
7.1 

OBJECTIVE: 

Chapter 7: Integration Techniques, L’ H6pital’s 
Rule, and Improper Integrals 

BASIC INTEGRATION FORMULAS 

substitution. 

1. [xa + x) dx , where a is constant. 

Evaluate indefinite integrals by reducing the integrands to basic forms through algebra and 

Let u=a+x. Then du = andeg— 

[x@+0'3ax =| du = [u*Pdu— | ~ Sau +C 

= _+C. 

} dx 

xvx—5 

Let u=¥x—5. The du= and x = 
dx J du ype: 
= = du = |< tan —=+C 

i x—-5 (4) +1 w5 

NS 

= +C. 

J cosx dx 

vl —sin x 

Let u = 1 —sin x then du = so that 

pee | 
du = | -u a 

== —sinx 

BIBLE ah 

¢ loa 
Let uw = tan x. Then du = and the integral is 
see 

| = | (sec? x)30* dx = | du = 
cos? x 

J dx 

x+x(In x)* 

Let u=Inx. Then du = so that 

J dx =| dx =| du - _ 

x+x(In x)? 1d ete aa eee 

US pall 2 4/3 4/3| 1 a 
. dx,u—a, (u—a)u au’~,—u'~, 3(a+X) —(a+x)-— 

7 7 4 

aa ,u> +5, =—— ahaa PSF tant fot 
Wr=5 tae a mame mae Nae 5 

oi ey ei nae C 
ae 

sec” x dx, 3 Pee } sung 5. ie We nisy’, Laue tin tak tan !(Inx)+C 
In3 In3 3 



CHAPTER 7 INTEGRATION TECHNIQUES, L’HOPITAL’S RULE, AND IMPROPER INTEGRALS 132 

e i x+I)d 

x xs 
Complete the square in the denominator to write it in the form 

7 2 2 Ne ee (i. abe +)-——= +: x +X (x +x ) Fi ( ) 7 

Now, substitute u =x + — and du= so the integral becomes 

Ca Dane J (x + l)dx ([——=" (tA ee )du- 
2 Z 2 19 5 ae 8 Bac) (x+4) +13 ee 

r =| du 

2Ju*+ a ; 

Next, separate the fraction 

| (u = 4)du > | 

u? +2 u? +12 

Finally, substitute z =u“ +— and dz = 2u du in the first term on the right and then integrate 

du gt 
u at 

ae 
4 

(x +1) dx =| 

eee oes z 

ni cn 
2u 

+e tan =] nie 

me 
dx 

(where the degree of the numerator is less than the degree of the denominator) 

7. i 
x1 

x? 

=x- 

First divide the denominator into the numerator, getting a quotient plus a remainder that is a proper fraction 

x? +1 

x +1 

du (where u = x* +1) 

Then, 

jase] 

=50 +Invx? +1+C. 

7.2 INTEGRATION BY PARTS 

OBJECTIVE: Evaluate integrals by the method of integration by parts when the method applies 

8. The method of integration by parts is based on the product rule for differentiation. In terms of integrals 

udv= 

| 1 il 1 _1 2x+1 
6. —,x dx, u+ du, — dz, — tts u“+—, ae x7 +x4+5)+——ta ——+C 

D; 2 Jehu 4 ( ) V19 V19 

XxX op 4 1 2 1 

4 x dx ,—,—-x +—In|u|+C 8. w= fv du 
nae 2 
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9. To employ the method of integration by parts successfully, we must be able to integrate the part 

immediately in order to obtain . Also, it is desired that the new integral fv du be simpler than 

the original integral fu dv. 

x 

10, [= & 
(1+ x) 

Let w= xe", du= yee age . Then, 
(1+ x) 

xe* dx  —xe* (eee ee f 
(1+ x) LX 

= a a Jee=_ 
(+ x)? 2M + 1 

11. fan vx ax 

Let w= tan! Vx ,du= nay ve . Then, 

[ tan"! Vir dx = -{-=" ee: 
21+ x) 

Let w=+x and dw= , and the latter integral becomes 
; ; 

fete ee le Se aoe 
2(1+ x) 

Putting this together with our previous result, we find f tan” x dx = 

4 2 12. { (In x)*dx 
1 

Let u=(In x) Raises i eh dy ee AS eae en, 

: 2 24e % e J anx) dx = x(Inx) f-2f =(e- M6 es 
‘" 

Example 4 in this section of the text 
=e-2( = 

x 1 y ue 
9. dv,v 10. e* (1+ x) dx, - 5 6 tals +C 

1+ 1+x 

Ti, hts: + Of dx, x, xtan7! Jx, ae l+w?, a, tan! w, Vx —tan7! Vx, (x +1) tan7 Lc ix +C 
2x (1+ x) 2x 1+? 

