
Chapter 1: Limits and Continuity 

1.1 RATES OF CHANGE AND LIMITS 

OBJECTIVE A: Find the average rate of change of a function y = f(x) over an interval [x}, x2]. 

1. The average rate of change of y = f(x) over [x12] is the change in y, Ay = divided by 

Ax = , the length of the interval over which the change occurred. 

2. Geometrically, an average rate of change is a 

3. The average rate of change of f(x) = x? —x+1 over (0; 2] is 

Ay _ fQ)-____ (2? -2+)- 7 
Ax 2-0 2 - 

OBJECTIVE B: Know the informal definition of the limit lim f(x) =L. 
XX 

4. According to the informal definition, we write lim f(x) = L if the values of approach the value 
XX 

L as x approaches 

5. If fis the identity function f(x) =x, then for any value of xg, lim f(x)= 
XX 

6. If fis the constant function f(x) =k, then for any value of xp, lim f(x)= 
X>Xo 

OBJECTIVE C: Find limits of elementary functions by substitution, if possible. 

7. lim(8x-3)= —3= 
xt 

6x7+4 6{(4)+4 
Giese oe (a) +4 = 

xot 4x-1  ( ) 

9. lim (cos x)(2sinx) = (=) = 
x4 2 

10. A function may fail to have a limit as x approaches xo because it . 

a. , 

b. , 

re 

2 f 
| Casey C5) dena C5 BE Mie | 2. secant slope 3. f(0), (0* —0+)), =] 

4. f(x), x 5. 6. k 

7. 2,-1 8. 2-1,2 9 us 1 

10. a. jumps b. grows too large c. oscillates too much 
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OBJECTIVE D: Given a function y = f(x), a positive number €, a point xg, and a target value L, determine an 

interval about xp in which we must hold x to be sure that y = f(x) lies within € units of L. 

11. Suppose y=-3x+1, €=1, x9 =2, L=-5. We must know in what interval of values to hold x to make to 

make y satisfy the inequality |y — (-5)| <1. 

Substituting for y, we find |(—3x + 1) — (-5)| <1 or < 1. Thus, |—3(x — 2)| <1 or 

1 
|x —2|< . Thus, e <x-2< 7 or x satisfies the inequality ain 

1 
In summary, the interval |x — 2| < 7 contains the values near x9 =2 to which x must be held to ensure 

y=-3x+1 is within €=1 of L=-5. 

OBJECTIVE E: Write the formal definition of the limit of a function f(x) as x approaches a number xq. 

12. Let f be a function defined on an open interval containing the point x9, except possibly at xg itself. Then the 

limit of fas x approaches xg is L, written , if, given any number €, there is a 

corresponding positive number 6 such that holds whenever : 

13. As an application of the definition, consider the limit of the function f(x) =3-—2x as x approaches 5. The limit 

is L=-—7. To show this it is required to establish that: For any positive number €, there is a positive number 5 

such that when 0< <0. 

Now, |(3-2x)-(-7)|=2: . Thus, 2|x-5|<e provided |x-5|< 

Therefore, if 8 = , then |(3- 2x) —(-7)|< € whenever 

That is, lim (3 —2x) =-7. 
x75 

OBJECTIVE F: Given a function f(x), a point x9, and a positive number €, find a number 6 > 0 such that for all x 

0<|x-xg|<6 implies | f(x)-L|<e, where L= lim f(x). 
XX 

14. For the limit lim /2x +1 =3, finda 6>0 that works for €=1. 
x4 

Solution: 

STEP 1: We first find an interval about xg = 4 on which the inequality | /2x +1-3 | <1 holds for x #4. 

|v2x+ -3|<1 

& < V2x+1-3 < 
& az {ee meee, © 3 
& + < < 16 
= 3 et Oy ac 15 
4 < x < 

1587 ; Hy 3x46) =, 12, lim f(x)=L,| f(x)-L|<e, 0<|x-x9|< 6 
3 3 3 XX 

13. |(3-2x)-(-7)|<e,|x-5|,|x-5], = = 0<|x-5|<6 



STEP 2: We now find an interval centered at 4. The distance from 4 to the nearest endpoint of (> ; = is 

