
Chapter 2: Derivatives 

2.1 THE DERIVATIVE AS A FUNCTION 

OBJECTIVE A: Use the three algebraic steps to find the derivative = of a function y = f(x). 
Xx 

1. The derivative of a function f at the point x is given by the limit f' (x) = whenever 

this limit exists. 

2. The fraction fe A) is called the for f at x. 

3. When the number f' (x) exists it is called the of the curve y= f(x) at x. The line 

through the point (x, f(x)) with slope f' (x) is the to the curve at x. 

4. For the function f(x)=~V3-~x, 

STEP 1: Form f(x+h)= and f(x) =3-x. 

STEP 2: Expand and simplify the difference quotient: 

f(x —h)— f(x) _ NSA eR aW3 =k NGS tease 

h eres Tee IE x- aes % 
pena age 2 Fh, —| 

~ AWB=x-h+ ) 

h STEP 3: Take the limit as h—> 0: f'(x)= lim ee) 
a 

5. For the function f(x)= ; 
x+1 

el 
STEP 1: Form f(x+h)= and f(x) = seat 

x 

STEP 2: Expand and simplify the difference quotient: 

aah) = fa). Saat aa _ (xt Ieth-1)- (x -1)\(x+h+1) 

h h h( ) 
(x? + xh-x+x+h-1) 2h 2 

( Ax? + xhtxtxth+l) ————— x7 +xh+2x+h+l 

+h 2: 
STEP 3: Take the limit a h 3 0: f'(x) = pCa eel) eee 

a h (x +1) 

2. difference quotient 3. slope, tangent 

4. eer sel le hoe Nee Vio e=htng=n 
—| 

2V3-—x 
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OBJECTIVE B: Write an equation of the tangent line to the curve y = f(x) at a specified value x =a. 

6. To find an equation of the tangent line to the curve f(x) = _— when x =2, we calculate the slope m. By 
x 

definition the slope is the limit of a secant through (2, | and a point Q nearby on the curve. The symbolic 

notation for this slope is . From our calculation in the previous Problem 5, that slope has the 
value . The point on the curve corresponding to x = 2 has coordinates 

Therefore, the point-slope form gives an equation of the tangent line as 

7. If y=mx+b is a straight line, then the derivative a always has the value . That is, the 

derivative equals the of the straight line. 

OBJECTIVE C: Know the basic elementary facts about the derivative. 

8. Differentiable functions are continuous. That is, if fhas a at x =c, the fis 

at x=c. 

9. Can a continuous function fail to have a derivative at a point? 

10. What are four conditions under which a function whose graph is otherwise smooth fails to have a derivative at a 
point? 

1. 

2. 

3. 

4. 

11. Is every function the derivative of some function? 

OBJECTIVE D: Know from memory the following five derivative rules: derivative of a constant, positive integer 
power, constant multiple, sum , and difference. 

12. Ifc is aconstant and y=c, then “2 = 
he 

: De Gere ncn (x? +xh+x-x-h-I), Ax? tht 2x bh 41), 
(x+h)+1 (x +2x +1] 

2 1 ee Z 1 
6. 2), =; 25= O SSr7= -—2 V8 BS F°Q)2, (23) y=542(e-2) ory=Zx-2 
7. m, slope 8. derivative, continuous 

9, Yes, the absolute value function fails to have a derivative at x =0. 

10. the graph has a corner, a cusp, a vertical tangent, a discontinuity 

11. No, because a function cannot be a derivative on an interval unless it has the intermediate value property there. 

12. 0 



13. 

14. 

1s, 
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If n is any positive integer and y = x”, then “ = 

If uisa differentiable function of x, and if y=cu where c is a constant, then oe = 

If u and v are differentiable functions of x, then y=u+v isa function of x, and 

dy d 
—= . Likewise, —(u-—v)= dx spared 

OBJECTIVE E: Calculate the derivatives of any polynomial function. 

16. 

17. 

“(3x7 —12x+ i) = 

# (x4 -22 +o? ~15x +109] = 
bi 

OBJECTIVE F: Calculate second and higher-order derivatives. 

18. 

19. 

20. 

21. 

2.2 

If y = f(x), the second derivative of y with respect to x is the derivative of . The second 

derivative is denoted by or or 

In general, the nh derivative of y = f(x) with respect to x is the derivative of , and is 

denoted by or or 

Ee Be enna )= 
dx? dx 

dso0'4 d? d —(2# -I\ix-3) = ee Ee 

THE DERIVATIVE AS A RATE OF CHANGE 

OBJECTIVE A: Know the definitions for applications of the derivative. 