12. eine dx, dx, x, Inx dx, 0, xInx—-—x, (e-e+l), e-2 
x 
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13. 

14, 
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} x? sin x dx 

Let u=x’,du= v= we . Then, 

i x? sinx dx = + 2{ x cos x dx. To determine the latter integral we integrate by parts again: 

Usx, d= 50M= 5 Ve . Then, 

Je cos x dx = xsinx — | = + C. Therefore, putting these results together, 

we find ls sin x dx = 

(Se 
x 

Let u=tan!x,du= ,dv= v= . Then, 

tan7! x dx dx dx a ee ree 
MG x(1+x~) x 1+x 

15. Evaluate fer sin 3x dx by tabular integration. 

Solution. 

Let u= f(x)= e°* and dv = g(x) dx =sin3x dx. Then complete the following table: 

f(x) and its g(x) and its 
derivatives signs _integrals 

2x e << sin 3x 

<Vaaghe pe 

()-—> 
The “stopping rule” for the last row in the table is that you can integrate the product of the functions in the last 
row, or the product is a constant times the product of the functions in the first row. Of course, if you obtain a 

zero in the f(x) column the table is finished because the integral of zero is zero. In this problem, the product of 

the last row is a constant times the first row. The table reads: 

o{- ee 3x) ye (- De 3x) + } 4e?* (- 5 sin 3x dx 
3 9 9 

Therefore, fe sin 3x dx = e{- ; cos 3x + sin 3x) - = fe sin 3x dx + C. Combining the two integrals 

gives fe sin 3x dx = or, simplifying arithmetically, 

[er sin 3x dx = ae sin3x —3cos3x)+C,. 

13. 

14. 

2x dx, sinx dx, — cos x, —x* cos ®, dx. cos x dx, sin x, Sin Max, SIN X + COS X, (2 ~x?)cosx+2xsinx+C 

-1 ~| 15. f(x) and its g(x) and its 
1 5 dx, Ls = as = A a Se »—xdx, derivatives signs _ integrals 

bere a < x 2 Fes 
4 € (+) sin 3x 

tan 1 2 2x ee 1 
+In|x}——In(1+x“)+C 2e (-) — 3 cos 3x : |x| 5 ( ) at ae 

aera (=) See = 9 sin 3x 

9 oa. a on E sin 3x — ; cos 3x| +C, [where C, = c} 
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SECTION 7.3. PARTIAL FRACTIONS 

OBJECTIVE: Find indefinite integrals of rational functions by the method of partial fractions expansion. 

16. The success of separating a rational function se into a sum of partial fractions hinges upon two things: 
g(x 

(1) The degree of f (x) must be . If this is not the case, one must first 
perform __ , then work with the term. 

(2) The factors of must be known. In practice it may be difficult to perform the 

factorization. 

17. 

18. 

19: 

To find A and B in the partial fractions expansion of 

3x+1 = tA i B 

(x+))(x+2) x4+1 2x+2 

by the method of undetermined coefficients, first clear the equation of fractions: 
3x+1= 

Next collect like powers of x on the right side: 
3x+1=(_ )x + (2A + B). 

This will be an identity in x if and only if 
A+B= and =a 

These equations determine the values of A and B to be A = ‘oo. 

From Problem 17, 

(x +1)(x +2) x+1 

To find A, B, and C in the partial fractions expansion 

Deer tae eee ee 
(x+1)(x-3)(x4+2) x+1 x-3 x+2 

by the method of undetermined coefficients, first clear the equation of fractions: 

2x* —x+1= A(x—3)(x +2) + Bex t D(x +2)4+ CC Ne ‘ 
Next expand the products on the right and collect like powers of x: 

135 

2x* —x+1=(A+B+O)x? +( )x + (6A + 2B-3C). 
This equation is an identity in x if and only if the coefficients of like powers of x on the two sides are equal: 

A+B+C= ,-A+3B-2C= ; =1. 

These equations determine the values of A, B, and C to be A=—1, B= : and C= = Check that these values 

satisfy the three equations. 

16. 