1.2 
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ci) 
The inequality holds for all x in the open interval (5.2) 

. If we take 6 = 

' : 1 
will automatically place x between : and = to make the inequality 

FINDING LIMITS AND ONE-SIDED LIMITS 

Z 

or any smaller positive number, the inequality 0< | x- 4| <é 

hold. 

OBJECTIVE A: Specify the five important limit rules related to the arithmetic operations, as stated in Theorem | of 

15. 

16. 

17. 

18. 

19. 

the text. 

Sum Rule: 

Difference Rule: ___ 

Product Rule: 

Constant Multiple Rule: 

Quotient Rule: 

OBJECTIVE B: Evaluate limits lim f(x) when f(x) is a sum, difference, product, or quotient of polynomials. 
aC. 

20. To find the limit as x approaches c of any polynomial function f(x) = a,x” +a,_1x 

21. 

14. 

15; 

17. 

19. 

20. 

the number c for 

x= 

F x? —2x 
lim 5 = = 
x71 x~ +3 i+3 

SiN rt Aue, |NOxe -3|<1 
Der OD 

lim [ f(x) + 9(x)] = lim f(x) + lim g(x) 16. 
> o. aoe No be 

18. lim f(x)- (x) = lim f(x): lim g(x) 
5 tome A X—>C x—C. 

lim f(x) 
lim SX) _ Vide ; provided that lim g(x) is not zero 
xc g(x) lim g(x) 

D tar f 64 

D tod 

substitute, x, 2(-1)? + (-1)* - 4(-1) -3, 0 

lim (2x3 +x? —4x-3)= = : 

21. 

nl 4 +a, you simply 

thus evaluating f{c). Hence, 

[F() — g()] = lim f(x) ~ lim g(x) lim 
2m Ab 

lim k- f(x) =k lim f(x) 
D ised 64 ae 
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22. lim (443x)(x? -x+1) = lim (4+3x) = (4+2+1)=-14. 
x—7-2 x—3>-—2 

2 — 

53. “lim ee) on re) 
sary Ah imc en 

x74 

OBJECTIVE C: Evaluate limits of functions when the denominator is zero at the limit point c by canceling a 
common factor, or by creating and canceling a common factor. 

: 3 2 
Shon DD lim (x> + x* —3x+1) 

. x +x°-3x4+1 ee : ; 
24. lim ——————— ¢ 22 ~—S_pbecause the limit of the denominator is 

x1 x-l 

x +x? —3x+1 (x-1(__) 
x—1 = x-l1 . 

er oral 
so that lim —————————— = lim = 

rl x-l SSSI 

However, 

25. lim 

2 2 
x~ —81 x” —81 

26. lim = in ——S— -—s 
x9 Sealy x39 3-yx Fly 

2 — in & 81)(3+ Vx) 

x79 (eit Ie ah) 

fee es ON )3+Vx) 
x9 9-x 

= iin ee) = 

OBJECTIVE D: State and use the Sandwich Theorem for limits. 

27. If g(x) S$ f(x) < h(x) for x #c over some interval containing c, and if lim g(x) = lim A(x) =L, then 
D thon A 6 X= >C 

tan x 1 
28. For a SKS a it is known that 1< < . Therefore, since lim cosx = we have, 

3% COS X x0 

nee tance 
lim = 
x70 xX 

Be lim (x7 — x41), (426) 23. lim(x? +x—2), 15 
x2 x4 

W4, Minit 1)<0; x" + 2 — 1.x" + 2x—1) 2 
x71 

25. 14+3h+3h? +h, 3h4+3h7 +h?,34+3ht+h?,3 26. 3+Vx,9-x, x+9, x+9, 34+ Vx, —(18)(6) =—108 