22. If s= f(t) gives the position of a body moving along a line from position s = f(t) to position s = f(t+ Ar), 

then the average velocity over the time interval At is . The 
instantaneous velocity at time t is 

23. The speed is the 

13. nx"! 14. ot 
dx 

6 A) 
SITTER Ste ea (A AY 17. 43x? ——x* +=x-15 

axe) ax. (ax > 3 

d ’ d? " ” d™y d"y ) 4 3 18. a = f'(x), ra yor f"(s) 19. Tap. yor f(x) 20. 20x4 —6x +2, 80x -6 

21. 2x3 —6x? — x43, 6x* —12x-1, 12x-12 

22. =e HAG) a 23. absolute value of velocity 
At At dt 
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24. 
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Acceleration is the derivative of 

OBJECTIVE B: If s= f(t) gives the position of a body moving along a line as a function of time ¢, find and 

25. 

26. 

27. 

28. 

interpret the velocity and acceleration at a specified instant. 

Suppose a particle is moving along a straight line, negative to the left and positive to the right, according to the 

1) tes ds 
law s =? —3t* —9r+5. Then the velocity is given by an = = . Thus, 

t 

the velocity is positive when ; the velocity is when —1<t<3 so the 

particle is moving to the 

2 ayepeceeel ES ee: 
The acceleration of the particle is ae = . When the velocity is zero, t = 

t 
or and the acceleration has the value or , respectively. 

Suppose the law of motion of a particle is given by s = 1? —6t? +2. Then the instantaneous velocity is given by 

v= rr = . When t = 2.3 sec, the velocity of the particle is v(2.3) = Sih 
t 

our coordinate axis of motion is such that the positive direction is to the right (which is conventional), the 
interpretation of this negative velocity means that the particle is moving to the . When t=4 
sec, the velocity of the particle is and the particle is at rest. When t = 4.5 sec, the velocity of 
the particle is and the particle is moving to the 

Suppose a ball is thrown directly upward with a speed of 96 ft/sec and moves according to the law 

y = 96t — 1617, where y is the height in feet above the starting point, and ¢ is the time in seconds after it is 

: : d 
thrown. The velocity of the ball at any time ¢ is v(t) = om = . Hence when t =2 sec, the 

velocity of the ball is . Since v(2) is positive, the ball is still rising. At its highest point the 

velocity of the ball is , and this occurs whent = seconds. The height 

corresponding to this time is y = feet, and this is the highest point reached. Notice the 

acceleration is a constant ft / sec’. 

OBJECTIVE C: Given a functional relationship y = f(x) between two variables x and y, calculate the average rate 

of change and the instantaneous rate of change of y with respect to x. 

29. Every derivative may be interpreted as the instantaneous rate of change of one variable per unit change in the 

other. If y = f(x), then = = is interpreted as the rate of change of y by 

a change of one unit in . Passage to the limitas Ar > 0 gives lim ae = 
Ax0 Ax 

as the rate of change of with respect to 

24. velocity with respect to time 25. 3¢7 —6t-9, 3(t —3)(t +1), t<—lort > 3, right, negative, left 

26. 67=—6,-1 or 3,—12 of 12 27. 3r7 —12r, —11.73 units/sec., left, 0, 6.75 units/sec., right 

28. 96 — 32t, 32 ft/sec, zero, 3, 144 ft, —32 

29. f(x + Ax) — f(x) 7 , average, x, f'(x), instantaneous, y, x 
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30. Consider the equilateral triangle pictured below. 

B 5 
2 2 

By the Pythagorean theorem s* = or, solving for h, h= . Then, the area 

3 ee : : 
of the triangle is given by A= base - height = . The average rate of change of area with 

respect to side length is ae = Seer Pe = . Taking the limit as As tends to 

dA. ,._ AA 
zero gives, — lim —-= 

ds As—0 As 

31. Suppose it costs C(x) thousand dollars per year to produce x thousand gallons of antifreeze, where C(x) is 

given by the table 

Ke OS 0.5 0.75 1.0 

CON S5:8 7514 28.5° ) 10.875.) "13.0 20.0 

The cost at any x is the value of the derivative C' (x). Using the table, we estimate 

C' (1.75) as follows: C' (1.75) = one, == . Here we have estimated the 
Ax 20 =1.75 

marginal cost by the cost. 

2.3 PRODUCTS, QUOTIENTS, AND NEGATIVE POWERS 

OBJECTIVE A: Know from memory the derivative rules for product, quotient, and negative integer power. 

