is 26 °C, and find the rate of 

cooling at that time. 

The population p of the world is increasing exponentially and is believed to 

obey the law p= Ae“ where A and k are constants. Find the time for the 

population to reach 2A and find the rate of change of pgpulation at that time. 

Find the x-values of the points of inflexion of the graph of yee” 
2 

x 

Find the x-values of the points of inflexion of the graph of y=e 7° * where 

oO is aconstant. 



15 Implicit differentiation 

You will need to know 

e@ what an implicit function is, and how it differs from an explicit function 

Bape ; td 
e that the derivative of y with respect to x 1s 

@ that the derivative of f(y) with respect to xis f 2. 

Not all curves have equations of the form y =f (x). For example, a circle with centre 

(a,b) and radius r has equation (x- a) +(y- by’ =r’. You could put this equation 

in the form y=b+ ale —(x- a) , but it is messy, and it is preferable to be able to 

work with the equation in its original form. 

Here are some introductory examples. 

1 Differentiate the equation 2x+3y+4=0. 

This is an example where you could easily write the equation explicitly in the 

2x+3y+4=0 

Differentiate term by term. The PG. (2x) + £ (3y) oy 4) = cd (0) 

eee Ls ; = OY cde dx dx dx 
derivative of y with respect tox1s ——. dy 

dx | 2+3—=0 
dx 

: ; dy dy 2 
Solve th tion for —. —=- olve this equation for iy a 3 

This is what you would have obtained if you had started by writing y=.....-- 
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Help yourself to differentiation 

2 Differentiate the product xy with respect to x. 

d d 
This is a product. Use the product rule | —(xy) = x x—(y)+y—(x) 

; : dx 
in the usual way. If you wish, think of 

the substitution u =x and v=y in the = e+ y, 

product rule formula. des 

3 Differentiate cos y with respect to x. 

This is an example of a composite function. The cosine is a function of y where 

y is a function of x. 

Use the composite function rule. Let da (cos y) = ¢. (cos y) x dy 

dz dz dy dx dy dx 
=cosy. Then —=—xX—. 

=-—sinyX—. 
voy 

Example 3 shows the use of the composite function rule in differentiating f(y) with 

respect to x. 

—(f(y))= 5 (#0) x o = ry)? 

4 Find = in terms of x and y when xy+2y=1+x. 

xy+2y=1+x 

; ; dy dy 
Differentiate term by term. x—+y |+2—=0+1. 

dx hs a 

Solve for ee SY 2 key, 
dx dy x42 
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Implicit differentiation 

5 Find the gradient at (—1,7) on the circle x*+y’ —4x-6y-12=0. 

Differentiate term by term. 

Simplify the result. 

Substitute x =-1, y=7 to find the 

gradient at (—1,7). 

6 Find the gradient at (3,3) on the curve 

Differentiate implicitly. 

Simplify and substitute x= y= 3. 

x+y -4x-6y-12=0 

dy _ ZT ey On 
dx dx 

dy _ PBL DIP 

dx 6-2y 3-y 

Substituting x =—-1l, y=7 gives 

adient = ade ek 
= 3-7 4 

xe +y? —3xy=0. 

x+y —3xy=0 

3x7 43y? 23x —ay=0. 

Q LA? eae ae 
dx y =x 

At (3.3), gradient is —1. 

Differentiating implicitly and taking logarithms can sometimes lead to easier working 

for ordinary differentiating. 

& a= 

at+x 
7 Differentiate y= 
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Help yourself to differentiation 

Take logarithms, and simplify using Iny=In (¢ = *) 

logarithm rules. 

Differentiate implicitly. pain: Pea 2 EER SE 

1 
Simplify the right-hand side, multiply dy = fat = 2] 

by y and simplify again. dx x 

gE 
2 

a-x at 

= ty —2a 
i ae sea 

Ge co nese iH} 

Exercise 15 

In questions 1 to 12, differentiate the following functions with respect to x. 

1 x+y 2 2x-y 

302 = 3y 4 y? 
By? 6 xy? 

We gta 
x y 

9 siny 10 In(xy) 

te 12otee 

In questions 13 to 16, find 2 in terms of x and y. 

13° x7 42x 42y =5 14. y+2xy? +x =4. 

15 y+t+Iny=2x 16 y tx +x? =3 

; d : : ; 
In questions 17 to 20, evaluate z at the given point. 

17 16x? +9y? =52; (1,2) 18 xy=3; (-3,-1) 

19 x° +3x7y + 3xy? +2y? =2+(0,1) 2.0 cos(r4/xy) =-4; (4,4) 
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16 Parametric differentiation 

You will need to know 

e that if f(t) and g(t) are functions of t, then x = f(t) and y = g(t) define a point 

on acurve for each value of t 

d 
e that the gradient dy = va , that is to = dy <— a , the composite function 

dt/ dt dt dx’ 

rule. 

1 Letacurve be given parametrically by x= f°, y =2t. Find an expression for the 

gradient in terms of f. 

y=2t 

indies ides LOR ree ae 
dt dt dt dt 

o = & [X10 find 2 Clie ey 
ibe | Oe | Wis 

2 Find the gradient at the point t= 50 for the curve x=sint, y=2cost. 

x=sint, y=2cost 

Find oe and — 2 Oe easy ee ein: 

t dt dt 2 ali 

Use 2 |e to find ye Oe en 

dt dx dx cost 

Substitute t= 40 to find the gradient. | When t= +n, 

gradient = —2 x tan 7 n= -213. 

87 



Help yourself to differentiation 

3 Find the equation of the normal at t= 2 on the curve x= ot y= ie 

x=t?, y=?. 

pains OY Lae ae EY 
dt dt ‘ dt dt 

Z 
sete a ohn gy ge 

dx -dt/ ad dx de 0 

Substitute t= 2 to find the gradient of | When t = 2, gradient of tangent is 

the tangent, and hence find the gradient | 3x2 28 $5 @emadical of the 

of the normal. 2 

normal is -t. 