27. lim f(x) =L 28) 1 
8 i 6: 
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OBJECTIVE E: For elementary functions y = f(x), find the right-hand and left-hand limits as x approaches a, and 

from these determine if lim f(x) exists. 
2 | 

OD p 

29. Consider the function defined by f(x) = ie i ea 
1+x? if x>-1 

The graph is shown above right. 
lim | f()= lim r = 

x>-1 cl 

lim f(x)= lim = A 
x->-17 x>-17 

Since lim f(x)# lim f(x), the limit lim f(x) exist. 
x>-1t x3-17 x>-1 

30. lim caine ke ae lim (factor) 
xo x°+x-2 xO 

: 5x -2 
= lim 
x71 

5-2 

In this problem you must factor the numerator and denominator first and cancel the term (x —1) before 

calculating the limit because is zero in the original expression: 

lim (x? +x —2) =1* +1-2 =0. Note also that the limit as x > 1* equals 1. 
x01 

OBJECTIVE F: Evaluate limits of trigonometric functions by making use of appropriate trigonometric identities and 
the limit theorems. 

31. One of the most useful facts in calculus is that lim Suu) = . For this limit the angle 6 must be 
60 

measured in 

32. Tofind lim Se first substitute 6 = 5x, and note that @ > 0 as x > 0. Then the limit 
x70 x 

becomes, lim ues == ihn 
430 3X g>0 

é lim sin @ = 21 vz 

6-0 @ 3 

29. 1+x?, 2,4- x, 3, does not 30. Slice: leet x+2,1+2, 1, the limit of the denominator 
(x+2)(x-1) 

in@ 5 5 
31. 1, radians Soe ee ie 

3($) 3 3 
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lim (1 — cos x) 

vere Saeki sal 2 a a eel eran jay 
x0 l—sinx (1—0) 

OL a 
hoo0sinh hoo (hyag) 

h>0 

13 LIMITS INVOLVING INFINITY 

OBJECTIVE A: Calculate the limit of f(x) as x approaches tee or — co, whenever the limit exists. 

3 i) 

35. fe i ig 
x00 14+3x-2x h>0 h>0 

34 
36. lim et ae lim eee ee ee = 

F530 d4%7 9x5 x52 4+(3)-(3) AO —0 
Xx x 

Sasi . (2)-x 
Sin mn = lin ——= 

x3-0 OxX+1 x 5-0 

OBJECTIVE B: Analyze the behavior of the graph of a function y = f(x) as x > too. 

38. Aline y = bisa asymptote of the graph of a function y = f (x) if either 
lim f(x) =) or , 
Xoo 

39. Alinex=aisa asymptote of the graph of a function y = f(x) if either 
lim_ f(x) = te° or ; 
x—a 

40. Consider the function y = 5 +4.If we divide the top and bottom of the rational expression by x, we 
x =2x— 

obtain y = . As x + toe, the numerator of the rational expression approaches 

and the denominator goes to . So the rational expression approaches 

. Thus the function y has a asymptote at . Furthermore, 

in the original expression for y the denominator of the rational expression can be factored to obtain y = 

, from which it is evident that y has asymptotes at and 

33. lim(1—sinx), 1,0 gy eek 35. eae at ea cr 
x0 h hh 2, 

| Paes 1 ' : 
36. —--—,0,0 37. 6+—, +00 38. horizontal, lim f(x)=b 

x x x X—>-— 0° 

39. vertical, lim, f(x) =te 
x—-a 

40. 
2-3 

— 
5 2x—5 +4, vertical, x =-1,x=3 meee tbe 4, 2, 23,0, horizontal, y= 4, ae x-2-2 (x + 1)(x -3) 
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OBJECTIVE C: Find “infinite limits” such as lim f(x) =, on f(x) = 20, ue f(x) = -»e, and so forth. 
xa 

+1 : +1 : 41. ina = lim biel = lim , since |x|+1= for x near 1. Therefore, 
co. ko xo Geet tee ee el 

x1" x7 =) 

OBJECTIVE D: Find an end behavior model for a function y = f(x). 