17. A(x+2)+ B(x+1),A+B,3,2A +B, -2 18. 

less than the degree of g(x), long division, remainder, g(x) 

dx, —2 In| x +1|+5 In|x+2|+C 
x+2 

19. x+ 1,x-3,-A+3B-2C,2,-1,-6A + 2B-3C 
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2 - B 
20. To find A, B, and C in the partial fractions expansion wena g + by the 

(x+1)(x-3)(x+2) x41 ooh x+2 

Heaviside technique, the value of A can be found by covering up the factor____—=———S—S_sin the left side 
and evaluating the result at x = : 

EEN: soiree 4 ut 

4 ee, a ee eae 

eee ene pe Ppt ee pt 1 oe , a0 CS eS 

eee el sy wayecate (—2 + 1)(—2 - 3) 5 

2 —_— 1. | (2x* —x+l)dx = ee dx wi dx 2 we 

(x + I(x —3)(x +2) 

22, j= 
x” +4x 

To expand into a sum of partial fractions, first write, 
x° +4x 

4 4 pea, = 

x +4x x(x? +4) x xr 44 

Then, 4 = A(x? +4)+ = )x? + Cx+4A. Thus, equating coefficients of like powers of 

xA+B= ag fi , and 4A = . Solving these equations 
gives A= b= and € = . Hence, 

J pi 2 dx -f x dx =e ne: 

x +4x 

23. J ie 
sin x cos x 

Write | - = } lu ds = [-_ and let u = cos x, du= so that 
sin x COS x SHIN? 32 ORE (1—cos” x) cos x 

dx —du 1 1 A B C 
|—— -| —_*—_. Nextlet. = Sage e aal a p 

sin x Cos x (d=-u-)u (-uw(ituue ui l-u 1+u 

By the Heaviside technique, A = a 5 sana C= . Thus, 
—du du 1 du 1 du , tg Je (l—u“)u we tte a2 Be wh 29 tte 

| fa 2 

eal Te = he tC = 
|| ———— 

20. (x + 1),-1, (-1 -3)(-1 + 2), -4,-1, (3 + 1)(3 + 2), 20, — =, 2(-2) —(-—2)+1, 11 

21. x+1,x-3,x+2, -In en |x+2| 

Soe ee Cox Bit C), Ae Bs0, 0,4, ly=ls Ox xe 4, = In(x? +4), in pe alleen 2 
Vx7 +4 

23. Hsin xdx, (10 )uy 1, 5 my Lay Lu, Inu +5 In] tu +In|L-+ uf =u)", Joos} 

In| tan.x|+C’ 



SECTION 7.4 TRIGONOMETRIC SUBSTITUTIONS | 137 

(2x? +x+2)dx 
24. 

x(x - 1)? 

By partial fractions, 

Dn xD BA B 
— + 
x(x -1) el 

Clearing fractions and equating numerators gives, 

2x? +x+2=A(x—1)* + Bx(x—-1)+__ _ 
= (A+ B)x? +( )x+A. 

Equating coefficients of like powers of x gives the equations A + B = 2, = 1, and 
=e ae Ans 5 , and C=5: Hence; 

jee ieee =2/ dx +5{ dx 2 

x(x - 1)? DIss Dr SRG RS 

3 — 25. (x Z +2) dx 

XP aX 
Here the degree of the numerator fails to be less than the degree of the denominator so we must use long 
division and work with the remainder. 

=e ee By long division, ~>*** = x+1+ _ Therefore, J CEES =[e + dx4 2{ 
x°—x x7 =x 

By partial fractions, = ae! + . Clearing fractions and equating numerators gives 
x(x-l x x- 

1=A(x-1)+B = \x —A. 

This will be an identity in x if and only if 
A+B= and =.1. 

These equations determine the values of A and B to be A = and B= 
Therefore, 

(ieee —x+2)dx _ +2/ dx -2/ dx 

eae Maria Ts a 
x? 

= zi +X +2( igre. 

SECTION 7.4 TRIGONOMETRIC SUBSTITUTIONS 

OBJECTIVE A: Find indefinite ha tags of integrands involving the radicals Va? —u?, Va? +u?, and Vu? -a’, 

and the binomials a? +u?, a? —u?. 

24. 
:) , =, Cx, -2A-B+C, -2A-B+C, A, 2, 0, x, (x-1)”, 2In| x|-——+C 

(x-1) x= 1 

? 
x x-1 

25; art x(x-1), x, A+B, 0,-A, -1, eae a x, Infx—1|-In] x, —+x+2 In kdaen$ fis 
x“-x 2 x 
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3 
26. j_S 

V4 —x? 

