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Inference in Bayesian networks
Chris J Needham1, James R Bradford2, Andrew J Bulpitt1 & David R Westhead2

Bayesian networks are increasingly important for integrating biological data and for inferring cellular networks and pathways. What 
are Bayesian networks and how are they used for inference?

How does one model a simple cell-signaling 
pathway? Consider a simple example consist-
ing of a stimulant, an extracellular signal, an 
inhibitor of the signal, a G protein–coupled 
receptor, a G protein and the cellular response.  
The stimulant induces production of the extra-
cellular signal in another cell or extracellularly. 
A Bayesian network can be constructed that 
expresses the relationships between these vari-
ables. For example:

•  The stimulant may or may not generate a 
signal.

•  The concentration of the signal may affect 
the level of the inhibitor.

•  Whether the signal binds with the receptor 
depends on the concentrations of both the 
signal and the inhibitor.

•  The G protein should become active if the 
receptor binds.

•  An active G protein initiates a cascade of 
reactions that causes the cellular response.

Conditional independence
Using this information one can identify which 
variables depend on which other variables and 
which variables are conditionally independent. 
If two variables are independent given the state 
of a third variable, then they are said to be con-
ditionally independent. For example, consider 
two independent tests for a disease, T1 and T2. 
The tests are reasonably reliable, and a strong 
correlation is seen between T1 and T2. If the 
result of test T1 is positive, it becomes more 
likely that T2 will also be positive. However, if 

it is known that the person has or hasn’t got 
the disease, then the result of T1 has no effect 
on the expected value of T2; the tests become 
conditionally independent.

The above relationships between the cell-
signaling variables can be expressed by the 
graph structure shown in Figure 1; nodes rep-
resent variables, and the directed edges show 
the dependencies. Variables not connected 
by edges are conditionally independent. This 
forms a directed acyclic graph (DAG), that is, 
a graph with no loops. Feedback would result 
in a cyclic graph, for which the more general 
methods of probabilistic graphical models 
would need to be used. We will assume that 
all the variables are discrete, and take the fol-
lowing possible values:

•  Stimulant (ST): present/not present
•  Signal (SI): high/medium/low
•  Inhibitor (IN): high/medium/low
•  Receptor binds (RE): yes/no
•  G protein (GP): active/not active
•  Cellular response (CR): yes/no

Conditional probability distributions
A model of the relationships between the 
variables can be built. In this discrete case, 
conditional probability tables can be formed 
to express the probability of the state of each 
variable given its parents (those it directly 
depends upon). For example, if the graph 
structure and conditional probability tables 
of the Bayesian network are taken to be as 
defined in Figure 1, then the conditional 
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ΘSI  p(signal/stimulant)

Stimulant

Present
Not present

High

0.6
0.1

Medium

0.3
0.2

Low

0.1
0.7

ΘIN  p(inhibitor/signal)

Signal

High
Medium
Low

High

0.6
0.2
0.1

Medium

0.3
0.2
0.1

Low

0.1
0.6
0.8

ΘST  p(stimulant)

Present

0.4

  Not present

0.6

ΘGP  p(G protein/receptor)

Receptor binds

Yes
No

Active

0.9
0.1

Not active

0.1
0.9

ΘCR  p(cellular response/G protein)

G protein

Active
Not active      

Yes

0.8
0.1

No

0.2
0.9

ΘRE  p(receptor binds/signal, inhibitor)