2 — — 

42. Consider the rational function y = serbian If we divide x —3 into x* —3x—1 we obtain 
xX — 

y=x- . Thus if x is large (+) the curve that behaves like u = is both a 

and end behavior model for y. 

43. Consider the function y = xVx? +1. Since for large x, Vx? +1 = 4 = x, one might expect that 

is a right behavior model for y. To verify this, note that 

lim 

in = = tin ——— = 8 = 
xX 00 x X00 1 1 

u=x 

1.4 CONTINUITY 

OBJECTIVE A: Specify the test for a function f to be continuous at an interior point x = c of its domain. 

44. The three conditions that must be satisfied if the function f is to be continuous at the point x = c are that 

exists, exists, and 

45. A function is continuous over an interval if it is continuous at within that interval. 

46. Ifa function fis not continuous at the point x = c, it is said to be at c. 

OBJECTIVE B: Given an elementary function y = f(x), determine its points of continuity and discontinuity. Be able 
to justify your conclusions. 

1 
, x, right, left 

x-3 

2 2 2 : co 43. x2, x, x2, xx? 41, fi+-r, fi++,1,1 44. f(c), lim f@), lim f@) f(c) 

46. discontinuous 

41. Sn peak ME peer 42. 
x-l 

45. all points 
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47. Consider f(x)= ae 2 ela Observe that c = —1 belongs to the domain of f f(—1) =1. Does fhave a limit as 

x — -1? To answer that question, we calculate the right- and left-hand limits: 

lim f(x)= lim ( )= ; 
x7-1 x7-17 

lim f(x)= lim ( )= 
x->-I1* x27-1* 

Since lim f(x)=3# lim f(x)=1, then lim f(x) , we conclude that fis 
x21" x>-1" x2>-1 

at x =—1. Sketch a graph of f. 

48. Let f(x)= ss ie Since x = does not belong to the domain of f we conclude that f is 
xX _— 

at 1. Also, lim f(x)= and lim f(x)= so f does not 
x71 xt 

have a finite limit as x > 1. However, as x > +e or x 4 -c9, f(x) > . Sketch a graph of f. 

Observe that fis continuous at all points except x = 1. 

OBJECTIVE C: Specify the main facts related to continuous functions. 

49. Every constant function is continuous 

50. Every polynomial function is continuous 

51. Every rational function is continuous 

52. Iffand g are continuous at c, then f+, f—g, andf-g are atc. 

53. Iffand g are continuous at c, then < is at c provided that 

54. If fis continuous at c, and k is any constant, then kf is atc. 

47. x+4,3, —x, 1, does not exist, discontinuous 48. 1, discontinuous, —o, +0, | 

49. at every number 50. at every number 

51. at every number at which the denominator is not zero 

52. continuous 53. continuous, g(c) #0 54. continuous 
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55. If fis continuous at c and g is continuous at f(c), thenthe composite. —“—‘“—*SCCSCCC_CSS 

continuous at 

OBJECTIVE D: Understand the Intermediate Value Theorem 

56. Suppose that f(x) is continuous for all x in the closed interval [a, bj, and that N is any number between f(a) and 

f(b) What is your conclusion? 

1.5 TANGENT LINES 

OBJECTIVE A: Find the slope of the function y = f(x) at a given point P(xg, f(xqg)) using the definition 

h->0 h 

57. Find the slope of the curve y =(x+ Ne at P(O,1). 

Solution.. Here f(x)=(x+ Dye and xo- 

STEP 1. Calculate f(xq) and f(xp +A): f(x9) = f(0) = 

aay 

STEED, Ulin coe ad oer ree 
h>0 h 

and f(x +h) = fh) = 

OBJECTIVE B: Find an equation for the tangent to a curve y = f(x) at a given point P(xg, f(xo)). 