Let x = 2 sin u so that dx = , and the integral becomes 

| x dx =| Zen = | du 

u V4 —x? V4—4sin? u 4 cos” 

= +8] sin? udu (+ depends on sign of ) 

= 8 sin? udu, using only the principal value of u = sin! ; 

= 8| d_- cos” u) 

= 8(—cosu+ )+C. 

For the substitution x = 2 sin u, finish labeling the diagram below. Then, from the diagram, 
3 x ax 
——— = 4 
V4—x? 

cos u= , and substitution gives I Ax? + +C. 

dx 
21. Ja — 93/2 

Let x = 3 sec u so that dx = and the integral becomes 
i dx =| =| 3secutanudu 

1 secudu 1 cosudu 
(_——— j= +C. 

9 9 

For the substitution x = 3 sec u, finish labeling the diagram below. Then, from the diagram, 

dx 
sin u= , and substitution gives js = (x2 — 9372 

26. 2cosu du, 8sin> u, 8sin? u-2cosu, cosu, sinu du, 27. 3 sec utanu du, 3 secu tan u du, tan*u, tan” U, 

1 49 -x 1 1 
testis eae eye i , = +C 
3 3 9sinu Bs 9 x2 —9 

x 9 

hax’ 3 
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28. —— 

x?V¥x* +16 

Let x = 4 tan u so that ae = aud the integral becomes 

— fe 4sec* udu foe secu du 

x?Vx7 +16 ee LO 

(cos? u)secudu _ aly 

16 sin’ u Rate. ~ sin? we 
We substitute again: z = sin u so that dz = __ and the integral becomes 

du. 

Loipsccwdn 1 (cosuduw 1 
a eee (=> = — | dz 16/ tan“u 16/ sin*u 16 

l 
=— eS 

16 Se 

We substitute again: z = sin u so that dz= and the integral becomes 

dz 
—_ [ues cosudu_ 1 

16/2 tan? u 16 sin? u 16 
1 

= 8) 16: ) 

For the substitution x = 4 tan u, finish labeling the diagram below. Then, from the diagram, 

CSC u and substitution gives J oe Cis ; i iv + = 
x? Vx" +16 

4 

OBJECTIVE B: Calculate definite integrals involving Va? —u*, ¥a* +u?, Vu? —a*, a* +n’, and a’ —u*. 

4/3 
29, i Sts De. 

x? x? +16 

As in the previous Problem 28, let x = 4 tan u. When x = 4, tanu=1 oru= ; when x= 4/3, 

tan u= AE oru= . Thus, upon substitution, 

4/3 eee [Sef S™ ey Probie 28) 
4 xtaly? 16 16 tan“ u 

re =——Ccsc u 
16 

= ay ) = 0.016 
16 eee 

¥ mm (7/3 1913 243 
28. 4sec? u du, l6tan? u-4secu, tan? u, cosu, cosudu,z°, 29. —,—, } 5 Bias Ee) 

T 

1 1 Vx? +16 oe 
——, —-—cscu+C, ————_-, 

Z 16 % 16x 

2 +16 

139 
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SECTION 7.5 INTEGRAL TABLES, COMPUTER ALGEBRA SYSTEMS, AND MONTE CARLO 
INTEGRATION 

OBJECTIVE: Find indefinite integrals with the aid of integral tables. 

30 — 
x°V44 x? 

dx 
We use Formula 27 with a= . Thus, [os = +C. 

x74 apie 

31. le In 3x dx 

We use Formula 110 with n= anda= . Thus, lke Intsiudx = +C. 

SECTION 7.6 L’HOPITAL’S RULE 

OBJECTIVE A: Use |’H6pital’s rule to find limits of indeterminate forms of type 0/0 or e2/c9. 

