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Qarakthristik� Megèjh

'Estw h exÐswsh
AX = λX (1)

ìpou o pÐnakac A eÐnai tetragwnikìc, o X eÐnai pÐnakac st lh tètoioc ¸ste na orÐzetai h
pr�xh tou pollaplasiasmoÔ kai tèloc λ ∈ R. H (1) mporeÐ na grafeÐ kai wc

(A− λI)X = 0

ìpou o I eÐnai o monadiaÐoc pÐnakac Ðdiwn diast�sewn me ton A. To sÔsthma pou prokÔptei
eÐnai omogenèc kai �ra èqoume:

1. An |A− λI| 6= 0 tìte to sÔsthma èqei mia kai monadik  lÔsh, thn tetrimmènh X = 0.

2. An |A− λI| = 0 tìte to sÔsthma èqei parametrik  apeirÐa lÔsewn.

Orismìc 1. Oi timèc tou λ oi opoÐec prokÔptoun apo thn sqèsh |A−λI| = 0 onom�zontai
idiotimèc tou pÐnaka A.

Orismìc 2. Gia k�je idiotim  λi oi lÔseic X tou sust matoc (1) pou prokÔptoun onom�-
zontai idiodianÔsmata tou pÐnaka A kai sumbolÐzontai wc Xλi .

To sÔnolo twn idiodianusm�twn k�je idiotim c λi onom�zetai idiìqwroc, apoteleÐtai apo
ta idiodianÔsmata pou prokÔptoun apo th sqèsh

(A− λi)Xλi = 0

kai sumbolÐzetai wc Vλi = {Xλi ∈ Rn : (A− λiX) = 0}.

Par�deigma 1. To di�nusma x =

[
1
2

]
eÐnai èna idiodi�nusma tou A =

[
3 0
8 −1

]
antÐstoiqo

proc thn idiotim  λ = 3, afoÔ

AX =

[
3 0
8 −1

] [
1
2

]
= 3

[
1
2

]
.

Orismìc 3. H exÐswsh |A−λI| = 0 onom�zetaiqarakthristik  exÐswsh tou A. An
o A eÐnai n× n pÐnakac, to an�ptugma thc |λI −A| eÐnai èna polu¸numo thc morf c

P (λ) = |λI −A| = (−1)nλn + cn−1λ
n−1 + · · ·+ c0, cn ∈ R

pou onom�zetai qarakthristikì polu¸numo.

Parat rhsh 1. Gia λ = 0 apo to qarakthristikì polu¸numo èqoume P (0) = |A| = c0.
Sunep¸c an to qarakthristikì polu¸numo emfanÐzei mh mhdenikì ìro tìte o pÐnakac A
antistrèfetai kai m�lista h orÐzousa tou eÐnai Ðsh me to c0.

'Askhsh 1. Na brejoÔn oi idiotimèc tou pÐnaka A =

[
3 2
−1 0

]
.

LÔsh Gia ton upologismì twn idiotim¸n qrhsimopoioÔme thn exÐswsh |A−λI| = 0, dhlad 

|A− λI| =
∣∣∣∣[ 3 2
−1 0

]
− λ

[
1 0
0 1

]∣∣∣∣ =

∣∣∣∣3− λ 2
1 −λ

∣∣∣∣
To qarakthristikì poluwnumo eÐnai to |A−λI| = λ(λ−3) + 2 = λ2−3λ+ 2 kai oi idiotimèc
tou A eÐnai λ1 = 1 kai λ2 = 2 pou eÐnai oi rÐzec thc exÐswshc |A− λI| = 0. EpÐshc apì ton
mhdenikì ìro tou poluwnÔmou èqoume |A| = 2.



Par�deigma 2. 'Estw o pÐnakac

A =

0 1 0
0 0 1
4 −17 8

 .
Akolouj¸ntac thn Ðdia diadikasÐa thc 'Askhshc 1 brÐskoume to qarakthristikì polu¸numo
|A−λI| = −λ3+8λ2−17λ+4 kai pa�rnoume tic idiotimèc λ1 = 4, λ2 = 2+

√
3, λ3 = 2−

√
3.

Je¸rhma. An A eÐnai ènac nxn pÐnakac, tìte oi akìloujec prot�seic eÐnai isodÔnamec:

1. To λ eÐnai mia idiotim  tou A.

2. To sÔsthma (A− λI)X = 0 èqei kai mh mhdenikèc lÔseic.

3. Up�rqei èna mh mhdenikì di�nusma Q ∈ Rn tètoio ¸ste AQ = λQ, me λ ∈ R.

4. To λ ∈ R eÐnai mia lÔsh thc exÐswshc |A − λI| = 0. Ta idiodianÔsmata tou A ta
antÐstoiqa sthn idiotim  λ eÐnai ta mh mhdenik� dianÔsmata X tètoia ¸ste AX = λX.

5. An λ eÐnai mia idiotim  tou pÐnaka A tìte to sÔnolo twn lÔsewn tou sust matoc
AX = λX eÐnai forèac dianusmatikoÔ q¸rou kai o q¸roc autìc eÐnai o idioq¸roc tou
A o antÐstoiqoc thc λ kai sumbolÐzetai me Vλ.

