
Chapter 4: Integration 

4.1 INDEFINITE INTEGRALS, DIFFERENTIAL EQUATIONS, AND MODELING 

OBJECTIVE A: Find an antiderivative for a given function based on your knowledge of derivatives of elementary 
power and trigonometric functions. 

1. If F’(x) = f(x) at every point of an interval J, then the function F(x) is known as an of the 

function f(x) over the interval /. 

2. An antiderivative of the function x”, n #1, is 

3. An antiderivative of the function coskx is 

4. Anantiderivative of 3x* — x7? +5 is 

1/2 ea Ate bee 
5. An antiderivative of x°/? +.x!/2 + ape 

DS 

Renee: x 2 ; 
6. An antiderivative of rs +sec~ 3x is 

OBJECTIVE B: Evaluate indefinite integrals using 4.1. 

7. Ifthe function fis a derivative, then the indefinite integral of f is 
It is denoted by the symbol 

8. If F(x) is an antiderivative of f, then } Ff (x)dx = 

9. [ex —x? +sin rox |dx = 3) xx = a [sin mxdx 

= Bf )- 59 +( )+C. 

10. [ (29? - 227 + 5Wxdx = | (x? - + 5x! ae 

= CUED AB 3) 2), 3) ARSE om eC 

ntl 1 

1. antiderivative Dh, 3. —sinkx 
n+l k 

S 2. 3 £ sec 
4, exh txt 5s 5; a 152 4 2392 ae 6. 2sin= +> tan3x 

7. the set of antiderivatives of f, | f(x)dx 8. F(x)+C 

6 ‘3 13/6 Siz 
i SH 1 116 x" x x |i CAM Rt, mre LOR 

° SS ae 10. 2 Oat ae ’ 2 eae ao = =e G 9 lle dx, ; zie, x 3 iB 3 3 x 3 = 
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OBJECTIVE C: Solve elementary initial value problems. 

11. Suppose that = ue +2x, x >0 and that y= 2 when x =1. To solve for y we first solve the differential 
xX Xx 

equation by finding an antiderivative of — . The indefinite integral is y(x) = . Then 
x +2x ' 

we substitute x =1 and y= : to find the constant C: : = -50 + +C or solving for C, 

C= . The function we want is then y = -5x? AEN, 

12. Solve the following initial value problem for y as a function of x: 

Differential equation: —+ =2x-1 
dx 

Initial conditions: = =1 and y=0 and when x=-1 
X 

' d 
Solution. We integrate the differential equation with respect to x to find oa 

bs 

d? y 
—> dx = } 2x —1)dx i (2x-1) 

be = at C\ 
dx 

We apply the initial condition =1 when x=-1 to find C;: l= + CG, or Cy; = =I: Thus, 
63 

dy : ayn. 8 u 
—_—= . We integrate — with respect to x to find y: 
dx dx 

fea: = |(2? ~x-1)dx 

ye ee. 
3 2 

We apply the initial condition y=0 when x =-1 to find Cy: 0= =I a 5)? —(=1) Cy. Thus, 

Cz = . The formula for y as a function of x is: y= 

OBJECTIVE D: Given (a) the velocity and initial position, or (b) the acceleration, initial velocity, and initial 
position, find the position at any time t of a body moving on a coordinate (straight) line. 

13. The velocity of a body moving along a coordinate line is known to be v =t+cost. The initial position is s = —1 

when t = 0. To find the body’s position at any time ¢, we first solve the differential equation a =t+cost. 
t 

Mies, c= . To evaluate the constant C, we substitute s=—1 and t=0: 

1 : 
-l= 5 (0)° + +C or solving for C, C= . The body’s position at time 

; 1 F 
t is s=5t? +sint =I. 

13. st +sine+C, sin0, —1 
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14. Suppose the acceleration of a moving body is given by the equation a = Vt, and that when t = 0 it is known 

that the body has initial velocity v = vp and initial position s = sg. Let us find its position at any time. Since 

d 
te oe substitution gives a =f. The indefinite integral is v= + C,. Imposing the initial 

condition v = vg when t=0 yields vg = ; 80 C) = . Hence the velocity equation 

S12 ds ise 
becomes v= . Now, v= ie so the last equation can be written ae =—t'“ +v9. We next 

t 

solve this differential equation to find s: s = + C,. From the initial condition s = sg when 

t =0 it is readily seen that C) = . Therefore, the body’s position is s = 

valid for all t>0. ; 

4.2 INTEGRAL RULES; INTEGRATION BY SUBSTITUTION 

OBJECTIVE A: Find antiderivatives using the rules of algebra for antiderivatives. 