: a nee ; Petar ; 
32. lim xe * = lim — is an indeterminate form of type so |’H6pital’s rule applies. Thus, 

xXx— 00 X70 @ 

ae, ’ 
lim == lim 
X30 @ X00 

er | 
33. lim is an indeterminate form of type so |’H6pital’s rule applies. Thus, 

x30 Xs 

2% 

lim —— = lim = 
x30 Xx x20 836 | 

Satin 2) 
0% sec 

As 07> > , tan@ > ~ and secO > . Hence In(tan@) 3 and this is an indeterminate 

form of type . Therefore, |’H6pital’s rule applies: 

In (tan 6) ; 2 
ee = in Se ne 

6% sec 7] ae sec 9 tan 0 6 sin” 0 

S50 mevein sy 
x0 

Aste 0 +> Oand In x > so this is an indeterminate form 0 - o>. Writing the limit as 

lim x? In x= lim , we see this form is now of the type o9/ce. Therefore, |’ H6pital’s rule applies: 
x->0* x20" 

gp aes ‘ ; 
lin = lim = lim = . Hence, lim x7 In x= 
x07 > x07 x07 x-0* 

x 

| 2 3 3 
30. 2, De ade S123) hn Spe 32. —, 6 

4x co e* 

Od e253 co sec” 8 1 4 33, aye 2 34, 00, 00, —, , cos 8,0 35. —00,—, +, -=x? 0 co tan x?’ =2 oe pe? 
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OBJECTIVE B: Use |’H6pital’s rule to find limits of indeterminate forms of type 1°, 0°, and ©”. 

36. fimilima) 9 is the formar We let f(x) =(1—-x)!/¥¥ and find lim In f(x). Now, 
x0 x0 

In f(x) = -In (1—x), so l’H6pital’s rule gives 

lim In f(x) = ibm ——S—_, (0/ 0 form 
x0 FO) x0 Ax \ 

z=)" 

= lim —*__ = Jim 2x = 
x0 x30x-1 

Therefore, lim: f(x) = : 
x0 

a7. lim, x°0* is of the form . Let y=x""*. Then In y= . Thus 
a? ’ 

In x ~eelnsx =. ; : 3. arenes 
In y=————.. Then lim is an indeterminate form of type and |’H6pital’s rule 

x 0° CS 

applies. Hence, ; 
] 

BY? Alex : 3 : 
lim = lim. ——~——-= lim 
x30* csc x x-30*—cscxcotx x .0* —xcosx 

= in ——= : 
x 70+ xsinx—cosx 

Since In y>0asx 707, yo and the required limit is 

SECTION 7.7. IMPROPER INTEGRALS 

b 
38. A definite integral | f(x) dx is termed improper if, 

a 

(a) either limit of integration is or , or 
(b) f (x) becomes at some value of x = c satisfying 

OBJECTIVE A: Determine whether a given improper integral converges or diverges. If convergent, evaluate it. 

39. [Aie-= lim (— 22 a 
it 

141 

2 
x D7 ore ee 

To calculate the latter integral, we integrate by parts: let vu = Inx, du= dV = y 

b b pb = wt mt nae BS) +f L. Inb | Thus, 

1 x at 1 b 

[+ xo = him ( vein =e 
1 Xi boo bo 

= lim +1l= 
be 

ea | 1 0 
36. 1°, —=, In(i-x), —~=,0,¢ =1 

vx 2x 

37. 0°, sin x-In x, csc x. 02/0, sin? x, 2sin x cos x, 0, 1, 1 

38. +00, — co, infinite,a<c<sb 

b ml 

Jt ets 1 dx "| =nb -— +1, 1, mG (I’H6pital’s rule), 1 
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1 
40. | inxde 

0 

Here, Inx > as x 0° making the integral improper. Thus, J Inxdx = wee ite In x dx. 
—> —_ 

To calculate the latter integral, we integrate by parts: let u = In x, du = ,dv= 
p= 

1 ere! 
i Inxdx = ie -| a= . Therefore, 
b 

f Inxdx= lim,(-b In b-1+6)= lim (= 4) 
b>0* 5 

= Jota (( y-l= 
b> 0* 

a. | he 
0 Vi+x3 

Observe that es > Be is true whenever x > or whenever x* > 
1+x ee 

the last inequality certainly holds if x => 2. Thus, we consider the improper integral [-= ws Now, 

[sc —_—= su a [In b— In2]= +c. Thus, since the original integral satisfies the inequalities, 

Cabs 
[= la rees —— 2/| — it to + co. 

V1+x°? Vit+x? osx 

1 At 
40, — 0, i F os x,xInx,-b lnb-1+b, & (l’H6pital’s rule), -1 

bie Xx ae 
be 

41. vV1+ x? (since x > 0), 1+ x, diverges 

, and 



42. [oe (x? me 

x(x -1)? 