'Askhsh 2. Na brejoÔn oi b�seic twn idioq¸rwn tou pÐnaka

A =

 3 −2 0
−2 3 0
0 0 5

 .
LÔsh Arqik� apì thn qarakthristik  exÐswsh tou A pou eÐnai

|A− λI = (λ− 1)(λ− 5)2 = 0

brÐskoume ìti oi idiotimèc eÐnai λ1 = 5 kai λ2 = 1. 'Ara ja up�rqoun dÔo idioq¸roi gia ton
pÐnaka A, o Vλ1=1 kai o Vλ2=5. Sthn sunèqeia upologÐzoume ta antÐstoiqa idiodianÔsmata
qrhsimopoi¸ntac thn sqèsh (A− λI)X = 0, dhlad λ− 3 2 0

2 λ− 3 0
0 0 λ− 5

x1x2
x3

 =

0
0
0

 . (2)

Gia λ1 = 5 h (2) gÐnetai 2 2 0
2 2 0
0 0 0

x1x2
x3

 =

0
0
0


Apo ìpou paÐrnoume to sÔsthma

2x1 + 2x2 = 0
2x1 + 2x2 = 0

(1)

2



'Ara x1 = −x2. Sunep¸c gia x2 = k kai gia x3 = t paÐrnoume to idiodi�nusma (x1, x2, x3) =
(−k, k, t) = k(−1, 1, 0) + t(0, 0, 1) kai �ra o idioq¸roc eÐnai Vλ1=5 = {(−1, 1, 0), (0, 0, 1).
T¸ra prèpei na elègxoume ìti eÐnai grammik� anex�rthta. Epeid  eÐnai dÔo ja qrhsimopoi -
soume ton tÔpo thc grammik c ex�rthshc v = κw, dhlad  ja upojèsoume to w par�gei to
v, gia k�poio κ. Sunep¸c

(−1, 1, 0) = κ(0, 0, 1)

apì ìpou paÐrnoume ìti 0 = −1 dhlad  den up�rqei κ kai epomènwc ta dianÔsmata eÐnai
grammik� anex�rthta kai �ra b�sh.
Gia λ2 = 1 h (2) gr�fetai −2 2 0

2 −2 0
0 0 −4

x1x2
x3

 =

0
0
0

 .
Apo ìpou paÐrnoume to sÔsthma

−2x1 + 2x2 = 0
2x1 − 2x2 = 0

− 4x3 = 0.

Epomènwc x1 = x2, x3 = 0. Jètontac x1 = t to idiodianÔsmata eÐnai thc morf c:

X = (t, t, 0) = t(1, 1, 0).

'Ara to di�nusma (1, 1, 0) eÐnai mia b�sh tou idioq¸rou pou antistoiqeÐ sthn idiotim  λ2 = 1.

Orismìc 4. 'Estw λ mia idiotim  tou n × n pÐnaka A. Ja lème ìti h idiotim  λ èqei
algebrik  pollaplìthta ρ ∈ N∗ kai ja gr�foume m(λ) = ρ ann to λ eÐnai rÐza thc
qarakthristik c exÐswshc tou A me pollaplìthta ρ. H di�stash tou idioq¸rou Vλ lègetai
gewmetrik  pollaplìthta thc λ kai sumbolÐzetai g(λ).

Je¸rhma. H gewmetrik  pollaplìthta den mporeÐ na uperbaÐnei thn algebrik  pollaplì-
thta.

Je¸rhma. K�je sÔnolo idiodianusm�twn pou antistoiqoÔn se diakritèc idiotimèc, dhlad 
idiotimèc mhdenik c pollaplìthtac, eÐnai grammik� anex�rthto.

Parat rhsh 2. Sthn 'Askhsh 2 blèpoume ìti h diotim  λ = 5 èqei algebrik  pollaplì-
thta 2 afoÔ (λ−5)2 = 0. Ta idiodianÔsmata pou antistoiqoÔn sthn pollaplìthta aut  eÐnai
dÔo, ta (−1, 1, 0), (0, 0, 1).

Efarmog  QarakthristikoÔ PoluwnÔmou

Je¸rhma. Caley-Hamilton 'Estw ènac n× n pÐnakac A me qarakthristikì polu¸numo

P (λ) = |λI −A| = (−1)nλn + cn−1λ
n−1 + · · ·+ c0, cn ∈ R.

Tìte P (A) = 0.

Mia �mesh efarmog  tou parap�nw Jewr matoc eÐnai h eÔresh tou antÐstrofou pÐnaka, Ðswc
kai h pio apl  apo autèc pou èqoume dei mèqri t¸ra. An P (A) = 0 tìte

P (A) = (−1)nAn + cn−1A
n−1 + · · ·+ c0I = 0.
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pou ja mac d¸sei
(−1)n+1An − cn−1A

n−1 − · · · − c1A = c0I.

sÔmfwna me ton tÔpo A−1 · A = A · A−1 = I paÐrnoume ìti o antÐstrofoc pÐnakac tou A
eÐnai

A−1 =
1

c0
((−1)n+1An−1 − cn−1A

n−2 − · · · − c1I).