1s. Gs te «ts a aaa 2 + 

16. | (sin? x—sec? x}dx = [ sin? xdx - | sec? Seis = 

ll tox 4 C= tox? +C 

OBJECTIVE B: Evaluate indefinite integrals using the substitution method of integration to reduce the integrals to 

standard form. 

17. To evaluate te ~1)*dx substitutes u = and du = 3dx. Then, 

[(@x—1?ae =f @x-1? 3x => J = = = (3x~1)° +C. (Replace u by 

phn ats Send yigs) 

18. To evaluate [sx cos(x? + Idx substitute u = and du= e then: 

[ Sxcos{x? +I)ax => f cos(x? +1)-2xdx=2 = => sin(x? +1)+C. 
y, 2 2 

(Replace u by .) 

19. [sin(s —2x)dx. Let u=3-—2x.Then du= so dx = -> dt Thus the integral becomes 

[ sin(3 -2x)dx = f =i / at poe 

14. 27312 2 (03/2 at Cc, Vo; Sse + VQ, sie +Vot, So, 3/2 + Vot + So 
3 3 3 15 i 

1/2 ‘ 

15. [ sax, 7 16. (<- S02) tan x +C 17. 3x1, u2du, 5H yeeros 
to / 

18. x? +1, 2x dx, cosudu, Ssinu+C. x +1 

19. —2dx, sinu- (- + Ja —sinudu, cosu, = 003(3 —2x)+C 
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20. ike cos(4x° dx. Let u= 4x?, Then du= 

becomes IE cos(4x° dx = [ cos(4x3) .x*dx = } 

ait Je — sin 2)" cos 2t dt. Let u=3-sin2r. Then du= 

[(@=sin 2t)"’? cos2r dt =| du = 

DWd | sec??? xtanx dx. Let u=secx. Then du= 

Hence, substitution into the integral gives, 

[sec5/?xtan x dx = [ du = 

23. le axel ay der = 34 4 la Then du = 

2 1 
lle 3x +Idx= | =— 

6 

jae ett z— 3) so u2 = 24. ze GAL 9 : 

} 5 : az= | Gir = 
z~ —6z+9 

4.3 ESTIMATING WITH FINITE SUMS 

OBJECTIVE: 

so x°dx = . Thus the integral 

1 
du = — +C= 

12 

. Substitution into the integral gives 

+C= 

. Now, sec’* x tanxdx = sec?!” x- 

+C= 

so xdx = =a Thus the integral becomes 

+C 

and du = dz. Thus the integral becomes 

Estimate a final result (e.g., distance traveled, area under a curve, volume of a solid, average value 
or a function) by summing a finite number of close estimates made with a standard formula. 

25. Use the following table to estimate the distance traveled by a car moving down a highway for one hour, Use the 
left-end beginning velocity values for each subinterval. 

20. 

21. 

22. 

23. 

24. 

12x? dx, aby, ose u, SINU, — sin(4x3) + Cc 
12 12 12 

—2 cos 2t dt, wea Beye - 
2 8 

5/2 2 2 Oa 
5 

sec x tan x dx, sec x tan x, u x+C 

ioe l CAST (5-2 
6x dx, —Vu du, — »—(3x* +1 +C Sct a ae a 5 

2 —| 
z* —6z+9, u~“,—-u 

=(3 Sciazye £C 



26. 

4.4 
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Time Velocity ae Time Velocity 
(min) (mi/min) (min) (mi/min) 

35 Conte ra 

40 0.7 

45 0.9 

50 1.0 

35 0.6 

60 0.5 

Solution. We use the standard formula distance = (rate)(time). The total distance S$ traveled from t =0 to t=60 

minutes is given by 

S = (0.2)(5) + (1.0)(5) + (1.1)(5) + (1.2)(5) + (1.0)(5) + = 52.5 miles. 

Estimate the average value of the function f(x) =3x+2 over the interval 1<x<4 by partitioning the interval 

into 6 subintervals of equal length and evaluating f at the subinterval midpoints. 

Solution. The partition consists of the subintervals 
1 1 1 

ol? 22255 sero 4 

The midpoints of the subintervals are 1.25, 1.75, LDL . The subintervals are each of 

length Ax = and the length of the entire interval is 4 - 1 = 3. Thus 

Wh f (1.25) + f(1.75) + f(2.25) + f(2.75) + f(3.25) + f(3.75) 

Pe) 
Hid ot + pPalLO2ore ll ioc 

6 
We find where f assumes this value by solving the equation f(x) =9.5 for x: 3x+2 =9.5 implies 
x= 

RIEMANN SUMS AND DEFINITE INTEGRALS 

= 9.5. 