58. Find an equation for the tangent to y =(x+ My at P(0,1). 

Solution. From Problem 57, the slope of the tangent line is m = 2. An equation of the tangent in point-slope 

form is 

55. g(f(x)),x=c 

BILD AGE 1) (h1)> 1s 2he 2: 2 

56. There is at least one number c between a and b such that f (c) = N. 

58. y=1+2(x-0) 
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1 
59. Find an equation for the tangent to y = Wien esis q g ay A ay 

1 
Solution. Here f(x) =——. f(x) Pca 

STEP 1. Calculate f(2) and f(2 + h): f (2) = and f(2 + h) = 

STEP 2. Calculate the slope m: 

Tian we 
m = lim f2+h-f2) aeeiithe =. 

h>0 h hoo OA 

igen (1-vi+h\(1+i+h) 
= YY ——————— ——_—__—_ = oo —————————_—————— 

h0 hv +h h>0 hVi+h(1+vi+h) 

= ho SS -)s- Fx:so htc SF 
h0 hall +h(1+-V1+h) h>0 1+h(1+Vi+h) 

STEP 3. Find the tangent line using the point-slope equation: ,or y= -s x oe 

OBJECTIVE C: Find the rate of change of a given function f(x) with respect to x at a specified point x = xq. 

60. The rate of change of f(x) with respect to x at x = xg is the same as the of y = f(x) at 

X = Xq or the of fat x = xq. 

61. Find the rate of change of the area of a square (4 = =a) with respect to its side length when the side length is 

ies 5 

Solution. We first calculate A(5) and A(S5+h): 

Ak®) = andA(5+h)= 

Then the rate of change is 

ep A(5 +h) A(5) 

h>0 
= | Ibhoo 

h>0 h 
= lim(dO+h)= 

h-0 

That is , the area changes at the rate 10 square units per side length unit when the side length is 5 units. 

1 ] ] 
59. 1, ——,, vl+h, 1-(1+h), -1, --, =14(-3)o-2 ren ee 27> oe 

60. slope, derivative 61. 25, (5+h)? =25+10h+h?, 1Oh+h2, 10 
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CHAPTER 1 SELF-TEST 

Find the limits in Problems 1-6. 

—_ e 

10. 

it. 

12. 

13: 

14. 

2 2 _ tl =3x-2 ~ lim Pain ee a ae ee 
133 t-1 r32 = Z tol OX ex +h 

_ 2t? +3¢—1 Reus j lim ——— 5. lim —; 6. lim (=cos x? 
t>0 =6t” —2t ta0 4 —-t x— pool X 

Let fbe defined by f(x) = a ie i e E M 

(a) Find lim f(x)and lim f(x). 
ce x07 

(b) Is fcontinuous at x = 0? Justify your answer. 

J 
Consider the function f(x) = a 

x 

(a) For what values of x is fcontinuous? Justify your conclusion. 

(b) Is fcontinuous atx = 1? If not, what value can be assigned to f(1) so that the resultant function is 
continuous there.? 

It can be shown that for all values of x 
2 4 2 

36 x i 
——-— <l-cosx<—. 
D 2) 

: . Ll-—cosx 
Use this result to find lim 5 

x0 x 

In what interval about x9 =—1 must we hold x to be sure that y= = +s lies within € = 0.5 units of yg =1? 

Justify that the function f(x) = x> +1 has at least one real zero; that is, where there is some real number c so 

that f(c) = 0. . 

Given f(x) =2x+7,x9 =—2, andé=0.01, find L= lim f(x). Then find 6 >0 such that 
XX ‘ 

0<|x-x9 |< 6 =| f(x)-Li<e. 

Zi at (1,1). Then find an equation for the line tangent to the graph there. Find the slope of f(x) = 
x+ 

At t seconds after lift off, the height of a rocket is 4t* ft. How fast is the rocket climbing after one minute? 