32. Ifu and v are differentiable functions of x, then the derivative = w) = 

33. If u and v are differentiable functions of x, then the derivative <(4) ~ when v 40. 
Vv 

: ek d 
34. Ifn is any negative integer and y = x”, then o = 

ix 

OBJECTIVE B: Find the derivative of a product of polynomial or power functions. 

35. If y= ie —2}(2x3 -5), then 

y = (x? - 2) (2x9 ~ 5)+(2x3 -5) = (x? -2\ )+ (2x3 -5\(2x) 

= +4x* -10x = 

30. h? tl = 3, “(6+ a9) ae 3 (054+.as) = 

31. marginal, 19.0—17.875, 4.5, average 

eel gy q3, Ede de 34, nx"! 
ia RAG 
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36. “|x? —2x+1)(5x- 4)| = (3x? -2x +1) )+(5x-4)( 

= (15x? - 10x +5) +( )= 

OBJECTIVE C: Find the derivative of a quotient of polynomial or power functions. 

[sxe | aeteatet) 2(9xy eS) 
5x° 1 ? (5x? - i) (5x? - i) 

38. (+) = Oo = 

“TOES SS See eee! 
dx x +1 (x3 4 i) 

= (ee ee = (eee e) 

(x° ae 1) Be of 1) 

: d 
40. If y=x", where x #0 and n is any non zero integer, then oY = 

x 

41. If y =2x?+3x7, then y= and y"= 

42. If y= € - *) +3x, then by the product rule 
x 

1 peed 
ava = 0x +34" 5 —— y (x ~ J x =) 

= 6x? -6 +3x*( ) 
= 6x7 —6+3x7 + = 9x7 -3. 

d 
35. —{ >-2), 6x2, 6x4 —12x%, 10x —-12x7-10x 36. 5, 6x—2, 30x* — 34x48, 45x2 —44x413 

dx 

37. 3, 10x, - 15x? -3 Si Oiecess 
x 

39. 2x -2, x* -2x4+5, Qe og — x4 44x39 —15x7 +2x-2 

40. nx"! Al. 6x7 —6x73, 12x +18x74 42. ee 
x x 

1 
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OBJECTIVE D: Find an equation of the tangent line toa curve y = f(x) meeting some specified requirement (such 

as a condition on the slope). 

43. Consider the curve y= x? —9x? +15x—5. The derivative y' gives the value of the of the 

tangent line at any x. For this particular curve, y'= = 3{ )(x — 5). Thus, the 

tangent line is parallel to the x-axis when x = or x= . When the slope of 

the tangent line to the above curve equals 15 the value of x is or =a he 
corresponding y values of the function are _ and ___, respectively. Equations of 
the two tangent lines are then given by ~ and 

2.4 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 

OBJECTIVE: Calculate the derivatives of functions involving the trigonometric functions, making use of 
appropriate rules of differentiation and the derivatives of the sine and cosine functions. 

d d 
44, ——(sinx)= , 45. —(cosx)= 

rr OSA es ee ori x) 

d a eae mp ams Ral es x) 

46. —(tanx)= fa = —_ =e 

oe dx! F cos~ x 
ncaa (ae )-sin x( ) 

cos* x 
cos” x + 4 

cos? x 

d d 1 1 d 
47. —(secx)=—| ———_|=- yaa ————— 

dx ( ) dx eae cos” x dx ( cos x 

Remark: It will be to your advantage in later work to MEMORIZE the derivative formulas in Problems 46 and 47. 

48. 

= (3x? sin x) = 432? S| J sina ) 

= + 6x sin x. 

49. Sy aciis eases) = Beata (secre 
dx dx dx 

= +x + sec x 
= 3cosx+sec x(x tanx +1). 

43. slope, 8x7 = 18x 4 15, x-1, 1,5,0, 6, ~5, —23, y+5 = 15x and y+ 23 = 15(x -6) 

44. cosx 45. —sinx 

46. cosx, sinx, cos x, —sinx, sin? Xs sec? x 47. cosx, cosx, sinx, sec x tanx 

48. sinx, 3x2 ,3x2 cos x 49. secx, 3cosx, secxtanx (from Problem 47) 
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50. 4 (=) = eg lest) (Cl esins)t ee ey 
dx BS 

a 

_ x(____)-(1-sinx) 
a2 

Bex cosx = lk 

a2 

_ sinx —(1+ xcos x) 

ira ae Tareas 
x 

2.5 THE CHAIN RULE 

OBJECTIVE A: If y is a differentiable function of u, and u is a differentiable function of x, use the chain rule to 

calculate ay s 
dx 

51. If y is a differentiable function of u, and u is a differentiable function of x, then y is a differentiable function of 

ave 
xX 

derivative of a composite function. 