OBJECTIVE A: Interpret and utilize the sigma notation to express or write out sums, and determine (if possible) the 

27. 

value of a sum expressed in sigma notation. 

7 

To write out the sum yy gk-2 < 

k=3 

Replace the k in ps by 3 and obtain 

Replace the kin 2*~? by 4 and obtain 
Replace the k in pee by 5 and obtain 

Replace the kin 2*~* by 6 and obtain 
Replace the k in rae: by 7 and obtain 

7 

The expanded form is SS gk-2 = a . This finite sum is equal to 

k=3 

25. 

26. 

(1.1)(5)+(0.9)(5)+(0.8)(5)+(0.7)(5)+(0.9)(5)+(1.0)(5)+{0.6)(5) 

99563.75.7.9508:9 5.13.25. 25 97-94 94-9? 5* 9° 9) 5? 3.97 4.9% 19° 69 
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eh Laren’ ARSE.” 2 ; ! 
28. To express the finite sum1+—+ r + A +— in sigma notation, we may observe that the sum can be written as 

0 1 2 k 
a l 

(5) + @ + (5) +( i +( ie The kh term in this expression is @ , and see that & starts at 

and ends at . Therefore, the required sigma notation is 

x* | first recall that k! means 1-2-3---k. Also, O!=1. Then, = (1) 29. To write out the sum Sy 
= k! 

x* by-O andobtain= 
k 

Replace the k in ( = 

k 

Replace the k in co by | and obtain = 

k 

Replace the k in co by 2 and obtain = 

k 

Replace the k in cy by 3 and obtain = 

. Substitution of x =1 gives the value 
M- 

| fake 
—Z 

> 

Se 
> I The expanded form is 7 

k=0 ; 

OBJECTIVE B: Express a limit of Riemann sums over an interval as a definite integral. 

n 

30. Let f(x) be a function defined on a closed interval [a,b]. The expression SY flex )Ax, is called a 

k=] 

on the interval [a,b]. In this expression the interval has been partitioned 

A=X9 <Xy < XQ <°++<Xp__] < xX, =| into n subintervals. The typical closed subinterval [x,_),x;,] is called the 

. Its length is . The number cy, is any point lying within the 

o4.- The of a partition of [a,b] is the length of the subinterval. 

32. The limit (provided it exists) of any Riemann sum for fas the norm of the partition tends to zero is called the 

over [a,b]. It is denoted by the symbol 

b 
33. The numbers a and 6 in the symbol } f(x)dx are called the 

a 

The function f is the of the definite integral. 

il 71) 28. 555,04, > (5) 
k=0 

0 1 2 3 

29. eye il. Lease y — x, ( ) x", he ( l) x3, —-—x", (eee aye. ZB 
0! I! p) 2 3! 6 3 

30. Riemann sum for f, kth subinterval, AX, = p= pe kth subinterval 31. norm, longest 

b 

32. definite integral for f, Sf (x)dx 33. limits of integration, integrand 
a 
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n 

34. The limit dim, dace sin 2c; Jax, , where P denotes a partition of the interval [0,277], is the definite integral 
ed 

k=] 

b 
35. The definite integral { f(x)dx is the area of the region between the graph of fand the x-axis from a to b 

a 

provided that y = f(x) is integrable and on the closed interval [a,b]. When 

f(x) <0 over [a,b] the area is given by 

36. For any integrable function, the interpretation of the definite integral in terms of areas is 

oe 

OBJECTIVE C: Find the area bounded by acurve y= f(x) positive over a < x <b by finding the limit of the sum 

of inscribed rectangles, if fis of the form y= mx* for k= OM sS: 

37. Let y= f(x) define a positive continuous function of x on the closed interval a < x < b. the area under the 

curve and above the x-axis from x =a and x = b is defined to be the of the sums of the 

areas of inscribed as their number without bound. 