In this case the integrand becomes infinite when x = 
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Or v= , so the integrand 

is improper. To simplify the notation momentarily, let f(x) denote the integrand. Then, 

[ fooae= lim [ feoar+ lim | Hoa + 
0 b> 0* 4b at 

2 

To find the indefinite integral (x7 = 3x + Dede 

lim, 
Le 

we expand the integrand by partial fractions: 
x(x - 1)? 

x? -3x+1_ A. B C 
wie Pe” 2 
x(x-1) Ma il) 

Therefore, 

x? —3x+1=A(x—1)? + Bx(x—1) + =(A+B)x* +( xt A. 
It follows thatA=1,A+B= , and _ =-3. Solving, B= anGiG— 

Hence, 

ee ee =[F+f =In|x|+ +C’. 
x(x - ibe x 

Therefore, 

2 (x? —3x4l)dx 1/2 G 2 
—————_——— = lim + lim + lim 

Fe x(x —1)? jim (______) ls a ee hve jim (—_____J]h 
The first limit is 
the improper integrai is 

, the second limit is , and the third is . Therefore, 

OBJECTIVE B: Use the Comparison Test, if applicable, to determine the convergence or divergence of an improper 

integral [ PAR) ax: 
a 

43. The improper integrals in Problems 40 and 41 could be implicitly evaluated with the aid of indefinite integrals. 
Such is not the case, however, for the improper integral 

ie sinxdx |. f(——sinxdx 
=— = lim = 

6. 1+ x. bye Lx" 

However, since —1 < sin x < | we have that 

sin x 
a eee eae [O, °°). 

l+x 1+x 
Thus, evaluating the integral of the function on the right gives 

b 
lim > = lim Ke 
boed0 L+x~ bo 

sin x a 
Therefore, we know that the original hogan is 

1+ x? 

OBJECTIVE C: Use the Limit Comparison Test, if applicable, to determine the convergence or divergence of an 

improper integral { Ff (x)dx. 
a 

Z ms 

42. cpa FCO nO aA eee ee 
h 

— co, — co, oo, divergent 

b eve 
43. | RAD ok; 3° convergent 

0 
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44. Consider the improper integral fer With f(x) = 
Lex (x 

1 
5 and g(x) = —= we have 

x" -x 3 

es 
lim —- = lim ( )= . Since the limit is finite and positive we 
X00 X 1 Xoo 

conclude that oe 
1 x(x* -1) 

= 4 b5 
because = 

ih Be 

SNE 

1 
44, 1-—-—,, 1, converges, converges (See Example 11 in this section of the text.) 

x 
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CHAPTER 7 SELF-TEST 

Evaluate the integrals in Problems 1-15. 

1. |-2 2. joes (4x +1) dx 3, J EL es 

x*+1 ean 24 (x +1) 

lp 4 2 dx 3x/2 

fa Ss — 6. feese’ x dx (Tables) 
x I+ e* 

i [sin xcos* xdx 8. Jeot® xax 9. a 
x" +x4+1 

1/4 1 

10. [ cos? xsin2xdx 11. } xsec* x dx 12. [oat gee 
~1/3 x? +1 

53 a = 

3. [° —S— 14. ['In(a? +x?)dx, a>0 15. [yar 
xV25 +x? 0 (x -1) 

In Problems 16-23, evaluate the limits using |’ H6pital’s rule. 

2 

16. jim ———,—— 7. ime 
arte x x00 2x7 + 3x 

sin (+ 
18. lim sin(?) 19. lim (xtan x Zsec x] 

x— 0° 
mn a) 

XA 

20. lim csc xsin™' x 2. imax? 
x0 x1 

ee Xx 

22. lim, ——"* AS aes Se 
x->0* xsinx x70 x 

In Problems 24—27, determine the convergence or divergence of the integral. If the integral is convergent, find its 
value. 

12 

24. { sec x tan x dx 25. {+ Syn 5 

26. — 27. p=. 