Find the coordinates of the point on the) When t=2, x= 2? =4 and 

curve for which t =2. y=2?=8. 

Use y— Y =m(x— X) to find the The equation of the normal is 
equation of the line through (4,8) with} y—8=-—1(x-4), that is, 
gradient —t. 3y =—-x+28. 

4 Find a point on the curve whose parametric equation is x = 2¢+sin 2t, 
y =1-cos2t for which the gradient is 1. 

x=2t+sin2t, y=1l—cos2t 

ne and 2. oy Ey ico) ee ho cates. 
dt dt tals 

- 2 2/8 fin ee dy __ sin2r 4 

dx dx 1+cos2t 
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Parametric differentiation 

Use the fact that radient i d sin 2t the fact t ~ gradient is 1 to fo eT then alah 

construct an equation. dx 1+cos2t 

sin 2t —cos2t=1. 

You need a trigonometric method to There is a solution of this equation 

solve this equation completely, but when sin 2t =1 and cos2t=0, that 

you are only asked for one solution, is, when 2t = +n. Thus there is a 

which you can see by inspection. point on the curve when t = 47. The 

point is therefore (5 a+, 1) : 

Exercise 16 

For each of the curves whose parametric equations are given in questions 1 to 10, find 

oy in terms of t. 
dx 

1 x=2+4+3t, y=12-6t 2 x=4-5t,y=1+t 

3 x=-ty=t +t 4 x=4+2t,y=1-2 

5 x=e,y=1-2 6 x=e'+e',y=e'-e7 

7 x=cos’t, y=sin’t 8 x=cos*t, y=sin’t 

9 cal thang rae Se. 10 x=e" +1 y=e"-1 
+t itt 

In questions 11 to 16, find the gradient of the tangent to the curve at the given point. 

11 x=2-3t,y=14+2t,t=2 12) x=r,y=14+2t,t=-3 

13 x = cos2t, y = cos” t,t=20 14 x=2cos2t, y=2sint,t=<2. 

15 ‘g=ec',y=1-e°,t=2 16 x=Inf, y=te’,f=2 

In questions 17 to 20, find the equation of the tangent to the curve at the given point. 

1 
17 x=1',.y=th1=2 18 nmtyle —te~3 

19 x=Pte ys ttt=-l 20 x=sin2t,y=sint,t=-37 
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17 Related rates of change 

You will need to know 

90 

d 
that if y and x are both functions of time t, then the rates of change - and id 

dt 

are related by the equation dy = gy x ba 
ao Gt.4dm, dt 

that the formula & = ~ x “ is a form of the composite function rule. 

A spherical balloon is being inflated. The radius is increasing at the rate of 

0.2 cms-!. Find the rate at which the volume is increasing when the radius is 

10 cm. 

It is important to be organised. Decide what information you have, and what 

information you need to find. 

Define the variables. Let rcm be the radius and let V cm? 

be the volume of the balloon at time 

t seconds. 

ee : _ dV 
You need to find the rate at which the volume is increasing, that is a You 

t 

are given that when r =10, the rate of increase of r is 0.2, that is, “ = 0.2. 
t 

You also know that ae and a are related by the formula a” = se x = SO 
dt dt eidrs ~dt 

: dV 5 : 
if you can find ian you can start. But V is the volume of a spherical balloon of 

r 
: : dV 

radius rso V= 4nr° ; you can use this to find ao 
r 



Use the formula ay NBs 
dt dr 

the given information. 

a with 

Substitute the known numerical 

values. 

Present your answer. 

Related rate of change 

For a sphere, V = 4a so 

ae An’. 
dr 

Therefore Ge = ay x or 
dr dt 

B cree fais 
dt 

Also J =02 when r=10. 

Therefore as = 4nr? x Se 
dt 

= 47x10? x0.2 

= 807. 

The rate of increase of volume of the 

sphere is 807 cm?s7, 

The side of a square is being increased at the rate of 0.3 cm s |. Find the rate at 

which the area of the square is increasing when the side of the square is 15 cm. 

Define the variables. 

Use the formula 4 = ee x a with 

the given information. 

Let x cm be the radius and let A cm? 

be the area of the square at time 

t seconds. 

For a square, A=x? so A sexta: 
dx 

Therefor = = os x su 
dx dt 

pee 
dt 

91 



Help yourself to differentiation 

Substitute the known numerical Also = = 0.3 when x =15. 

values. 
Therefore oe rd ie 

dt dt 

=2%15x03 

=9, 

Present your answer. The rate of increase of area of the 

square is 9 cm?s 7, 

Sometimes you use the formula gy = dy x - in reverse to find bd knowing s 
dx dt dt dt 

3 The area of a square is increasing at the rate of 48 cm?s'. Find the rate at which 

the side of the square is increasing when the side of the square is 12 cm. 

Define the variables. Let x cm be the radius and let A cm? 

be the area of the square at t seconds. 

Use the formula oo = ae x “ with | Forasquare, A= x” so - =2x. 

the given information. Therefore dA 5 dA x dx 

dx dt 

=2xxX CaP 
dt 

Substitute the known numerical From Ce =2xxX Bad 

values. a 

48 =2x12x os 
dt 

dx 48 
so —= = 2. 

dt 2x12 

Present your answer. The rate of increase of the side of the 

square is 2 cm o, 
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Related rate of change 

Exercise 17 

Where appropriate, leave 7 in your answers. 

1 

10 

A spherical balloon is being inflated. When the radius is 4 cm the rate of 

increase of the radius is 0.5 cms’. Find the rate at which the surface area of 

the sphere is increasing at that moment. 

The radius of a circle is increasing at the rate of 3 cm s |. Find the rate of 

increase of the perimeter when the radius is 5 cm. 

The radius of a circle is increasing at the rate of 4 cm s |. Find the rate of 

increase of the area when the radius is 2 cm. 

When the volume of a cubical box is 216 cm? the side is increasing at the rate 

of 2 cms. Find the rate of increase of the volume of the box, and the rate of 

increase of the surface area at that time. 