Signal

High
High
High
Medium
Medium
Medium
Low
Low
Low

Inhibitor

High
Medium
Low
High
Medium
Low
High
Medium
Low

Yes

0.5
0.8
0.9
0.3
0.5
0.8
0.2
0.3
0.5

No

0.5
0.2
0.1
0.7
0.5
0.2
0.8
0.7
0.5

ST-stimulant

SI-signal

IN-inhibitor

RE-receptor

GP-G protein

CR-cellular
reponse

Figure 1  Bayesian network of the cell-signaling pathway and example conditional probability tables
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probability that the signal is high given the 
stimulant is present is

p(SI = high | ST = present) = 0.6

(from Fig. 1 θSI) and the probability that the 
receptor binds given that the signal is high and 
the inhibitor is low (from Fig. 1 θRE) is

p(RE = yes | SI = high, IN = low) = 0.9 

Joint probability distributions
The joint probability distribution, 
p(ST,SI,IN,RE,GP,CR) can be expressed as a 
product of distributions over a smaller num-
ber of variables, through repeated application 
of the product rule of probability calculus

p(x, y) = p(x | y)p(y) (1)

and by exploiting conditional independence 
relations described in the graph structure. 
Applying the product rule, and then using con-
ditional independence gives equation 2 (Box 1). 
Continuing in this way for each variable, the 
joint probability over all the variables can be 
expressed as equation 3 (Box 1).

In the general case of Bayesian networks, con-
sisting of a set of n nodes x = {x1,…,xn} orga-
nized in a directed acyclic graph, where each 
node xi has parents pa(xi), the joint probability 
distribution is compactly expressed as

 

The ability to express the joint probability 
in this way (exploiting conditional indepen-
dencies) provides a concise representation 
in terms of simple component distributions 
(factors), thereby reducing the number of 
parameters to be estimated. In this example, 

to specify the full joint probability distribu-
tion as a joint probability table would require 
143 parameters (one less than the product 
of the number of values each variable can 
take), whereas by exploiting conditional 
independence only 24 are required (the num-
ber of parameters in the conditional prob-
ability tables in Figure 1 once the constraint 
that probabilities sum to one is taken into 
account). Although this may not seem that 
advantageous, consider a network with 100 
nodes, each taking three possible values. If the 
graph was fully connected, the full probability 
distribution would require >1047 parameters, 
compared with 1,800 parameters if each node 
had only two parents. This demonstrates just 
how powerful conditional independence can 
be. Not only is the parameter space smaller, 
but the parameters are easier for an expert 
to estimate as they involve fewer variables. 
So, we’ve seen how the joint probability dis-
tribution can be expressed. How do we use 
Bayesian networks for inference?

What is the probability of the G protein 
being active, given that the stimulant is 
present?
Given evidence about the state of a vari-
able, or set of variables, the state of other 
variables can be inferred. For example, 
to find the probability that the G protein 
is active given that it has been observed 
that a stimulant is present, that is, to find 
p(GP = active | ST = present), it is neces-
sary to marginalize over the unknown 
parameters. This amounts to summing the 
probabilities of all routes through the graph, 
using the sum rule:

p(x) = Σyp(x,y) 

where p(x, y) may be expanded using the prod-
uct rule (equation 1). Thus the result is equa-
tion 4 (Box 1).

When evaluated with the conditional prob-
abilities in Figure 1, p(GP=active|ST=not pres-
ent)=0.592.
Note p(GP = active | ST = not present) = 
0.5048.

What is the probability the stimulant is 
present, given that the signal is high?
It is often of interest to calculate posterior 
probabilities such as the probability that the 
stimulant is present, given that the signal is high 
p(ST = present | SI = high) for which Bayes’ rule 
may be applied:

 

Note also: p(y) = Σxp(y | x)p(x)

Thus the result is  equation 5 (Box 1).

So within this neat representation of a Bayesian 
network, inference is easy. Inferences can be 
made about the value of any variable(s), given 
evidence about the state of other variable(s). 
Given a set of conditional probability distribu-
tions between a number of variables (as Fig. 
1), the probability distributions between vari-
ables not explicitly specified may be inferred. 
For example, consider the prior probability that 
the stimulant is present p(ST = present) = 0.4. 
The inferred probability of the presence of a 
stimulant is dependent upon evidence about 
the other variables, for instance: p(ST = present 
| GP = active) = 0.44 and p(ST = present | GP = 
not active) = 0.35.