38. To find the area under the graph y = x*,-1<x<0 using inscribed rectangles, divide the interval -l1< x <0 

into n subintervals each of equal length Ax = 
2 Xp = —1 + Ax, 4p = 142%, 25 Xp) = . Notice that y=x~ isa function of x 

over the interval —1 < x <0. Thus the height of the first inscribed rectangle is 
The inscribed rectangles have areas 

fla)Ax= (1+ Ax)? Ax 
(x2 )Ax = (-1+2Ax)? - Ax 

by inserting the points 

F(%n1)Ax = (-14+(n=1Ax)? - Ax 
F( )Ax = 

2 b 
34. ( eee 2x dx 35. nonnegative, -| f(x)dx 

0 a 

36. (area above x-axis)—(area below x-axis) 37. limit, rectangles, increases 

1 
38, +, -1+(n-1)Ax, decreasing, (-1+ Ax)? or x;2, 0, 0- Ax or (-1+ nAx)’, —, 1+24+3+--+(n=1), 

n n 

poets > (n-I)n (n-1r(Qr-1t+1) 1 1 1 1 
et (n—1)?, —<——, + > ,, -- — + —,, S,, = 1° +2° +---+(n-1) 5 6 eo ae 
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2 Z a 

whose sum is S, = (a4 +(-142) tea (-142=4) +0} . Expanding each term 
n n n 

on the right side and collecting like terms gives, 

A =[( pe aeafee Bennet )a( SoBe th) 
n n n n 

=H (n-y-2(__ + 4(_)] 4] -2.(_ + (__)] = 
The area under the graph is defined to be the limit of as n—> oe. This limit equals 

OBJECTIVE D: Know from memory the rules for working with definite integrals. 

39. ik f(x)dx = ihe 40. e [ F(x) + 9(x)|dx = 
a 

41. i ae = i a Lane (i f(x)dx = 

b 

43. f(x) = 9(x) on [a,b] implies [ f(x)dx 
a 

44. if ~f(x)dx = 

b 

45. f(x) =0 on [a,b] implies i f(x)dx = 

46. ih f(x)dx + I f(x)dx = 

47. minf-(b-a)< < max f -(b-a). 

OBJECTIVE E: Use the rules in Table 4.5 to find values of definite integrals. 

3 6 3 
48. Suppose fand g are continuous and that J f(x)dx =-5, j vac 2: j g(x)dx = 4. Then, 

6 1 

[, f(x)ax= | f(x)dx+ = — i= 

b b b 

39. 0 40. } f(x)ax =| a(x)dx 41. kl f(x)dx 

42. |) f(x)dx 43. >” a(x)ax 44, =i f(x)dx 

c b 

45. >0 46. | f(x)dx a7. [| f(x)dx 

6 3 
48. J fx)dx, [| f(x)dx, 7 
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3 hens 

49. Evaluate ih (3: a 5 lt 

Solution. 

3 3 3 

j, (32 -Z+s}ee=3| Bo apwll PVs: 
0 2 0 aa ae gee 

2 7D = -4(3 2 }: =1-24 _ 159 

4.5 THE MEAN VALUE AND FUNDAMENTAL THEOREMS 

OBJECTIVE A: Calculate the average value of a given continuous function y = f(x) over a specified interval 

asx SU: 

50. Find the average value of f(x) =x? —4x+3 over the interval [0, 2]. 

Solution. av(f)= 5 2 0 
2 

= +l x*dx = 
t 

| 5} 7 

Bye 
51. Iffis continuous on [a, b], then the Mean Value Theorem for Definite Integrals guarantees that there is a point c 

in [a, b] such that 

52. To find the point or points in the interval [0, 2] for which the function f(x) = x* —4x43 in Problem 50 

assumes its average value, we must solve the equation . Using the 

44/16 — 32 " 
quadratic formula, the solution is x = cook ee aap =2+ te = 6+ 2V3 . The only solution in the 

2 23 V3 3 
interval (0, 2] gives the point c = = 0.85. 

v(x) 
OBJECTIVE B: Use the Fundamental Theorem, Part | to calculate the derivative of an integral i, f(t)dt with 

respect to x. Assume that the integrand fis continuous and that v is a differentiable function of x. 

x 

53. The Fundamental Theorem of Calculus, Part 1 concerns the integral F(x) = } f(t)dt, where f is continuous on 
a 

[a, b]. This theorem says that F is at every point x in [a, b] and F’(x) = 

x 4 
54, If F(x) =| (° S20 1) dt, then we may find F’(x)by replacing ft by x in the integrand. Thus 

F (x)= 

, Beis 2 2 2 : 49. [ xa, =-—, 5(3-0) 15 50. [ (x? -4x-+3}ax, 4[ xd, | bd ok 
: a 

sie J f(x)dx = f(c) 52, x? —4x+3=~ or, equivalently, x?-4x+==0, 2 — 
b-a/a 

2 : ; 

5 anne 53. differentiable, f(x) 54, (x —2x +1) 
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55. Vetrk(x a Vl+t dt. If u= x’, then by the chain rule, Lies < . Now, 
X u 

ak. ; 
= wiv dt= . Thus, F’'(x)=Vl+u- = 

du du 

OBJECTIVE C: Evaluate definite integrals of elementary continuous functions, using the Fundamental Theorem, 

Part 2. 