The area of a circle is increasing at the rate of 20 cm’ s_!. Find the rate of 

increase of the radius when the radius is 4 cm. 

Liquid is being poured at a constant rate of 20 cms! into a vessel in the 

shape of a right circular cone with its axis vertical and its vertex downwards. 

The semi-vertical angle of the cone is tan! $. Find the rate of increase of the 

height when the radius of the surface is 2 cm. 

The height of a particular circular cylinder is always twice its radius. The 

volume of the cylinder is increasing at the constant rate 407 cm?s_'. Find the 

rate of increase of the radius when the radius is 5 cm. 

When the area of a square is 100 cm7, the rate of change of area is 8 cm’s!. 

Find the rate of change of the perimeter at that time. 

The surface area of a cube is increasing at a rate of 12 cm’ s_'. Find the rate at 

which the volume is increasing when the surface area is 150 cm’. 

Find the rate of increase of surface area of a sphere when its volume is 
3 ol 

362 cm? and the volume is increasing at the rate 24% cm"s . 
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18 Small increases 

You will need to know 

k d : , hs »6 
e  therelation dy =~ eo and the meanings of the various terms in it 

@ the equivalent relation in function notation, f(x +h) = f(x) + hf’(x). 

Fig. 18.1 

In Fig. 18.1, dy is the increase in the value of the function from its value at the 

known point P if you increase the x-coordinate by 6x. You can see that, if ox is 

small, then the gradient of the chord joining P to Q is approximately the same as the 

tangent at P, so that 2 = 2. The relationship dy.= 2 6 follows immediately. 

Alternatively, in Fig. 18.2, the same geometrical relationship is expressed by saying 

that the increase corresponding to dy is f(x+h)—f(x), and dx is replaced by h. 

f(x +h)-f(x) 

A h The = f’(x), leading to f(x+h) = f(x) +Af’(x). 

94 



Small increases 

Examples will be worked in both notations: choose whichever one you prefer, but 

you should understand that the two notations are mathematically equivalent. 

1 Use calculus to show that the increase in the function y = x° as x increases from 

2 to 2.01 is approximately 0.12. 

Find oy : 
dx 

The value of x is 2, and x+ dx =2.01. 

The value of 6x is therefore 0.01. Use 

dy = - dx to find the increase in y. 

Substitute the values of x and dx. 

Present the result. 

dy = 3x" dx 

=3x2* x0.01=0.12. 

The approximate increase in the 

function is 0.12. 

Start from the value of cos 57 to find an approximation to the value of cos1. 

Define a function. 

Define x and x+h to find the value of 

h. 

Use f(x +h) = f(x) +hf’(x) 

Let f(x) =cosx. 

Let Laan and x+h=1. 

Then h=1-47=-0.047.... 

f(1) = £(4 7) + (-0.047...)x f’(4 7) 

= 0.5 -0.047...x—sin(}-7) 

= 0.5408... 
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Help yourself to differentiation 
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You can compare this with the true value for cos1 which is 0.5403.... 

Use the fact that 6.4” = 40.96 to find an approximation to 41, without using 

a calculator. 

Define a function. p Let y=<e =: 

Prepare to use the formula dy = 6 by finding all the constituent parts. 

Calculate OY and define dx. Let x = 40.96. Since x+ dx = 41, 

ov Sx = (x + Sx) — x = 41- 40.96 = 0.04. 

ee eee 
dx 2x 

When x = 40.96, a d 
dx 2x64" 

Use Bd aes eae ; : x 0.04 
dx dx 2x64 

= 0.003125. 

Present the result y+ dy. 41 ~ 6.4 +0.003125 = 6.403125. 

You can compare this with the true value for 41 which is 6.403124... . 

Find the approximate value of ia 
3.02. 

Define a function. Let f(a ar et 

Calculate f’(x) and define x and h. Let x =3 and h=0.02. 

f(x) =-x”. 



Small increases 

Use f(x+h)=f(x)+hf(x). rox+n=t+002x(—1) 

=(0 33100": 

Exercise 18 

In questions 1 to 4 use calculus to find the approximate increase in the following 

functions as x increases from 1 to 1.05. 

1 y=2x? 2 © y='x? =3x 

3 y=(x-1) 4 » y=cos¢m 

In questions 5 to 8 use calculus to approximate to the value of the given function at 

x=-0.99. 

5 f(x) =3x 6 f(x)=V2+x 
2 

xX x 
Pt) = s HS 

tae ) x? +1 

In questions 9 to 12, use calculus to calculate an approximation to the given quantity 

by choosing suitable functions and increases. 

9 26 10 (65) 

ieee 12 799° 
24 
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19 Curve sketching 

You will need to know 

the shapes of the graphs of the trigonometric, exponential and logarithmic 

functions 

the shapes of the graphs of powers of x 

how to find the coordinates of local maxima and minima 

what an asymptote is 

that vertical asymptotes occur when the denominator of a fraction is zero 

that for expressions such as xe * when x becomes large, and xInx when x 

becomes small, the exponential function is always ‘more powerful’ than a power 

of x, and a power of x is always ‘more powerful’ than the logarithmic function, 

that is, xe * > 0 for large x, and x1In x — 0 for x positive and close to 0. 

To sketch the graph of a function you need to give an idea of its general shape, 

together with the coordinates of special points, including those where the graph 

crosses the axes, and any maxima or minima. Remember that a sketch of a graph 

does not need to be drawn to scale with graduations along the axes. 

98 

Sketch the graph of y= Lie 
x+1 

First find where the curve crosses the x- | When x =0, y=—1l and when y=0, 

and y-axes. x =1, so (0,—1) and (1,0) lie on the 
curve. 

Find any vertical asymptotes, by The denominator is 0 when x =-1, 

looking for places where the so there is a vertical asymptote when 

denominator is 0. x=-l. 

, 

You need to find what happens as x > © and x 4-9. Many people do this 

by mentally substituting a large number, say one million, and seeing what 

happens to the value of the function. 