, and . This rule is known as the rule for the 

52. Consider the chain rule in functional form: let y = f(u) and u = g(x) be differentiable functions. Then the 

composite y =(f g)(x) = f(g(x)) is a differentiable function of . When x = Xp, let 

u= 9(x0) = ug. According to the chain rule of (fe g)evaluated at x = xo is given by 

(f ° g)' (xo) = . In this equation, (f ° g)' (xo) corresponds to a a (ug) corresponds to 
X=Xo 

, and corresponds to at . It is important that you observe that the 
X=XQ 

derivatives in the chain rule equation ay = ee are being evaluated at different points: ke and ee are 
dx du dx dx dx 

dy . 5 
evaluated at , whereas = is evaluated at e(x0) = . Failure to understand 

u 
this fact can lead to serious misuse of the chain rule equation. 

53. To find = if y= u> —2u+3 and calculate = = and then substitute w = Vx to obtain 
: u 

ay = . According to the chain rule, 
ieate 

dy dy du ee en ee) 3 = 
Ge TAU =ax, ( 6 ) 

50. x, —cosx, sinx Sl pe oe, chain 
u dx 

d : 1 1 
Die Ys S (ug): g (xo), = 58 (x9)) x= x9, Uo 53. 2u= 2, 2x — 2, oe, Lars 

u=uo 



54. 

35. 

56. 

Ws 

58. 

59. 

60. 

61. 

62. 

54. 

os 

57. 

59. 

61. 

SECTION 2.5 THE CHAIN RULE 

Suppose y= 2? +327! and z=x* +1. Then “ = so that when z=x~ +1, 
bd 

dy 
— = . Applying the chain rule, 
dz\z=x? +1 

d = -2 —2) 
@ =| -2(2? +1) ~3(x? +1) | | ee + = 
bs (x? +1) ili wa (x? +1) 

If u is a differentiable function of x and n is a positive integer, then the derivative We (u") = 
bs 

The above power rule holds when n is a negative integer at all points x where u is 

4 3d 
If y=(Sx°—x*+7) ,then y'=4(5x7 - x? +7) — = paleo Perf nen vase af 
Sfax-nf? =H tS ie 

Let po ee ee, y=2Ax-1) > +3{1-x4)™ so that 
Ge) tea. 

dy d eed 
——==6 —(x—-1)-3{1-> = = 
dx (__) dx a} ( i dx (___} 

Er ae eee pea emulate fyi )+tan? x 
dx dx reas dx 

=2x +tan? x = 

N= cose s 1 if (ioeen) 1 (1m (1+ cos x)( )-(1-cosx)(__-__) 

dxVit+cosx 27°  .dx\l+cosx) 2\1+cosx (1+ cos. x)” 

_ (l=cos x)? sinx 

a ier yd i ee 
alco dx pasa (x+1)? (a 1)° 

=) 2 
—2273 —3¢-, - 2x? +1) © -3{x? +1) “, 2x, 3, -2x(3x7 +5) 

eee 56. not zero 
dx 

3 1 
5x3 — x? +7, 4(5x3 - x? +7) (15x? - 2x] af, 2x1, 2x-1,+6(2x-1), ; 

—Z 
(veetle lex 7, 6 = 1) 12x°(1 - x‘) 60. tan? x, tan.x, tanxsec? x, tan x(2x sec”+ tan x) 

1/2 - x-2 x-2 
eee eel sie csines (1a) 62 oD I eee)* 
1+cosx At xl 

43 
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: d [eee oe 
OBJECTIVE B: Given parametric equations x = f(t) and y = g(t), find ay in terms of and =. Find -+ in 

dx dt dt dx 

terms of t. 

63. The equations x = f(t) and y= g(t), which expresses x and y in terms of t, are called___——s equations. 

ayo d 
The variable ¢ is called a . From the chain rule, the derivative =e is given by os = 

i 

64. Let x =1* -1 and y= s Then as = and ee = . It follows that 
t dt dt 

Z ' pad 
y= ue = . To calculate the second derivative ad we first find 2 = 

dx dx t 

2 dy 
Then, eee =—H_ = 

65. If x=17 and y=r* —2r, then cae nde . Thus yes _ Next, 
dt dt dx 

2 

a . When t=2, x= > y= anaee 
dx ae 2t dx 

Thus an equation of the line tangent to the curve at (4, 0) is 

2.6 IMPLICIT DIFFERENTIATION 

OBJECTIVE A: Compute first and second derivatives by the technique of implicit differentiation. 