Learning in Bayesian networks
The representation and use of probability 
theory make Bayesian networks suitable for 
learning from incomplete data sets, expressing 
causal relationships, combining domain knowl-
edge and data and avoid overfitting a model 
to data. We can learn the parameters of the 

p(x | y) =
p(y | x)p(x)

p(y)

p(x
1
,…,x

n
) =       p(x

i
 | pa(x

i
))Π

n

i=1

Box 1  Equations

p(ST, SI, IN, RE, GP, CR) = p(CR | ST, SI, IN, RE, GP)p(ST, SI, IN, RE, GP) = p(CR | GP)p(ST, SI, IN, RE, GP)  (2)

p(ST, SI, IN, RE, GP, CR) = p(CR | GP)p(GP | RE)p(RE | SI,IN)p(IN | SI)p(SI | ST)p(ST)  (3)

p(GP = active | ST = present) = ΣxΣyΣzp(GP = active | RE = x)p(RE = x | IN = y, SI = z)p(IN = y |SI = z)p(SI = z | ST = present)   (4)

(5)
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Bayesian network from data. For example, the 
conditional probability tables could be con-
structed from empirical evidence. The parame-
ters need not be discrete (as in the toy example), 
but may also be continuous and be modeled 
by a probability density function (commonly 
Gaussian distributions are used).

Structure learning, that is, learning the con-
nections, is also possible. When the structure 
of the Bayesian network is unknown (that is, 
cannot be specified by prior knowledge), a 
heuristic search may be performed to look 
for ‘good’ structures. To learn the underly-
ing causal model, one needs more than just 
structure learning, as many network structures 
are equivalent. To learn causal relationships 
between pairs of variables, patterns of depen-
dency in the presence of a third variable must be 
observed in the context of interventions (fixing 
the values of particular variables).

Learning in Bayesian networks may use a 
point estimate of the parameters or Bayesian 

statistics1 to average over possible model struc-
tures and parameters to provide an estimate 
of the posterior distribution of the variables, 
which avoids overfitting to the data, which may 
be noisy, limited, incomplete and uncertain. 
Heckerman2 and Husmeier3 have written in-
depth tutorials on the subject.

Applications in computational biology
Many applications in computational biology 
have taken advantage of Bayesian networks 
or, more generally, probabilistic graphical 
models. These include protein modeling, 
gene expression analysis, inferring cellular 
networks4 and pathway modelling5, bio-
logical data integration, protein-protein 
interaction and functional annotation, DNA 
sequence analysis, and genetics and phylog-
eny linkage analysis6. A recent application in 
computational biology is the inference of a 
Bayesian network to model a protein-signal-
ing network from flow cytometry data5. This 

is an example of simultaneous observation of 
multiple signaling molecules in many thou-
sands of cells in the presence of stimulatory 
cues and inhibitory interventions, which is 
necessary for identifying causal networks and 
potentially useful for understanding complex 
drug actions and dysfunctional signaling in 
diseased cells.

1. Eddy, S.R. What is Bayesian statistics? Nat. Biotechnol. 
22, 1177–1178, 2004.

2. Heckerman, D. A tutorial on learning with Bayesian 
networks. in Learning in Graphical Models (ed. Jordan, 
M.I.) 301–354 (Kluwer Academic, Boston 1998).

3. Husmeier, D., Dybowski, R. & Roberts, S (eds.). 
Probabilistic Modeling in Bioinformatics and Medical 
Informatics (Springer, London 2005).

4. Friedman, N. Inferring cellular networks using proba-
bilistic graphical models. Science 303, 799–805, 
2004.

5. Sachs, K., Perez, O., Pe’er, D., Lauffenburger, D.A. & 
Nolan, G.P. Causal protein-signaling networks derived 
from multiparameter single-cell data. Science 308, 
523–529, 2005.

6. Beaumont, M.A. & Rannala, B. The Bayesian revolution 
in genetics. Nat. Rev. Genet. 5, 251–261, 2004.
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