Curve sketching 

ill , ‘ 

x ued). Sketch the graph of y= 
x+ 

Find what happens as x > 9 and as As x40, y— 1 from below. 

x —-00? As x -cc, y— 1 from above. 

You need also to find out how the graph behaves just to the left and to the right 

of the vertical asymptote. You can do this by mentally substituting numbers. In 

this case, you might substitute x =—1.01 to find how y behaves to the left of 

the asymptote, and x =—0.99 for the behaviour to the right of the asymptote. 

Find what happens as x =—1 from For x just less than —1, y is large and 

above and below. positive. For x just greater than —1, y 

is large and negative. 

dy 2 @ei)l—(2 = 1)h omen? 
dx (x+1) et 1 

~. #0 for any value of x so there are 

Find any local maxima and minima. 

no local maxima and minima. 

You now have enough evidence to 

sketch the graph. 

2 ~ Sketch the graph of y= 3 
‘ eee ? x7 +1 

First find where the curve crosses the x- | When x=0, y=0. 

and y-axes. 

99 



Help yourself to differentiation 

100 

Find any vertical asymptotes, by 

looking for places where the 

denominator is 0. 

Find what happens as x — © and as 

x— 00? 

Find any local maxima and minima and 

identify them. 

You now have enough evidence to 

sketch the graph. 

—*x 
Sketch the graph of y = xe 

As x’ +1#0 for any x, there are no 

vertical asymptotes. 

As x0, y— 0 from above. 

As x >-00, y— 0 from below. 

dy _ (x? +1)l-xx2x_ 1—x2 

dx (x? +1) ‘ (x? +1) 

Saag when x=+1. 
dx 

d’y os 2x(x? = 3) 

tee (x? 4s 1) . 

2 
d*y A ee 

When x =1, eat so (1,4) isa 

local maximum; 
d2 

when ae -l, = >0 so (-1,-4) 

is a local minimum. 

Sketch of Y 
ne 

y = 

x? +1 (1,0.5) 

Fig. 19.2 

, 

First find where the curve crosses the x- | When x=0, y=0. 

and y-axes. 



Curve sketching 

Sketch the graph of y = xe * (continued). 

Find any vertical asymptotes, by 

looking for places where the 

denominator is 0. 

Find what happens as x — © and as 

x — 00? 

Find any local maxima and minima and 

identify them. 

You now have enough evidence to 

sketch the graph. 

4 Sketch the graph of y=xsinx. 

There are no vertical asymptotes. 

As x 30, x0 ande* 50, 

but e ~ is more powerful that x, so 

xe * —>0. 

As x 3-00, xe * 4 -co from 

below. 

D = x(-e*) +e x1=e 7*(1— %). 

a =0 when x =1. (Remember 
dx 

e * £0 for any x.) 

2 
When x=1, E207 so (ies) isa 

dx 

local maximum. 

Sketch of 
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Help yourself to differentiation 

First find where the curve crosses the x-| When x=0, y=0. When y=0, 

and y-axes. xsinx =0, so x=n7,n an integer. 

Find any vertical asymptotes, by There are no vertical asymptotes. 

looking for places where the 

denominator is 0. 

Find what happens as x — ce and as As x— oc and x + -©e, the curve 

x—> co? oscillates between y= x and y=—x. 

dy 
BY cor eeier —=0 when 

dx 
Find any local maxima and minima and 

identify them. ; 
xcosx+sinx=0O or tanx=—-x. 

This equation cannot be solved 

analytically, but if you consider the 
equations y=—x and y=tanx you 

can see that there are solutions in 

every interval of 7 on the x-axis. 

You now have enough evidence to 

sketch the graph. 

“Sketch of ~! 
y=xsinx 

l 

Fig. 19.4 

Sometimes there are graphs which do not appear to have many of the above qualities. 

In that case you must do what you can. 

5 Sketch the graph of y = Noes , 

Remember that the square root function is always positive. There are no 

points on the graph of this function for which y is negative. 
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Curve sketching 

First find where the curve crosses ae x-| When x= 0, y=~-1. Therefore the 

and y-axes. curve does not_cross the y-axis. 

When y=0, Vx? -1 =0,so x=+1 

Find any vertical asymptotes, by There are no vertical asymptotes. 

looking for places where the 

denominator is 0. 

Find what happens as x — © and as As x— oe, the curve becomes close 

X= eo! to, but slightly less than y= x. For 

x—-0c, becomes close to, but 

slightly less than y=—x. 

Find any local maxima and minima and| dy___* YY _9 Wen x =0 
identify them. dx x2 -1 

but there are no points on the graph 

for x =0. Therefore there are no local 

maxima or minima. 

You now have enough evidence to Y* Sketch of 
2 

sketch the graph. _ VENT 

Sketch the graph of y=xInx. 

Remember that \n x is defined only for positive values of x. 
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Help yourself to differentiation 

104 

First find where the curve crosses the x- 

and y-axes. 

Find any vertical asymptotes, by 

looking for places where the 

denominator is 0. 

Find what happens as x — © and as 

x—> —00? 

Find any local maxima and minima and 

identify them. 

You now have enough evidence to 

sketch the graph. 

When x=0, Inx is not defined so 

there is no point for which x=0. 

When y=0, xInx=0, so x=0 or 

Inx=0. As x=0O is impossible, 

this leaves Inx =0, that is x =1. 

There are no vertical asymptotes. 

As x— oe, the curve becomes very 

large. As x0, Inx—-<o and 

x — 0, but “x wins” in the product 

xInx so xInx~0 

coe he ie ee Rosh 
x dx 

when Inx =-1, giving x=e7!. 

d’y 1 
—> =—, which is positive when 
dx* x x 

x=e !. Hence (e',-e"') is a local 

minimum. 

Sketch of 
y=xlInx 



Curve sketching 

Exercise 19 

In questions | to 16 sketch the graphs of the following functions. 