66. An equation involving the variables x and y is said to determine y as a function of x, say 

y = f(x), provided that f satisfies the equation. 

67. For instance, consider the equation x? + y? = 2.If we substitute y = y2— x” into the equation we obtain 

2 Z : 2 ca (v2 = ) = x° +( )= , SO the equation is satisfied. Similarly, if we substitute 

2 

y=- ¥2-x* into the equation x? (-V2 =x ) =x? +( )= , and the equation is 

again satisfied. Therefore, each of the two functions y = ¥2- x* and y=-y2-x7 is defined 

by the equation x? + y? =2. 

dy 
63. parametric, parameter, ae 64. 21, a 2 3 a os b3% 

‘dt Dy aaa dt’ 4t° 

| hi? 90 ay elle | 1 1 
65. 2t, 2t—2, 1--,—, =, —~, 4,0, —, y=—(x—-4) or 2y-—x+4=0 

Pudi of ge 7! Jonny 

66. implicitly 67. 2—x’, 2,2-x*,2, implicitly 
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wees a 
68. To calculate the derivative ee for 2xy— y? = 3, differentiate both sides of the equation with respect to x and 

x 

dy d 2\_ 4 d d d 
solve for —: —|2xy—- y*]=—(3) or — ~—(y*) =—(3). Thus, 

dx men y’) el ' i ——) a, fo) oe 
dy ; dy dy (y+x2)- = 0 and solving for —, — = 
dx CE ae ds 

d? : -y 
69. To calculate =e for 2xy- y? = 3, differentiate both sides of the derivative equation std =—~ with respect 2 ey 

d (ses 
to x: <(2) = ais (ae (from Problem 68), or 

dx\ dx) dx\x—y 
dy wih 

d* (9 se ree 
<= = qlee ees) y) dx * & ( } (quotient rule) 

oe (x-») 
d d d d 
a ee ae tar 
Sete re Tank GY ea Age 

(x-y) (x-y) 

Substitution of ae for sae in the last equation gives 
x-y dx 

hi rer te m) aaah be sh) RAV Ys ate = cus ences )ppeyeeele thdl paly 
earl hana ? et rr ine 

(x-y) (x-y) (x-y) 

OBJECTIVE B: Find the derivative of g(x) =x” when n is any rational number n = a 
q 

70. If 9(x)=x" with n= + where m is a positive odd integer, then g' (x) = for x satisfying 

71. Ih (4) = xo with we -. where mm is a positive even integer, then g' (x)= for x 

satisfying 

72. uae) °) =. provided x satisfies 
dx 

dos ig °) = provided x satisfies 
dx 

74, seca 3) Sariaiie seit eels be-proyideder satisfies 
dx 

ibs lea 4 = provided x satisfies 
dx 

dy —-y dy y 2 
68. 2xy, 2y—, —— 69. x-y, l~—, ——, xy, 2yx- Dis rere Sars ecm y 

70. nx""|, x#0 mM. tx ee apa st 89x40 

73. ax5'6,2>0 74. ax 5, x20 75. == 44, x>0 
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76. Let y= eae. , SO y=ul/? where u= 2 tien ce PRs whenever u > 0. Thus 
x-3 x= dine dx 

Via (x= 30) = (______) whenever ate SOF ee 22 iah 
(ie Dent et (x -3)? i x-3 

OBJECTIVE C: Find the lines that are tangent and normal to a specified curve at a given point. 

77. By direct substitution the point (1, 1) lies on the curve xy = 1. Differentiating both sides with respect to x yields 

y+ = 0. Solving for 2) gives dy = . Thus, at (1, 1) the slope of the curve is 
dx dx 

o = . Therefore, the tangent to the curve at the point (1, 1) is y-1l= 

*\(1,1) 

78. For the curve in Problem 77, the slope of the normal is at the point (1, 1). The normal is 
therefore given by the equation y—1= 

2.7 RELATED RATES 

In this section we consider problems that ask us to find the rate at which some variable quantity changes when we 
know the rate at which another quantity related to it changes. Examples abound for problems of this sort. For instance, 
the rate of production of a certain commodity may depend upon its rate of sales; the rate of increase or decrease in the 
water level of a dam or reservoir is essential information to a public utility serving the demands of a growing 
population; the rate at which oil may be spreading on the sea surface from a stricken tanker depends on the rate at 
which it may be leaking and so forth. 