56. The Fundamental Theorem of Calculus, Part 2 gives a rule for calculating the definite integral fx x)dx of a 

continuous function. The rule states that you must first find an F of f. That is, the 

relationship between F and fis . Next, calculate the number F(b) — 

b 
This computation gives i F(xjax = 

a 

57. The notation F(x)]) means 

58, Find ib (x3 -2x +5) dx. 
ei 

2 
[ (8 -2x+5)ax= ‘es 

eH Piya os 2 -(4(2 )-27 +5 2) =| ) 

=10-( l= 

m4 t 

ap di Find [ (sine +cosr ~~ )ar 
2 

1/4 
[ (sine +cos1~ = Jar = laa 
0 2 

2 Drone =|-2 2-2 | ) 
2 64 

= = 0.84579. 

55. va Vl+u, 2x, 2xV1+ x? 56. antiderivative, F’(x) = f(x), F(a), F(b)— F(a) 

57. F(c)- F(d) 88. fx — 2? 45x, CIS -Cy? 45-1), - 3, S 

12 rag 

59. -—cost+sint——, —1+0-0, l1—-— 
4 64 
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60. Find the area of the region between the x-axis and the curve y = x!/3 + x2/3 Ce oe ed So 6 

Solution. The graph of y = f(x) is shown below. The zeros exist at x = and 
= 0 

x= —____________. Thus, Area =— (x13 +x?/3) dx + 
=| 

= (30494 +(3 4/3 , 3 ay 
4 Sine P) 0 

345 32% 
=-|(0+0)—} —-=]/+]| —+=—]-(0+0)/= (PoeG slay ace 

61. To find the average value of y = sinx—cosx over 0 < x <— we have Av. val. of y on 

1 1 — 0,2 |=—— | dx os eee ) 
a oa eee) 
4 4 PGE Oe 2) ae | en 
M\\ 2 2 nm 

4.6 SUBSTITUTION IN DEFINITE INTEGRALS 

OBJECTIVE A: Evaluate definite integrals using the substitution method of integration. 

; 7/4 , 1/3 
62. Find j (3—sin2t) ‘~ cos2t dt. 

Solution. From Problem 21 of this chapter, the indefinite integral fe ~sin21)'/3 cos2t dt = 

yng mee A INTIS m/4 
Therefore, the definite integral is given by I, (3-sin2t)’~ cos2tdt = lo 

3 VE Wee 4/3 Se a re 
= = 0.67759. 

1 

60. —1, 0, } ce +x?!) dx, SES Y 
0 5 2 

7/4 

61. f: (sin x — cos x) dx, (—cos x —sin ler (-1--0), (1 - V2) 

62. -3(3-sin21)*3 +C, -2(3-sin 28)", 3-1, 3-0, 2383-244) 
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b 

63. If w= g(x) then du= and { f(g(x)): 9’(x) dx = 
a 

64, [ee es Jet Ween sin« lhen du=el(x)ac=— Also, g(0) =0 and 
vl—sinx 8 

1 1/6 _Cosx dx — 7 y= _ Thus, ip =| ee 5) Soe. 
hs al =sin x __ vil-u ( ) 

_xdx dx 
_Letu=4-2x. Then, [ 2S eee a =—/3+2 

044- x? 04-2 2 mea 

OBJECTIVE B: Find the area bounded by two given continuous curves y= f(x) and y = g(x) over an interval 

asx Sb. It may be required to calculate the endpoints a and b. 

66. Find the area between the curves y=1 and y=1- x? for 1<x<4. 

Solution. 

STEP |: The desired region is shown in the figure below. 

STEP 2: The limits of integration are already given: a= and b= 

STEP 3: f(x)—9(x)= zs (simplified). 

STEP 4: The area is given by 
TN ee Se 

e tveae |. ne oe ele 

s(b) 1 pl/2 V2 1 63. g(x)dx, | fludu 64. cosxdx,—, [, -2VI-u]”, =I g(x) a) 2 Fir, ul a 

3 3 4 65. [ ,—vu] G6.) 184, 12(1 ex gd x ae eee, > 
4 4 1 4 
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67. Find the area of the region in the first quadrant bounded above by the curves y= x and y=2— x” and below 

by the x-axis. 
Solution. 