1 

11 

| 

15 

1 

x+2 

apd 

* wae 

yal 

¥ 

2 

10 

12 

14 

16 

x+1 

x-1 

x 

xt 

y= 

a= 

y=e*-x 

Z ? 1 
/ y=xXx + — 

x? 

2 
x 
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20 Revision exercises 

Revision exercise 1 

Differentiate 2/x , and find its value when x = 4. 

Find the equation of the normal to the curve y = x” at the point (3,9) and find 

the x-coordinate of the point where this normal meets the curve again. 

An oscillating particle is moving in a straight line so that its displacement x 

metres after t seconds is given by x = 3sint. Find the velocity and acceleration 

of the particle after 2 seconds. 

Find the local maxima and minima, and the point of inflexion of the curve 

y=x° = 34° —2Ay. 

Come 
with respect to x. Differentiate y = 

Sketch the graph of y= Rox —3 

Revision exercise 2 

106 

Find the gradient of the curve y= = when x=9. 
48 . 

Find the equation of the tangent at the point t= 2 to the curve x=1—-f, 

y=l4+?’. 

The amount A grams of a radioactive substance present varies with time 

t seconds according to the law A= Ae , where Ag and k are constants. 

Find how much of the substance exists at the start of the process, and find the 

rate of decrease of the substance when the amount is one half of the starting 

value. 

The top and bottom margins of a page are each 1 cm, and the left and right 

margins are each 1.5 cm. The area of the print on each page is 150 cm?. Find 

the dimensions of the page which has the least area. 

Find the gradient of the curve x” + xy+y” =4 at the point (—2,2). 

Differentiate x” sin(x? + 1). , 



Revision exercises 

Revision exercise 3 

1‘ Find the points on the graph of y= t ; at which the gradient is R. 
x? + 

2. The liquid in a container is draining through a hole in the bottom so that, 

between t=0 and t=4 minutes, the height in centimetres of the surface of 

the liquid above the base is given by h= 4(4 - t)’. Find the rate at which the 

surface is falling when the height is 2 cm. 

3 _- Find the points of inflexion on the graph of y =sin x. 

4 The height y in metres of a ball thrown yertically into the air is given by 

y=10t- 5t? where t seconds is the time after which it was thrown. Find the 

velocity of the ball when it is at height 34 metres. 

5 Find the maximum and minimum values of we. 

6 Sketch the graph of y=3+3x—- A x: 

Revision exercise 4 

1 Differentiate xy’ = y? +1 implicitly to find 7" in terms of x and y. 

2 Find the equation of the normal at the point t = —1 to the curve x= p 

y=2t. 

3 Find the maxima, minima and points of inflexion of the curve 

y= 4(e* +e*). 

4 Find the shortest line segment which passes through (8,27), and has one end 

on the x-axis and the other on the y-axis. 

5 Use acalculus method to find the approximate increase in volume of a sphere 

of radius 2 metres, when the radius is increased by 1 cm. 

6 Find a point on the graph of y = 2sin x —3cosx at which the gradient is the 

same as that of the straight line y= x. 

Revision exercise 5 

1 Sketch the graph of the function y =(x- Iv x. 
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Help yourself to differentiation 

2 A curve is given parametrically by x =cost, y= sin? t. Find the smallest 

positive value of t such that the angle that the tangent to the curve makes with 

the x-axis is 60°. 

Differentiate 2x” Inx with respect to x. 

Find the maximum and minimum values of the function 

f(x) =sin3x —3sinx. 

Differentiate the equation x + aly = Ja to find an expression for 2. 

Find a condition on a and b such that if the condition holds, then the graph of 

y= x? +x? +bx+c has a local maximum and a local minimum. 

Revision exercise 6 
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The length of a rectangle is twice its width. Find the rate at which the area is 

increasing when the perimeter is 30 cm and increasing at the rate of 5 cm ri 

: 2a 2 
Differentiate ere with respect to x. 

Es 
2 

Find the local maxima and minima on the curve y= (x? - 1) : 

ain yes 2 es 
Find ri in terms of x and y when 2x° —3xy+4y~ =3. 

Find the equation of the normal at the point with parameter in to the curve 

x=2sint, y=cost. : 

Find the x-coordinates of the points of inflexion on the curve 

y= Porery ae oe 



21 Answers 

Exercise 2, page 7 

1 For Fig. 2.7, the maximum gradient is 4 and the minimum is —3. 

The gradient graph is shown in Fig. 21.1. 

Fig. 21.1 

2 For Fig. 2.8, the maximum gradient is 4 and the minimum is -4. 

The gradient graph is shown in Fig. 21.2. 

Y 

3 

at a | SU ate 

-3 3 

—-4 

Fig. 21.2 
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Help yourself to differentiation 

3. For Fig. 2.9, the gradient is positive for —3 < x <1 and negative for 1<x <3. 

The gradient graph is shown in Fig. 21.3. 

gradient 4 

1 x 

Fig. 21.3 
4 For Fig. 2.10, the gradient is positive for —2 < x <1 and negative for 

—3<x<-2 and 1<x <3. The gradient graph is shown in Fig. 21.4. 

gradient t 

Exercise 3, page 12 

Nu Q = 

rs 

15 

17 

19 

21 

23 

25 

110 

14x 

a 

3x 

6x—-5 

4x? 

6x? —6x 

6x—-7 

3x” -10x+3 
ae 

65. 

0 

3+ ox" 

—2x 3 

Z 

Fig. 21.4 

2) (5x 
4 2bx 

6 2x+4 

8 3x7 +2x 

10 24x’? 
$2.03 5x" 
14 6-14x 

16 6x’-8x+1 
18 -2x" 7 
20. =x 74% 

22) 8 ee 
24 x? 

26 xo =—4x “Hi 



aT Dee 

29 —= 

316 ~ 

33 2x+6 

35 2x-—> Be 

34 sir 

39 3x? 