OBJECTIVE: Solve relate rates problems by using the following strategy, as presented in the text: 

ie Draw a picture and name the variables and constants. Use t for time. Assume all variables 
are differentiable functions of t. 

Write down the numerical information (in terms of the symbols you have chosen). 

Write down what you are asked to find (usually a rate, expressed as a derivative). 

Write an equation that relates the variables. You may have to combine two or more 
equations to get a single equation that relates the variable whose rate you want to the 
variable whose rate you know. 

5: Differentiate with respect to t to express the rate you want in terms of the rate and variables 
whose values you know. 

Evaluate. 

79. A plane flying at 1 mile altitude is 2 miles distant from an observer, measured along the ground, and flying 
directly away from the observer at 400 mph. How fast is the angle of elevation changing? 
Solution. We carry out the steps of the basic strategy. 

Nie os (eased 
x—3 (x —3) 

My, xe lyk Olek iy oatex 78. 1, (x-1) 
dx x 
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STEP 1: Pictures and variables: 
We picture the plane flying in the coordinate plane using the positive x-axis as the ground pointing in the 
direction of flight. Let 0 denote the position of the observer at a distance x units (measured along the ground) 
from the plane P as shown in the figure below. Let a denote the angle of elevation. 

P 

1 mile 

O 

ee TOUT 

level 

STEP 2: Numerical information: At the time in question, x = mi, y=1 mi, o = 400 mi/ hr. 
t 

STEP 3: To find: the rate _ 

STEP 4: How the variables are related: The angle @ satisfies the equation tana = , which holds for 

all time ¢. 

STEP 5: Differentiate with respect to t: sec” a -( )= — -( ), or since 

sec” @ =1+tan? a= , we solve to find boy yo 
dt dt 

dx da 
STEP 6: Evaluate: When x =2 and ay = 400, a = radians per hour, or rad/sec, or 

t t 

é eas : da . 
deg/sec. Notice that the angle of elevation is decreasing because —— is 

80. A trough 10 ft long has a cross section that is an isosceles triangle 3 ft deep and 8 ft across. If water flows in at 
the rate of 2 ft3/min, how fast is the surface rising when the water is 2 ft deep? 
Solution. W carry out the steps of the basic strategy. 

STEP i: Pictures and variables: We draw a picture of a partially filled trough. A cross section of the trough is shown in 
the figure below. In the figure h denotes the depth of the water and b its width across the trough at any 

instant t. Thus, b and h are both functions of . We let V denote the volume of water in the 
trough at any time tf. 
leeeereer rest h linger 

3 ft 
h 

STEP 2: Numerical information: At the time in question, h = 2 ft, - = ft? / min. 

STEPS» Lofind: 

da 1 da ds 1 et x —80 ; 
79. 2, —,-—, —, —, l+—, -—=| — > |, — 80, —— . (approx) —1.3, negative 

Twi Sie, dihind wie 5 [3] 3600’ APPrOX) e 

80. 1, 2, LOE ped ial aly Lg 3 
die e 3 3 3 dt 80 
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STEP 4: How the variables are related: At any instant of time the volume of water in the trough is given by the 

formula, V = 10( ). Since the formula for V involves both the variables b and h, we need to 

write down a formula relating these variables. From the geometry of similar triangles in the figure we have 

bole == 01, b= snus Y= 

STEP 5: Differentiate with respect to t: “ = 
t 

STEP 6: Evaluate. Solving for “ when — =2 and h=2 gives “ = ft / min. 
t t t 

81. A walk is perpendicular to a long wall, and a woman strolls along it away from the wall at the rate of 3 ft/ sec. 
There is a light 8 ft from the walk and 24 ft from the wall. How fast is her shadow moving along the wall when 
she is 20 ft from the wall? 
Solution. We carry out the steps of the basic strategy. 

STEP 1: Picture and variables: The situation is pictured in the figure below. Here M denotes the position of the 
woman at a distance x units from the wall, S denotes the position of her shadow on the wall at a distance y 
units from where the wall and the walk intersect, and L denotes the position of the light. 