Par�deigma 3. Apo to Par�deigma 2 gnwrÐzoume ìti to qarakthristikì polu¸numo tou
pÐnaka eÐnai P (λ) = −λ3 + 8λ2 − 17λ+ 4. Antikajist¸ntac ìpou λ to A paÐrnoume

−A3 + 8A2 − 17A+ 4I = 0.

K�nontac pr�xeic èqoume

A
1

4
(A2 − 8A+ 17I) = I.

Tèloc, o antÐstrofoc eÐnai A−1 = 1
4(A2 − 8A+ 17I).

Je¸rhma. An A ∈Mn kai λ1, λ2, . . . , λn oi idiotimèc thc A tìte

1. λ1 + λ2 + ·+ λn = tr(A)

2. λ1λ2 · · ·λn = |A|

3. H A eÐnai omal  an kai mìno an gia k�je i ∈ N∗
n eÐnai λi 6= 0.

Orismìc 5. 'Estw A,B tetragwnikoÐ pÐnakec. Ja lème ìti o pÐnakac A eÐnai ìmoioc me
ton pÐnaka B, an kai mìno an up�rqei omalìc pÐnakac R tètoioc ¸ste A = RBR−1 An oi
pÐnakec A kai B eÐnai ìmoioi tìte |A− λI| = |B − λI|.

DiagwniopoÐhsh

Je¸rhma. Ja lème ìti ènac tetragwnikìc pÐnakac A eÐnai diagwniopoi simoc an kai
mìno an up�rqei omalìc pÐnakac R tètoioc ¸ste o pÐnakac ∆ = R−1AR na eÐnai diag¸nioc,
dhlad  

λ1 0 0 ... 0
0 λ2 0 ... 0
... ... ... ... ...
0 0 0 ... λn


ìpou λi èinai oi idiotimèc tou A.

Je¸rhma. 'Enac n× n pÐnakac A eÐnai diagwniopoi simoc an kai mìno an to �jroisma twn
diast�sewn twn idioq¸rwn twn idiotim¸n tou pÐnaka A eÐnai Ðso me n.

Je¸rhma. An o n×n pÐnakac A èqei n, di�forec an� dÔo, idiotimèc, eÐnai diagwniopoi simoc.

Prìtash 1. K�je summetrikìc pÐnakac eÐnai diagwniopoi simoc.

Parat rhsh 3. An to qarakthristikì polu¸numo èqei toul�qiston mia migadik  rÐza tìte
o pÐnakac den diagwniopoieÐtai.
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MejodologÐa DiagwniopoÐhshc

Gia th diagwniopoÐhsh tou n× n pÐnaka A akoloujoÔme thn ex c diadikasÐa:

1. BrÐskoume tic idiotimèc tou pÐnaka A

2. BrÐskoume thn b�sh kaje idioq¸rou

3. An to �jroisma twn diast�sewn twn idioq¸rwn eÐnai mikrìtero tou n o pÐnakac A den
diagwniopoieÐtai. An to �jroisma twn diast�sewn twn idioq¸rwn eÐnai n tìte o pÐnakac
A diagwniopoieÐtai kai

4. SqhmatÐzoume ton pÐnaka R pou èqei st lec ta idiodianÔsmata tou A. O pÐnakac ∆ =
R−1AR eÐnai o zhtoÔmenoc diag¸nioc pÐnakac.

Parat rhsh 4. 'Estw pÐnakac A diagwniopoi simoc. Tìte Ak = P∆kP−1, k ∈ Z.

Par�deigma 4. 'Estw o pÐnakac thc 'Askhshc 2. ApodeÐxame ìti èqei idiotimèc tic λ1 = 5
pollaplìthtac 2 kai thn λ2 = 1. Autèc me thn seir� touc mac èdwsan ta diodianÔsmata
(−1, 1, 0), (0, 0, 1), (1, 1, 0) sunep¸c mia diagwniopoÐhsh ja eÐnai

A = P∆P−1 =

−1 0 1
1 0 1
0 1 0

 ·
5 0 0

0 5 0
0 0 1

 · P−1.

Parat rhsh 5. H seir� me thn opoÐa b�zoume tic idiotimèc (ant. ta idiodianÔsmata) sto
pÐnaka D (ant. sto pÐnaka P ) den èqei shmasÐa. 'Omwc ìpoia seir� akoloujeÐ o D (ant. o
P ) prèpei kai na akoloujeÐ o P (ant. o D.) Gi' autì kai sto prohgoÔmeno par�deigma eÐpame
ìti br kame mia diagwniopoÐhsh tou pÐnaka A. Mia �llh ja  tan

A = P∆P−1 =

−1 1 0
1 1 0
0 0 1

 ·
5 0 0

0 1 0
0 0 5

 · P−1.
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