41 & 

43 she 

45 (1,6),5 
47 (0,0),2 
49 (3,6),11 
51 (1,2) 

53 (4.2}(-4.-2) 
55 (1,-3) 

Exercise 4, page 19 

y=—2x-1 

3y=x+9 

4y+x=4 

2y=x+3 

y=—3x+33 

11- 2y=8x-15 

13. y=9x-27;9y=-x+3 

15 y=0;y=—-4 

17 y=2x42;{2,6) 

19 y=(2a+1)x+1—a’;(1,3), (-11) 

Nu Q = 

\=) 

28 

30 

32 

34 

36 

38 

40; 

42 

44 

46 

48 

50 

52 

54 

56 

Answers 

2x 
3 

3¥ x? 

(2,9), 9 

(-2,6), —5 

(4,2), 

(-b1) 
(16,64) 

@.-0,(-.44) 

Jt 
4 

y=-3x+4 

y=2x-2 

y=4x-4 

3y=x+12 

2y=-x+1 

4y=-x+1 

y=x-ly=-x-1 

y =2ax—a’;2ay=-x+2a> +a 

(0,0) 
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Help yourself to differentiation 

Exercise 5, page 26 

SAAN A NN & WN = 

1st and 5th seconds; the toy is at rest; -50 cm sg 

At times 1.5 s and 4.5 s; at 0.75 s, 2.25 s, 3.75 s and 5.25 s. 

2ms! 

(5-2t)m 25s 

(6-2t)m ¢ c= Danse? § 

4m s 7,10 ms” 

5m 

v= 3t? -18t+24, a=6t-18, 8m, 4m, 6m 
(a) 320°C, 60°C min! (b) 30°C min!, 0°C min”. The hot plate is not 
losing heat any more. Note that the quadratic function does not describe the 

temperature well after 10 minutes. 

Exercise 6, page 34 

SNA NN B&B WN = 

Minimum at (3,-6) 

Maximum at (-2,11) 

Maximum at (3,9) 
Minimum at (-14,24) 

Minimum at (0,0), maximum at (14,13) 

Minimum at (1,-3), maximum at (-1,1) 

Minimum at (-4,-5 +) 

Maximum at (-2,16) 
Maximum at (14,34) 

Minimum at (2,-14), maximum at (2,18) 

Maximum at (1,1), minimum at (2,0) 

Maximum at (3,28), minimum at (-1,-4) 
Horizontal point of inflexion at (-1,2) 
Horizontal point of inflexion at (2,—3) 
Minimum at (1,4), maximum at (-1,0) 

Minimum at (3,-75), maximum at (—2,50) 

Maximum at (1,13), minimum at (—2,-14) 

Horizontal point of inflexion at (0,3) 
Minimum at (2,—38), maximum at (—3,87) 

Horizontal point of inflexion at (0,2) 

Minimum at (1,3) 



22 

23 

24 

25 

Answers 

Minimum at (2,11), maximum at (-2,-5) 
Maximum at (1,0), minimum at (24,-14) 
Horizontal point of inflexion at (3,2) 

Minimum at (—2,12) 

Exercise 7, page 39 

SXNIAMN AWN 

Maximum at (14,34) 

Minimum at (2,-14), maximum at (-2,18) 

Maximum at (1,1), minimum at (2,0) 
Maximum at (3,28), minimum at (-1,-4) 
Horizontal point of inflexion at (-1,2) ‘ 

Horizontal point of inflexion at (2,-3) 

Horizontal point of inflexion at (3,2) 

Minimum at (3,-75), maximum at (—2,50) 
Maximum at (1,13), minimum at (—2,-14) 
Horizontal point of inflexion at (0,3) 

Minimum at (2,—38), maximum at (—3,87) 
Horizontal point of inflexion at (0,2) 

Minimum at (1,3) 

Minimum at (2,11), maximum at (—2,-5) 
Minimum at (1,4), maximum at (—1,0) 
Minimum at (—2,12) 

Exercise 8, page 46 

In the answers to this exercise, to save space the type (see Fig. 8.2 on page 40) of 
quadratic or cubic is given, together with the intercepts of the curve with the axes and 
the maxima, minima and horizontal points of inflexion, in order. 

1 

ete MPaNIA MN WN —_ 

Quadratic, Type A, (0,3), minimum at (3,-6) 
Quadratic, Type B, (0,7), maximum at (—2,11) 

Quadratic, Type B, (0,0), (6,0), maximum at (3,9) 
Quadratic, Type A, (0,0), (-3,0), minimum at (-14,24) 

Cubic, Type D, (0,0), (2,0), minimum at (0,0), maximum at (14,13) 

Cubic, Type A, (0,—1), minimum at (1,-3), maximum at (—1,1) 

Quadratic, Type A, (0,—5), (1,0), (-13,0), minimum at (-4,-54) 

Quadratic, Type B, (0,4), maximum at (—2,16) 
Quadratic, Type B, (0,0), (24.0), maximum at (14,34) 

Cubic, Type A, (0,2), minimum at (2,-14), maximum at (2,18) 
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Help yourself to differentiation 

11. Cubic, Type A, (0,-4), (4, 

13 Cubic, Type E, 

0), minimum at (2,0), maximum at (1,1) 

horizontal point of inflexion at (—1,2) 
12 Cubic, Type D, (0,1), minimum at (-1,-4), maximum at (3,28) 

(0 
(0,— 14 Cubic, Type B, 11), horizontal point of inflexion at (2,—3) 

15 Cubic, Type E, (0,29), horizontal point of inflexion at (3,2) 

16 Cubic, Type A, (0,6), minimum at (3,-75), maximum at (—2,50) 
17 Cubic, Type D, (0,6), maximum at (1,13), minimum at (—2,-14) 
18 Cubic, Type E, (0,3), horizontal point of inflexion at (0,3) 

19 Cubic, Type A, (0,6), minimum at (2,-38), maximum at (-3,87) 
20 Cubic, Type B, (0,2), horizontal point of inflexion at (0,2) 
21 Cubic, Type A, (0,-3), (1,0), (3,0), maximum (1,0), minimum (24,-14) 
22 Cubic, Type F, (0,3) 

Exercise 9, page 50 

1 x=-1 

3 x=-1,4 

5 None 

Exercise 10, page 55 

1 
3 
5 64m? 
7 48m? 
9 34 

11 1024 em’ 

13 891m? 
15 48cm? 
17 12cmx12cmx13cm 

19 3(2nv?)’ 