Light 
Wall Wa 

STEP 2: Numerical information: x = 20 ft, = 3) 18 // See, 

SPER) so tind: 

STEP 4: How are the variables related: From similar triangles we can establish a relationship between the variables x 

and y, *= iP agee? or 8x = . This equation is valid at any instant of time ¢. 
y 

: ; f 2 dx dy 
STEP 5: Differentiate both sides with respect to t: 8 i =H mas 

t t 

8(20) eS ’ ree 
STEP 6: Evaluate. When x = 20, y=————- = , SO substitution into the previous derivative 

oe. dy 
equation yields 8:3= — 120, or oe ft/sec. 

ss 

a a 24-x, (24-x)y, 24-x, Fa 24 —20, 40, ree 36 
dt dt dt dt 

81. 
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v= —le 

1. Use the three algebraic steps to find the slope of the curve y = x? -2x+5 ata point (x, y) on the curve. 

2. Write an equation of the tangent line to the curve in Problem | at the point when 

3. Find sk 
dx 

6 
(a) y= (2x? ee eee 3) (b) y= (x? - 9)(3x° + 7x) 

3 Sonal 
(c) y= d = 
Pa da a 

By 

4, Find zy 
x 

(a) y=—x2+—x2-6x4+8 (b) y= (2x? —11)(x? -3] 

(c) y=cot3x (d) y=3sin? 5x—secx 

5. Find whe 
dx 

(a) y= piss Stl? (b) y=./x +1 

1 
G-y= (d) y=xcos(5x—-2) 

pa oes | 

6. Find an equation of the tangent line to the graph of y = y1— x? when x= 7 

10. 

11. 

. A particle moves along a horizontal line (positive to the right) according to the law s = Oe ea. During 
which intervals of time is the particle moving to the right and during which is it moving to the left? What is the 
acceleration and the velocity when t = 2.3? 

3 cm. 

. Given the parametric equations x = t? -1 and y=t+l 

(a) Express dx and dy in terms of t and dt, 

2 

th) Find? sintermsore 
dx 2 

(c) Find an equation of the tangent line to the curve at the point for which t=1. 

. Calculate the instantaneous rate of change of the volume of a sphere with respect to its radius when the radius is 

w 

Find Cad and ey when x+y? = xy. 
dx dx 

Find an equation of the tangent line to the curve x+ 3xy? + xy = xy at the point (1,—1). 
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12. A photographer is televising a 100-yard dash from a position 10 yards from the track in line with the finish line. 

3 
When the runners are 10 yards from the finish line, the camera is turning at the rate 5 rad / sec. How fast are 

the runners moving then? 

13. A swimming pool is 40 ft long, 20 ft wide, 8 ft deep at the deep end, and 3 ft deep at the shallow end, the 
bottom being rectangular. If the pool is filled by pumping water into it at the rate of 40 cu. ft / min, how fast is 
the water level rising when it is 

(a) 3 ft deep at the deep end? (b) 6 ft deep at the deep end? 

14. A guy wire is to pass from the top of a pole 36 ft high to an anchorage on the ground 27 ft from the base of the 
pole. One end of the wire is made fast to the anchorage, and a man climbs the pole with the wire, keeping it 
taut. If he climbs 2 ft / sec, how fast is he playing out the wire when he reaches the top of the pole? 

SOLUTIONS TO CHAPTER 2 SELF-TEST 

1. STEP 1: f(x+h)=(x+h) -2(x+h)+5= 2x2 +3x7h? +3xh? +h? -2x-2h+5 

STEPR2: Subtracting f(x+h)— f(x): 

f(x+h)— f(x) =3x7h+3xh? +h? -2h 

Dividing by h yields, Aina fe) = 3x7 +3xh+h? -2 

STEP 3: As h tends to zero f'(x) = lim Mess Wey 2 3x7 = 2, 
h-0 h 

2. The derivative is f' (x) =3x? —2. When x =-2, y =(-2)° —2(-2)+5=1, and the slope f' (-2) is 

m= 3(-2)? -2 =10. Thus, y=1+10(x+2) or y=10x +21 is an equation of the tangent line. _ 

3. (a) = = of2x3 — x2 +7x +3) (6x? -2x+7} 

(b) oa = 2x(3x° + 7x) + (x? 3 o(isx4 Ee 7) = 21x° —135x4 +21x? —63 

() 2s 5 

qd) = =——____.,_____= 
dx (3x +1)? (3x +1)? 

Z 

4. (a) Dax2+x-6, a 2x41 
dx 

(eee 6x?(x? —3)+ (2x3 - 11)(2x) = 10x4 - 18x? 22x, <P a” y= 40x? -36x-22 
dx dx? 