SOLUTIONS TO CHAPTER 1 SELF-TEST 

1. 
iad eae ee | 

lim 
t33 t-1 3-1 

Wi? = 3 2 oe Ot =) 
ince ee Se 
eee. x- x32 x-2 

= lim (2x +1) =2(2)+1=5 
x2 

ax =I 3-1 
in = 

1 
im = — 

xolt 5x2 -2x+1 5-2+1 2 
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4. 

10. 

1. 

CHAPTER 1 LIMITS AND CONTINUITY 

RO es | ier he oh i 341 
in i in ee 
t>0 »=6t? —2t t30” (+? -2) to0 tr590° «ot —2 

2 ze 

lim Se ee ee ; = i Ner 5 
to04-—t h04—— ho-0 4h“-1 O-1 

1 
—cos x” 
x 

O< 
: 1 

< a because eos x?| <1 for all values of x. Since lim ae =0, wehave lim [= cos = =0 by 
|x| x—oo || x—pool X 

the Sandwich Theorem. 

(a) From the graph of f shown below right, 

lim f(x)= lim (2x-3)=-3 
x07 x07 

lim f(x)= lim (-l) =-1 
x70" x07 

(b) No, lim f(x) does not exist because the left-hand and right-hand limits differ as x tends to zero, so fis not 
x0 

continuous at x = 0. 

(a) Since division by zero is never permitted, the points x = 0 and x = | do not belong to the domain of f, and 
therefore f is discontinuous at those two values; it is continuous for all other values of x. 

(b) f= 2 = ee ee anion 0. Seimei ae we epecine cle ike 
Ya EX C1) ex x1 x91X 

new function so defined is continuous at x = 1. 

From the assumed inequality, we divide through by the positive number x? obtaining, > on < ae < 7 
x 

72 

Applying the Sandwich Theorem , lim oes = a and lim zs = E so that lim peeks = uf 
x30\2 24 2 x0 2 x>-0 x 2 

yo =1, € =0.5 

5a 
b-val=b-ul-(-2+2)-1 

xe il Al 
& -—-4=-lr4+1/< 0.5 La - a= she 
& |xt+I)<15 
© -1.5<x+1<1.5 
= 2.5<x<0.5 

<E 

Notice that f(—2) = (-2y° +]=-31 is a negative and f(l)= P+1=2 is positive. Since fis a continuous 

function, the Intermediate Value Theorem guarantees the existence of a real number c satisfying —2 <c <1 and 

f(c) =0. 



SOLUTIONS TO CHAPTER 1 SELF-TEST 33 

12. ees +7)=2 lim x+ lim 7=2(-2)+7=3. 
ice x—=2 x—>-2 

(2x +7) —3| =[2x +4] = 2|x +2] = 2x —(-2)}, 
Thus 

(2x + 7) — 3] < 0.01 whenever |x — (—2)| < 0.005. 
That is, 5 = 0.005 for € = 0.01 in the formal definition of the limit of f(x) = 2x +7 as x approaches xg =-2. 

13. The slope is 

20+h) _ 2 m = tim LOAD = LO jgy 28 — 3 
h30 7 i , en 

ie ii 
h>0 h(2 +h) h-0 h(2 + h) 

1 1 
li 
hoo02+h 2. 

‘ i 
An equation of the tangent line is y=1+ 5x -lory= a +1). 

14. The rate of change of H(t) = 4t? at t = 60 seconds is 

H(60 +h) — H(60) eine 4(60 + h)* — 4(3600) 

h->0 h h>0 h 

4(3600 +120h+ n°) — 4(3600) 
=" lim 

h->90 

4(120h f i”) . 
= thon = lim (480 + 4h) = 480 

h0 h h-0 
The rocket is climbing at the rate of 480 ft/sec after 1 minute. 
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NOTES. 