Exercise 11, page 62 

1 4(2x+1) 

% Oresye 
5 2(x-3) 
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za WN 

16) 

=O 

None 

18cm? 
24 

A 3 cm cube 

490 m 

20 cm 

20 

A 6cm cube 

x=y=24 

(800/32 + 8)) m 

(360/x)° 

~9(1- 3x)’ 

—4(4x-1)* 
3(3x+2)? 



11 

13 

15 

Answers 

12x(2x? +3) 8° 3x(x?+2)' 

x(x? +2)? ney 16x(x? +2)’ 

L(x+iyt 12 20(3x-1)(3x? -2x) 

=A) 146 212 2x) 

1 b(a+ bx)? 16 -2x(a? +x?) 

Exercise 12, page 68 

NI A a fk WO WY & 

10 

11 

12 

13 

14 

15 

(2x+3)x3+2x(3x+4); 12x+17 

ie —1)x24+2xx(2x+1); 6x7 +2x-2 

(x? -3x+2)x44(2x-3)x(Zx+l); 1px? -x-2 

ea —1)x 3x? +3x? x(x? +1); 6x° 

(2x-3)x4x+2x(2x? —5); 12x? -12x-10 

(x1) (3x? +2x41)+1x(x° +x? +241); Ax? 

(x? +2x)x(4x—3)+(2x-+2)x (2x7 -3x); x(8x7 +3x— 12) 

(x+1)xbxF 41x x7; eens 
8 

(x+2)x(2x-2)+1x(x?-2x+4); 327 

(x—3)x(2x+3)+1x(x? +3x+9); 3x7 

(x +(x? +1)x 3x? +(x 41) x2xx(x? +1) 41x (x? + 1)(x? +1); 

6x9 + 5x4 44x39 43x7 42x41 

(ax +b) x 2ax+ax(ax” +b); a(3ax? + 2bx + b) 

(l+x)x0-2x1 2 

(i+x)?. ” (+x)? 

(1-2x?)x0-3x(-4x) 12x 

(123%); naa) 
(x31) xX1=1 x15 - 341 

(x-1)" *2ane=H" 
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Help yourself to differentiation 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

(x? +1)x1-xx2x 1—x? 

(x2-+1) fatal): 

(4—x)x1-(4+x)x(-1l) 8 
(4—x)" a ta 

(5—x)x5-(1+5x)x(-1). 26 

Sa) Nee oh 

(1+ x7) x(-2x)-(1- x?) 2x. Ax 

(tex) (x? +1) 

(1—x?)x2x—(1+x7) x (2x) _ Ax 

(1-x’) (1-2") 
(14+ 2x)? x1—xx2(14+2x)x2 1-2 

(i Rea 

(x+2)? x2—(2x+1)x2(x+2). —2x+2 

(x+2)* i (+2) 

(3x+2)° x1-xx3(3x4+2)? x3. —6x+2 

(3x+2)° "(3x42)" 

(x+3)' x1-xxX4(x4+3)?x1. 3-3x 
(x+3)° " (x+3) 

(x41) x4 (x? +1) * x2x—(x? +1)" x1 eat 

(x+1)7 (x4 1?(x? +1) 
- i 

(x? +1)’ x2-(2x+1)x4(x7+1)*x2x  9-x 

(x? +1) (x? +1)? 

Exercise 13, page 74 

wernt eo -_— 

116 

—4sinx 2 Scos5x 

tcos$x 4 2sec* 2x 

—6sin 3x + 9cos 3x 6 —sin+x-—4c0s4x 

2 cos(2x + 77) 8 + tsin>(a—-x) 

4sinxcosx 10 -10cos5xsin5x 



11 

13 

FS 

17 

19 

21 

22 

23 

24 

25 

26 

Answers 

5) 
sin FXCOSFX 12. 6tan3xsec? 3x 

cos2x —2xsin2x 14 2xtantx+4x7 sec? 4x 

sin? x +2xsin xcos x 16 xcosx 

XCOS xX —Sin x 18 2sin2x 2. bE ie a 
x (1+cos2x) 

—cos x 20 —2cosx—xsin x 

sin? x 2x? cos x 

Maximum of V2 when x = 3K; minimum of aH) when x = in. 

4y=4x+m7-4; 4y=—-4x-7-4 

(05) TU 

_5a _ 3) (_a V3) (7m _V3) (lle V3 
Or a De Wel Is 2 Ae 8 

50cos5 = 14.183...cm =, —250 sin 5 = 239.7...cm gre 10 cm 

21 = 2.618...ms!, 9 hours 

Exercise 14, page 82 

ya uN WOW = 

11 

13 

15 

17 

19 

21 

4e** 2 e 

4xe2* 4 6e2* 

oo Gea 
2 1 g 2 

x x 
z 10 Zs +2 

2x+3 x° +2x 

1 12 1 

2 
—tanx 14 — 

x 
1 ees a. eo = 

pK +qx+r 2x 

(2x - oe oe 18 Inx 

4 2ab 
20 —>— 

Aa Pe a’ 

At (}1n2,5) 
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Help yourself to differentiation 

22 Maximum of 4d when x =1 
e 

I 1 —— when x=q0,e€ 

\2e4* 
24 101n10 = 23.03... min, 0.6°C min 

25 =In2, 2kA 

2 

23 Maximum of 

] 

26 x 

2 AX 

ll I+ 
Nl 

I ne oO 

Exercise 15, page 86 

1 +2 2 

a) dé! Jes 4 

5 ry +9? 6 

dy 
Meer rey’ 

1 os or vapell 8 
Se seabe. 5% 

9 Soa 10 

11 0 12 

he pipe eae 14 
x4 2y 

i eke 16 
yr 

8 ha 18 

19 -+ 20 

Exercise 16, page 89 

1 -—2 2 

2t+1 

2t-1 
3 
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‘| 

9 

11 

13 

15 
Ey 

19 

—2te' 6. 