() dy _ 4(e a) _ (sin3x)(—3sin eS (cos 3x)(3 cos 3x) _ —3sin” oe 3cos* 3x et, bi 

dx dx\ sin3x sin? 3x Sit; Ox 

— > = (-3)(2)(csc 3x): o (csc 3x) = (—6csc 3x)(—3 csc 3x cot 3x) = 18 csc” 3x cot 3x 
Bs 
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dy é 
(d) —=30sin5xcos5x —secxtanx = 15sinl10x —secx tanx 

dz 

<= = 150 cos 10x —(sec x tan x)(tan x) — (sec x)(sec? x) = 150cos 10x —(sec x)(tan? x+sec? x) 
£. 

, are & &|S 
il 
wl 

oe 

o 
IN x 

Be a 

ee ° 6 | 

dy ; : 
(d) oir cos(5x ~2) + x[—-sin(5x — 2): 5] = cos(Sx — 2) — 5x sin(5x — 2) 

1 \-1/2 —1/2 
y'=>(1-x?) (-2x) = -x(1- x?) ; Then eae aiid yee so that 

2 a WE 

3 1 1 : : : 
y= — (-~e\: - | or V3y +x—2=0 is an equation of the tangent line. 

ay aii. Cee ary, 
dt dt 

so ae : . ds ee : 
The particle is moving to the right when mY, >Osot>4ortr<0; it is moving to the left when 

t 

0<t<4and & <0. Att=23, 
t 

OY = 62.3)? 122.3) ==11.73, velocity 
atl2 3 

d*s 2 
—>| =6(2.3)-12=1.8, acceleration 
dt 3 i 

. The volume of a sphere is given by V = =m, where r is the radius. We seek the value of ~ when r=3. 

Thus, _ = V'(r)=4ar’, so that V' (3) = 367. 

. (a) ee rand mB 55 so dx = 2tdt and dy = dt 
dt dt 

2, wy = 1 

(o) 2a sotha Y= == 
dx a oat 4t 

(c) When t=1, x =0, y=2, and thus y-2=—(x-0), yarxt2 is an equation of the tangent 
x 

line. 

51 
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10. Differentiating implicitly, 1+2yy=y+xy ory= < : 
y-x 

-1 

ay _ 2y~xNy)—(y-NQy =I) _ =a Hy) _C-Da=etO-) _ Ay-Ny-x+)) 
dx° (2y-x)° (2y-x)° (2y-x)° (2y-x)° 

11. Since 1° +3(1)(-1) + \(-1)? = 1(-1) is true, the point (1,—1) is on the curve. Differentiating implicitly, 

3x7 + 3y? + Oxy7y' +y? + 2xyy = y+ xy , so evaluation at (1,-1) yields 3—-3+9y +1-2y =-1+y', or 

' y= ->. Thus an equation of the tangent line is given by y=—1+ (- | —l)orx+3y=-2. 

12. The situation is pictured in the figure below. 
Finish 

line x 
Track 

Runner 

10 

Camera 

person 

Thus, tan@ =o One = 1OitanGg: = = 10sec” o=. Now, when x = 10 yds, a=", and oe rad/ sec. 
D Fs dives 

2 
ad = 1 sec? =\2) = 10(V2) (2) =12yd/sec. 
dt x=10 4A 5 5 

13. A vertical cross-section of the pool is pictured in the figure below: y denotes the depth of the water at any time f, 
and x denotes the horizontal length of the water in the bottom of the pool. 

Hence, 

40 ft 

3 ft LR wasieel| ah 
Seely | 
-— x ——+4 

(a) When y<S, we have from the geometry of similar triangles in the figure that, ~ =r ox= 8y. The 

volume of water in the pool is given by V= = -y-20= 80y*. Hence = = L60y, and since a = 40 
f t t 

ay yields 2 is given, solving for — 
dt dt verter lO0(3) axle 

(b) When y>5S, the total volume of water is given by V = = (40)(5)(20) + (40)(20)(y — 5) = 800y — 2000. 

ou ft / min. Hence, dl = 300, and since a = 40 is given, solving for ay yields ay = ak 
dt 6. “oul "20 dt dt dt dt|y— 
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14. The situation is pictured below, where h is the height of the man above the ground and £ is the length of guy 
wire played out at any instant of time t. 

pole 

Ss 
‘ESS 
-————27 ft————A anchorage 

We want to find or when h = 36. Now, £2 =h? + Cay and differentiation with respect to t gives 
t 

26 = 21, When h—36, we have £ = 4/(36)* +(27)* =9V4? +3 =45. thus, for 

ae eu a Pee oe see. 
dt dt h=36 45 45 5 
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NOTES. 