STEP |: The desired region is shown in the figure at the right. Notice the region has boundaries with changing 
formulas. 

STEP 2: The two curves y=x and y= 2-—x? intersect when x =2—x? or x7 +x—-2=0. thus x= 

or x= . Since x 2 0 in the first quadrant we must pick x = . Thus we partition 

the region into two subregions and sum the integrations over the intervals [0, 1] and E 2 I 

STEP 3: For the interval [0,1]: f(x)- (x)= . For the interval [1,2]: 

AC 302) eee * Sees 

STEP 4: The desired area is given by 
1 = 

A= dx+{ (2-x?)ax 
0 1 

V2 

4.7 NUMERICAL INTEGRATION 

OBJECTIVE A: Approximate a given definite integral by using the trapezoidal rule with a specified number n of 
subintervals. Estimate the error in this approximation. 

68. Let y = f(x) be defined and continuous over the interval a < x < b. Divide the interval [a, b] into n 

b- 
subintervals, each of length h = ae) , by inserting the points x, =a+h, x7 =a+2h, ..., Xp», =at(n—-Dh. 

n 

Set x9 =a and x, = 5 for convenience in notation. Define y, = (xx) for each k = 0, 1, 2, 3, ...,n. Then the 

b 
trapezoidal approximation for the definite integral is } f(x) dx = . The error 

a 

estimate is E7 = , where M is any upper bound for the values of 

on [a, b]. 

v2] 1 | a a ate? Vs erg? meuARE pes > Hs Ih Ih & 0, (2 a ) 0, x, f o* 5a 37 =, 

h D=a ho i 
68. 700 +2y +2y2 ++++2Yn_1+Yn)s h“M, If" 
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l 
69. Use the trapezoidal rule to approximate ik Vl+x? dx, n=5. 

Solution. Here, h= Nba = , Xo = ,X%5 = . The subdivision points are 

x; = =: x2 = . The corresponding function values are 

computed as, yp = ¥1+ 0* =1, y= pe eee eee 

2 
= 1+ 5 gare “tee Sere Mr x. meee A 

Therefore, the trapezoidal approximation is 
1 

= —— (yp +2y, +2y2 +2y3 +2yq +5), OF 2(5) (vo DA v2 3 4 ys) 

1 
T =-+.(14+2.03960 + + + + ae) oe (ee) 

10 10 
1 

Therefore, i vl+ x? dx= ; 

70. To estimate the error in the approximation of Problem 69, let f(x) =~V1+x7. Then, f’(x) = and 

f"(x)= . Therefore, for 0 < x <1, we see that |f”(x)| = at < . Thus the error 
ie x?) 

Er satisfies |Er|< ae es on2M = : = . Then, 

1 
[ V1+x? dx =1.15015+|Ez|, or < | vis? dx < . (The value of the integral to five 
0 

decimal places is 1.14779, so the error is about “s of one percent.) 

1 
71. How many subintervals are required to obtain ih V1+x? dx to 5 decimal places of accuracy by the trapezoidal 

rule? 

Solution. From Problem 70, |E7|< “ h°M < ae To obtain 5-place accuracy, we need |E7|<5-10~°. 

Thus, WP <5 10s implies (KOR or, since h= oad = eS . Then 
n 

n> = , and choosing n= as the number of subintervals ensures 5-place 

accuracy. (This is only an upper estimate: fewer subintervals may work, but there are no guarantees.) 

69. =: O-1 =. =. =. =. 1.01980, = 1.07703, 1.16619, 1.28062, 1.41421, 2.15407, 2.33238, 2.56124, 

1.41421, 11.50150, 1.15015, 1.15015 

-1/2 —3/2 

70. x(I +x?) (1+ x7} 4, 4,1 0.00333, 1.14682, 1.15348 
12’ 25 

71. 60-107°, se 10°, aioe 129, 130 
“n’ 60 215 
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OBJECTIVE B: Approximate a given definite integral by use of Simpson’s rule with a specified even number n of 

subintervals. Estimate the error in this approximation. 

72. Let y= f(x) be defined and continuous over the interval a < x < b. Divide the interval [a, b] into n 

Vague 
subintervals, where n is an even number, each of length h = , using the points x9 =a, x; =at+h, 

x7 =1+2h, ..., Xx, =a+nh=b. Define y= f(x;,) for each k =0, 1, 2, ...,n. Then the Simpson approximation 
b 

for the definite integral is } f(x) dx = . The error estimate is 
a 

|Es| < es __ where M is any upper bound on the values of on [a, b]. 