=i 8 

pat? 

{2 if 
p2 -4 12 

] z 14 

a 16 
4y=x+4 18 

y =-x 20 

Exercise 17, page 93 

1 
1 

1 

327 cm? s~ 

167 cm? s~ 

=i 
—cms 
20 
ee cs 
15 cms 

30 cm? s7! 1 

1 

oclUC FhhU NHN SN 

Exercise 18, page 97 

mea OTM WH = 

0.3 

0 

2.94 

0.4975 

a | 

0.0416 not a & Nv —_ 

Answers 

ete” 

elise. 

—tant 

1 

6e 

9y+x=-6 

4y+2x =-3y3 

6a cms | 

216 cms! ;144 cm? s! 

—cms7! 
1 
8 
5 cms 

162 cm? s~ 

1 

1 

—0.05 

—0.0453... 

1.005 

0.495 

4.0208... 

9800 
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Help yourself to differentiation 

Exercise 19, page 105 

1 2 

y Sketch of Sketch of Y 
\ 1 we x+1 

is x+2 x-1 

' 
' 
‘ 
' 
' 
' 
' 
' 
(s 
t 
1 

' 
' 
' 
' 
' 
' 
' 
' 
' 

3 

Sketch of Y Sketch of 
2 

aes = 
x? +1 \ x2 -1 

5 

Sketch of ~ Sketch of 
y=x'e™ y=e*—x 

a 8 

Sketch us y 

y=x+— 
es 

Sketch of 
2 1 

y=xXx try 
x2) 

120 



9 

Sketch of * 

y= x? +1 

11 

»: Sketch of 
y=x-—Inx 

13 

Sketch of 

y=e “cosx 

+47, +47,... 

15 

YN Sketch of 
e* 

Revision exercise 1, page 

1 14 ee 

2 x+6y=57, 34 

Answers 

10, 

Sketch of * 

yale? 

12 

Sketch of 

in Inx 

14 

Sketch of 
y= XCosx 

t4hn,t47,... 

16 

—-1,0 
Sketch of : ) 

y= In(-x) 
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Help yourself to differentiation 

3 ‘3cos2 =—1.248...ms!, —3sin2 =-2.728...ms~ 

4 Maximum at (—2,28), minimum at (4,-80), point of inflexion at (1,—26) 

x-1 

(x+ 1)°(x? + i) 

6 Quadratic, Type A, (0,-3), (-1,0), (3,0), minimum at (1,—4) 

Revision exercise .2, page 106 

Hnbh WO NY = 

1 
54 

4x+y=1 

Ag, 1 kAp 
18 cm wide by 12 cm high 

1 

2% sin(x? + 1) +2x°? cos( x? + 1) 

Revision exercise 3, page 107 

DA nn & WON = 

pe t 42 (3.3) (-2.-3) 
V2 cm min! 

The points (nz,0), for any integer n, are points of inflexion 

or -Sms! mS. 

Minimum at (0,0), maximum at (z407} 

Cubic, Type D, (0,3), minimum at (—3,-15), maximum at (5.344) 

Revision exercise 4, page 107 

= 

An & W WN 

122 

y 

3y —2x 

y=x-3 

Minimum at (0,1); no points of inflexion 

13/13 ; 

0.167 m° 
x=2.272..., y = 3.464... 



Answers 

Revision exercise 5, page 107 

1 

y Sketch of 

2 2 ~2.62 rad 
3 2x+4xInx 

4 4and—4. 

me dy AY 
dx x 

6 a’ >3b 

Revision exercise 6, page 108 

1 162cm7s’ 
> 2x os 

x2 

3 Minima at (1,0) and (—1,0); maximum at (0,1) 

dy 4x-3y 

dx 3x- 8y 

5 4x-2y= V2 

+2 and -1/2 

123 



Index 

Acceleration 

Composite function rule 

Curve sketching, general 

Curve sketching, quadratics ~ 

and cubics 

Derivative 

Derived function 

Differentiating functions with 

parameters 

Differentiating implicit 

functions 

Differentiating powers 

Differentiating roots 

Differentiation 

Displacement 

Exponential functions 

Function of a function rule 

Gradient of a straight line 

Implicit functions 

Inflexion 

Local maximum 

Local minimum 

124 

21 

58 

9 

40 

86 

82 

co 10 CO 

21 

ds 

58 

82 

47 

28 

28 

Logarithmic functions 

Maximum 

Minimum 

Negative gradient 

Normal, equation of 

Parametric differentiation 

Point of inflexion 

Point of inflexion, horizontal 

Positive gradient 

Product rule 

Quotient rule 

Rate of change 

Rates of change, related 

Related rates of change 

Second derivative 

Small increases 

Stationary point 

Tangent, equation of 

Trigonometric functions 

Velocity 

36, 

75 

28 

28 

14 

86 

47 

36 

62 

62 

21 

93 

93 

47 

89 

28 

14 

69 

21 
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Help yourself to 

differentiation 

Help yourself to differentiation is designed for all students of 

Advanced Level mathematics, enabling them to improve and 

practise their skills in calculus. 

Through clear explanation and plenty of practice, the book aims 

to increase confidence and proficiency in the skills needed to complete the 

advanced course successfully. 

The book provides: 

Chapters focused on individual techniques 

Worked examples with commentaries to illustrate the general principles, 

strategies and skills needed to solve specific problems 

Graded exercises, with answers, to give practice in manipulation 

and problem solving 

An index for easy reference. 

The following titles comprise the Help Yourself series: 

Help yourself to algebra 0 582 29068 6 

Help yourself to advanced algebra 0 582 31805 X 
Help yourself to differentiation 0 582 31796 7 

Help yourself to integration 0 582 31804 | 

By LONGMAN 