1 x 0 e 

SOLUTIONS TO CHAPTER 7 SELF-TEST 

1. Let u= x’, du=2xdx. Then, [JAS =<] _ = an pee inten 
Yess tes alee 

Aytle 2 Sl me: _ 34 ee 

eared “HD x—-1 xa 
Clearing fractions, 4x + 1 = A(x + 4) + B(x— 1) = (A + 8)x + (44 — B). This last equation requires that A + B = 4 

and 4A — B = 1. The solution of these ae iS a = 1, B= 3. Thus, 

—— jE) =f =In|x—1]+3 In]x+4|+C. 
x? +3x—- ites 
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Somleeti—olner: ne vive “=, p= —— sO 
x (x +1) 2 al 

| Inx dx ho Inx +f dx 

cr) x+1 x(x +1) 

Inx [4 | dx 
= + }——— 

x+l 5% x+l 

emacs +Inx-—In(x+l+C 
Moor 

ee es +I1n + Cax> 0 
xt+l xt+l 

4. Let x= Sin U, dx = = cosu du Then, 

jes 4x? dx Pe ca eae aie u- 3 cosudu 

3 sinu 

“7{poe udu _ ee eee u) du 

sinu sinu 

= 3] (cscu —sinu) du 

= 3 In|cscu—cotu|+3cosu+C. 

ae 3x. . 3 49 — 4x? 
From the substitution x = ie u, and the diagram below, cscu = Se and cotu = par Thus, 

x a 

9-4? 

2x 
+19—-4x2 +. =3 In 

jes 4x* dx 

3x/2 mee, 33 1/2 
é dx Co tmrCMOx, u“du 

5. Let u=e"*, du=e*dx. Then, | -|—.2-| sa. 
l+e l+e l+u 

3/ 
Hence, 27 =u!/?, 2 =u 4 and du= 4u>!4 dz = 4z°dz. Substitution into the last integral gives 

}-bs. 
Next, let z=u'!’*, dz= A Sad, 

l+e l+2° Pace 
2 

-sf{2- = Je 
z +l 

Shee J+i|+c 
3 

pena id In| 3/4 il+c 
3 

=5e4 In(e?*!* +1) +C 

6. feese’ x dx 

—cscxcotx 1 
HH We use the reduction Formula 93 in the integral tables: Jese’ xdx = 5 A ese NaN. 

The last integral is evaluated using Formula 89 to yield Jese® xdx= => esc xcotx — ; In | csc x + cot x | +C. 
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7. Let u=cos x, du =-sin x dx. Then 

J sin? xcos* x dx = [ sin? x cos* x sinx dx 

= Ja ~cos? x)cos* x sin x dx 

E f-a-w)u4 as 
Soak 

a rw. Boe ce. Preesenal ae) 
) 4 5 7 

2 8. Using the trigonometric identity cot” x = csc? x-1 

feet’ xdx = Jeot? x(csc? x —1)dx 

= J cot? x esc” xdx - { cot? x dx 

o> 3 2 pee ad = | cot” x csc” x dx — | cot x(csc“ x —1)dx 

= Jeot’ x ese” xdx -| cot x csc” x dx + [cot xdx 

1 : 
Let u=cot x; du =—csc” x dx and we have Jot’ xax =—— cot* x+—cot” x+In|sinx|+C. 

2 
9. Completing the square, x7 +x+1= (x + | +2. Let u=x+ 7 du = dx. Then, 

j x dx = (eee udu -<(4, 

Cea) u? +3 ute 24 uy? +3 
‘mee Sed) 1 

=—| +—|-—-—=tan ==FC ane 2 aA Ey eerie 
1 2 dren Zar 

=5In|x tx4l|-—et 40) G. 

10. J cos? x sin2x dx = > fa +cos2x)sin2x dx 

= + [sin2xax+ = { sin2x cos 2x dx 
2, 2 

=> | sin2xdx+ sf sindxds 
2 4 

ot 0s 4 EC. 
4 16 

Me et w=x.du= aay = sec? Gwen = tanocelhen. 

7/4 714 

i x sec” xdx =x tan ae -| tan x dx 
—1/3 ae! 

= 14+ 4.48 -In| cos x{}" 

I 

AIA AIA 

147 
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x? +1 0 x“ +1 

= [2xar+3f =| ze 
Ox7+1 40x? +1 

1 

l l =a v. (eee +x+3)dx =f (xs i } 

=x* +3 Gar ee Ine +0] 
2 0 

aoe Bo. 
2 

T 
13. Let x= Stans dxv=5 sec” udu. When x= 5, tan u=1 or w=; when x= 573, tan u= 3 oru=—. Thus, 