1 
73. approximate j, V1+x? dx by Simpson’s rule with n= 6. 

Solution. Here h= , Xo = , and x6 = ____. The subdivision points are, x, = =. 

X72 = ,X%3= ,xX4= , and x5 = . The corresponding function values are 

l iz 

yo =1 yy, = 1+(2) = tad aS Woes CO es i ee a Ny es 

and ye = = . Therefore, the Simpson approximation is, 

1 
Ser PEL +4y, +2y +4y3 +2y4 +4y5 + Yo) 

1 
an (1+ 4.05518 + + + + + ) 

1 

pik: (___)=____. 
Compare the answer with that found in Problem 69 where we employed the trapezoidal rule. 

74. To estimate the error in the approximation in Problem 73, let f(x) =V1+ x. Then, from Problem 70, 

-3/2 
fils)= (1+) , So that F(x) =p ed oe Nand f(x) Sixremig: tintin’ St: sigiNow, 

Aye 2 2 
eral 4 < Bee ay < as <12 for O< x <1. Thus, the error Es satisfies 
ate Coa ph 

lEs|= ia 
n= 6, provides the value of the integral to at least 3 decimal places of accuracy; with n =10 we will obtain at 

least 4 decimal place accuracy, according to our error estimates. 

= . Therefore, we observe that Simpson’s rule, with 

h b-a 4 
ie 3 (0 +491 +292 + 4y3 +--+ 2yq 2 + 4Yn-1 +n) 180 *M, ie / 

a3. 570 Lass 2. & 1.01379, 1.05409, 1.11803, 1.20185, 1.30171, V2, 1.41421, 2.10819, 4.47212, 

2.40370, 5.20684, 1.41421, 20.66021, 1.14779 

14, -3x{1+x2) , 3(4x?-11+x?) = Taq? Ga 12: 0.00005 
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CHAPTER4 SELF-TEST 

a: 

10. 

11; 

12. 

13. 

14. 

Find an antiderivative of the following functions. 

; 1 1/3 a). 7-4x% +5x2 b) ween (a) BF (b) Pgh 

. Find the following indefinite integrals. 

(a) [o —1)(2+ x)dx (b) [2e=1 dx 

(c) J22(5-38) ax (d) [2°17 sin(vx -3) ax 

Solve the initial value problems. 

dy 2 dy oI 
a) —=sec* x, y=3 whenx =0 b) —= »Yy=— whenx=1 One y : (bl) Fo=3- y= 5 when 

Approximate the area under the curve y = x? —-2x+4 between x=1 and x=4 by summing n=6 inscribed 

rectangles of uniform width. 

Find the numerical values of each of the following. 

4 | 5 6 

(a) yy ar | (b) 2 n(n —3) (c) 2 (2k -1) 
= n= = 

Find the area under the curve y = xv x? +1, above the x-axis, between x =1 and x=4. 

Evaluate the definite integrals. 

#(x-2)" pie (a) i Te dx w) [x (4 —x)dx 

[=x 
Find oy) t7 +1 dt. 

dx 40 

4 4 0 
Suppose g and / are continuous and that i e(x)dx=3, J g(x)dx =-5, J h(x) dx = 2. Find 

f [2g(x) — h(x)] dx. 

Find the area of the planar region bounded by the curves y= x? +1 and y= ae 

A train leaving a railroad station has an acceleration of a=0.5+0.02r ft/ sec”. How far will the train move in 

the first 20 sec of motion? What is its velocity after 20 seconds? 

Find the average value of the function y = x? —x+1 over the interval 0< x <2. 

1 
Use the trapezoidal rule with n = 4 to approximate { Vl+x? dx. 

0 

; ‘ , 2 dx ; : ie, ¥ 
Use Simpson’s rule with n=6 to approximate | —. Estimate the error in your approximation. 

Lex 
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4 
Ceca 

i: i M4 
15. Compute j, f(x) dx where f(x) _ )sinz,O0Sx<F 

SOLUTIONS TO CHAPTER 4 SELF-TEST 

Lehner (b)» Sco ta nx 2G 44/3 
3 3 4 

2. (a) J@-DetaAax= [(2? x= 2)dr=5 xP 4227-22 +C 

(b) NE Ne 

mon /2 
(c) iE 2(5-3x3) ‘dx =—2 fu u=-2(5- 3x le +C(u=5-3x?) 

(a) fx"? sin( Vx -3) dx =2{ sinu du = -2cos{Vx—3) + C(u= Vx -3) 

2 
3. (a) = sec” x, so y=tanx+C. Since y=3 when x =0, 3=tan(0)+C orC =3. Hence, the solution of the bat 

dx 
initial value problem is y = tan x +3. 

(b) —=1+ = has the general solution y = x — =x +C. Substituting y =i and x =1 gives 
x 

Oe eS or C =3. Hence, yer-—y +3. 
2 Bs 2x 

Re ‘ 3 5 i : dy 
4. The partition points are xg =1, x, = 5° X7 =2, x3 = 7% x4 =3,%5 = 2 and x, =4. Since a > 0 on the 

interval 1< x <4, the curve is increasing, so the altitude of each rectangle is its left edge. Thus, the areas of the 

inscribed wales a for y = f(x) are, 

3 
fWMAx = 55 

3 | Dee) ites Me 

ae a 
fQ)Ax = 4:5 =2 

ji 4 Does 

: ee! yg ee f(3) Boe 
\ 

Zz aL Ss 

Sum = <= = 15.875, approximate area 

(b) 1(-2)+2(-1) +3(0) + 4(1) +.5(2) = 10 

(c) (2-5-1)+(2-6-1)=9+11=20 
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4 3/2|4 
6. J x x +1de=+(x? +1) | = 

1 3 
© (17/2 —23/?) = 22.42146 

aoe 

4 (x- 
7. (a) \ 

4y2_ Dien fe ntet pited 

=[ Bre er $4x-V2) dy 

4 
5212S Sieg 2 

cw a 1 

- (2 (62)-$(8)+16]-(2-$+8)=1.73333 ae 5 3 

+8x 

4 au Sl 4|_ 44 i {3 -=(-2) - 14.66667 
0 0 0 

(b) { x°(4-x)dx = | (4x? -x3)dx = 2x3 2x4 = 
L2 5 3 es 3 

aaa 1? +1dt=3 (Gear ot £(1-x?) =-204x4 Sores) 
dx 40 dx 

9. [ [2a(x)—nejax=2f elx)ae— [i nx)ax 
f FERS. (; a(x)ax- oe) as : - f Ee ax 

1{ a(x) dx - is a(x) as fs j ee 

= 2[3-(-5)]+2 =18 

10. The graph of y= x? +1 crosses the x-axis at (—1, 0) and so does the graph of y= PLIES J (See the figure 

Z 3 2 below.) Solving for the other point of intersection of the two curves, xetlax*+yx or xe—x7-x4+1=0. 

Since x =—1 is a root, by division x? —x* —x+1=(x+ Ix? —2x+ 1) =0 or (x +1)(x—1)* =0. Thus, the 

other point of intersection is (1, 2). The area between the curves is then given by 
1 

A= ‘i le +1)- (x + x)ldx = (- ftx-n 32?) == square units. 
3 2 ate 

y 
y=xrt+x 

yar 1 

11. Since v= [eat we have v=0.5t+0.011? + C,. At t=0 the train is at rest, so v =0; hence C, =0. Next, 

= [vat or s = 0.2517 toon +C,.Att=0, s=0 so that C, =0. Thus, when t= 20 seconds, 

v= = (400) + = (8000) = 126 feet, the distance traveled by the train in the first 20 seconds. Its velocity at 

that time is v = (0.5)(20) +(0.01)(400) = 14 ft/sec. 
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12. The average value is 

13. Subdivision points are x9 =0, x; = ree =— : ,X4=1,and h= Met) o = ==. Then, yo =v1+0 =1, 
me 

1= fl4(Z ) 1.00778, y2= n+() ) = 1.06066, y¥3 = n+(2 \=1. 19242, yz =v1+1 =1.41421. Thus, 

1 (ns des sone te a. 

4 3 5) 11 l 
Say Ope) =, =— =2, and h=—. Then, =e 3 2 Ane 3 X5 6 > X6 1 6 Yo 

6 

3 
-$ 3 2 3 yp => = 0.85714, yy =7=0.75, ys => = 0.66667, v4 = == 0.6, ys = = 0.54545, yo = =.5. Thus, 

Nile 

2d. 
{= at = =[% + 4y, +2 yp +4y3 +2y4 + 4y5 + y6| = Tighe = 0.69317. To estimate the error, 

fix)==, fe)=-=y. P=  Fa)==, and f(4)(x) = =. Since 2s|<24 on 1<x <2, the error 

a h*M = me c its -24 = 0.0001. Therefore, the approximation is accurate to 3 decimal satisfies |E s| < 
180 1296 

places. 

TT 

=[-cosx]t/? +| >a? | -1422 a1 62735 
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NOTES. 