(pos dx =|" 5 sec? udu 

xV25+x2 °7/4 5 tan u25-+25 tan? u 
1 (7/3 secudu 1 ¢#/3 

==| —————=-— cscudu 
SJz/4 tanu 5 J2/4 
1 1/3 

= Linjescu—cotu] 
5 n/4 

ye PE are) ein eee TA re 
‘| 3 3 | 

ele an ce 
Sea 2=1))| 

D) 9) 2x dx 
14. Let n=In(a“ +x“), du= 5 x, dv=dx, and v = x. Then, 

atx 

y) a a 

{ In(a? +.x*)dx =x In(a? + x?)I§ - | vee 
0 0a +x 

a 2 

=a In 2a? -2| - ns 7 
0 a~+x 

a 

=a In 2a’ (20424 tan7! | 

= nina 244, 

x-2 A B 
15. tens. = + REO 

(3x -1) 3x-1 (3x-1l) 

Clearing fractions, x —-2 = A(3x — 1) + B= 3Ax + (B-—A). Thus, 3A = 1 and B—A = -2. The solution of these 

equations is A= ; and B= -2. Thus, 

[a =2{ ae -3 fF = in)3x—1]+2Gx-9 71+ Ix 
Grey SH 3x1 (3x 1)? 

. sinx—x cosx . COSx—cosx+x sinx . Sines Al sinx 1 
16. eee en =—lim =-, 

x0 x x0 3x x30 3x Bir OMG 3 

2 
17. lim ae is of the form ce/oe. Applying |’ H6pital’s rule, 

x00 2x" + 3x 

lim seats eee (eiltee ean oe 
x00 2X +3x x00 4X + Xoo 2 



19, 

20. 

21. 

22. 

23. 

24. 

25. 

26. 
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__ sins). arate Bi: 
Jum cys of the form 0/0. Applying l’H6pital’s rule, 

sin( +} cos(2 
lim (3) lim ROY fe cos 2 cos po 
X00 2. Xoo ——. x—yoo 2 5 aah 9) 2 x? 

ak 1 , 1 ae Sie 
lim | x tanx—— secx | is of the form o — >. However, lim | x tanx——- secx |= lim ————— is of 
xe 2 xo x3£ — COSX 

; AED _ xsinx-F  _ sinx+x cosx 1+(¥ 1+(F)0) | 
the form 0/0. Applying |’H6pital’s rule, lim —————+ = lim —————— = =-l. 

x3 COSX x3E — Sinx (-1) 

l ee 
: ae SSIs : J =x" 
lim csc x sin™! x = lim ————(type 0/0) = lim 
x0 x0 SINx x0 COSx 

=t=1, 
1 

Inx 
so Iny= Let y= x!/@-%) , then 

—x 
1 

lim Iny= Le ~~ (ype 0/0)= Jo <=]. 
x1 = 

By the continuity of the natural et lim x!/@-*) = e7! 
x71 

—CcOosx e* +sinx 
lim Lg LEER oe 0/0)= lim —————— _ = + &, 
x30 x sinx x0* x cosx+sinx 

58 ye x _ 9x 

Ce ee aye Ov Oy in 
x30 Xx x70 1 

=In 4-—In 2=1n 2. 

12 b 
{ secx tanxdx= lim secx tanxdx = lim sec xi = lim (secb—l)=~, 
0 b> ¥ <0 b> bok 

Therefore, the improper integral diverges. 

ld ; a dx 1 dx 
ih —=5 = =) ihirn —~+ lim 

eG a0" 

= lim lye ee lim 3x 
as08 >0* 

= lim Gal} 43)4 lim GB- 3a'/3) = 6. 
a-0 

use 
a 

For x 2 ¢, ln x2 1. Hence, IP mG 2 [Se PS Now, [S ita lim In x]? = lim Inb-1=-. 
1 e x ex e 

= diverges. Therefore, the integral I ny 
x 
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Cin aL A iene? ae 
Die } —— = lim |-2 sin vax 

0 e box /0 

Let u=e *, du=—e™~ dx, dv =sinx dx, v =—cosx, then 

Di arg é! bea pee 
} e “sinxdx =—e cos] - | € *COSX ax. 
0 0 

fe b _— . b _ . 

Let U=e *, dU =-e™ dx, dV =cosxdx, V =sinx, then { e *cosxdx=e ~ sin x]} +| e *sinxdx. 
0 

Putting these results together, 
b 

2{ e* sinx dx =-e* cosx —e * sin x} 
0 

=-e cosh +1—e~ sinb. 

Wacos Da aan Sib © Sin a a kee 1 
Now, lim —,—= lim —,— = 0. Thus, i —— = lim | e *sinxdx=—. 

boo e boxe e 0 e bo JO yy 


