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DianusmatikoÐ Q¸roi

Orismìc 0.0.1. 'Estw èna mh kenì sÔnolo V. Eswterik  pr�xh onom�zetai
k�je apeikìnish thc morf c

∗ : V × V → V

Orismìc 0.0.2. 'Estw dÔo me kenì sÔnola V, F. Exwterik  pr�xh onom�zetai
k�je apeikìnish thc morf c

· : F × V → V

Par�deigma 0.0.3. 1. 'Otan sthn exwterik  pr�xh èqoume F = IR h
pr�xh onom�zetai bajmwtìc pollaplasiasmìc.

2. Ta stoiqeÐa tou sunìlou F onom�zontai suntelestèc, en¸ ta stoiqeÐa tou
sunìlou V onom�zontai dianÔsmata.

3. Gia to sumbolismì thc eswterik c pr�xhc ja qrhsimopoi soume gia eu-
kolÐa to sÔmbolo thc prìsjeshc, qwrÐc autì na shmaÐnei ìti ennooÔme
thn pr�xh thc prìsjeshc anagkastik�, blèpe par�deigma ...En¸ gia ton
sumbolismì thc exwterik c pr�xhc gia eukolÐa ja qrhsimopoi soume to
sÔmbolo tou pollaplasiasmoÔ, blèpe 'Askhsh 0.0.7.

Orismìc 0.0.4. 'Estw èna mh kenì sÔnolo V sto opoÐo èqei orisjeÐ mia
eswterik  pr�xh + kai mia exwterik  pr�xh · epÐ tou sunìlou F = IR. To
sÔnolo autì onom�zetai dianusmatikìc q¸roc e�n isqÔoun oi parak�tw sqèseic

1. u+ v = v + u (antimetajetik  idiìthta),

2. (u+ v) + z = u+ (v + z) (prosetairistik  idiìthta),

3. ∃0F ∈ V : ∀u V, u+ 0F = 0F + u = u (oudèterou stoiqeÐou),

4. ∀u ∈ V,∃u′ ∈ V : u+ u
′

= 0F (antÐjetou stoiqeÐou),

5. (λ+ µ) · u = λ · u+ µ · u,∀λ, µ ∈ F = IR, u ∈ V,

6. λ · (u+ v) = λ · u+ λ · v,∀λ F = IR, u ∈ V,

7. λ · (µ · u) = (λ · µ) · u,∀λ, µ ∈ F = IR, u ∈ V,

8. 1 · u = u,∀u ∈ V ìpou to 1 eÐnai to monadiaÐo stoiqeÐo tou sunìlou
F = IR.

Par�deigma 0.0.5. 1. To monadiaÐo stoiqeÐo eÐnai h mon�da afoÔ wc sÔ-
nolo F èqoume epilèxei to sÔnolo twn pragmatik¸n arijm¸n.

2. Wc suntomÐa sun jwc gr�fetai o dianusmatikìc q¸roc wc (V,+, ·).

3. Oi idiìthtec apì to 1-4 aforoÔ thn eswterik  pr�xh, en¸ oi idiìthtec apì
to 5-8 aforoÔ thn exwterik  pr�xh.



4. Oi pio shmantikoÐ (gia em�c!) dianusmatikoÐ q¸roi eÐnai oi IR, gia par�-
deigma IR1, IR2, .., IR5, .., IRn, ìpou k�je q¸roc apoteleÐtai apo mia sul-
log  pragmatik¸n dianusm�twn me suntetagmènec ìsec anafèrei h dÔnamh
sthn opoÐa eÐnai uywmènoc o IR, p.q. o IR5 èqei dianÔsmata thc morf c
(x, y, z, w, k).

5. 'Alla paradeÐgmata dianusmatik¸n q¸rwn eÐnai o q¸roc twn pin�kwn dia-
st�sewn m-gramm¸n kai n-sthl¸n pou sumbolÐzetai wc Πm×n, o q¸roc
twn suneq¸n sunart sewn pou sumbolÐzetai wc C[a, b] pou eÐnai orismè-
nec sto kleistì di�sthma [a, b] kai o q¸roc O pou apoteleÐtai mìno apì
to mhdenikì di�nusma. O q¸roc autìc eÐnai o mikrìteroc dianusmatikìc
q¸roc kai perièqei mìno èna stoiqeÐo. Autì eÐnai to mhdenikì di�nusma to
kuriìtero stoiqeÐo gia opoiod pote q¸ro afoÔ k�je sÔnolo gia na onom�ze-
tai dianusmatikìc q¸roc prèpei na perièqei to oudètero stoiqeÐo sÔmfwna
me thn idiìthta 3 tou OrismoÔ 0.0.4. O q¸roc autìc eÐnai mhdenik c
di�stashc.

Prìtash 0.0.6. 'Estw V dianusmatikìc q¸roc kai F sÔnolo suntelest¸n
tìte isqÔoun oi parak�tw idiìthtec:

1. ∀ λ ∈ F, λ · 0V = 0V ,

2. ∀ u ∈ V, 0 · u = 0V ,

3. ∀ u ∈ V, λ ∈ F, λ · u = 0V ⇒ λ = 0   u = 0V ,

4. ∀ λ ∈ F, u ∈ V, (−λ) · u = −(λ · u),

5. ∀ λ, µ ∈ F, u ∈ V, λ · u = µ · v, (nìmoc diagraf c)

6. ∀ λ ∈ F, u, v ∈ V, λ · u = λ · v, (nìmoc diagraf c)

Apìdeixh. AfoÔ to sÔnolo eÐnai dianusmatikìc q¸roc tìte isqÔoun oi 8 idiìthtec
epomènwc:

1. apì thn idiìthta 6 èqoume ìti λ · (u + v) = λ · u + λ · v pou ìmwc ean
p�roume to v = 0V tìte èqoume λ · (u+ 0V ) = λ · u+ λ · 0V epomènwc
λ · u = λ · u+ λ · 0V afoÔ isqÔei ìti u+ 0V = u kai �ra λ · 0V = 0V

2. apì thn idiìthta 5 èqoume ìti (λ + µ) · u = λ · u + µ · u pou ìmwc ean
p�roume µ = 0F tìte èqoume ìti (λ + 0F ) · u = λ · u + 0F · u ìmwc
λ+ 0F = λ �ra λ · u = λ · u+ 0F · u pou telik� dÐnei ìti 0F · u = 0V .

3. Omìiwc apodeiknÔontai oi upìloipec.

'Askhsh 0.0.7. 'Estw to mh kenì sÔnolo V me eswterik  pr�xh + kai
exwterik  pr�xh · me F = IR gia tic opoÐec isqÔoun oi sqèseic

∀ u = (x1, y1), v = (x2, y2) ∈ V, u+v = (x1, y1)+(x2, y2) = (x1 +x2, y1 +y2),

kai
∀ λ ∈ F, u ∈ V, λ · u = λ · (x1, y1) = (λx1, y1).

Na apodeiqjeÐ ìti to sÔnolo V den eÐnai dianusmatikìc q¸roc.
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Apìdeixh. Gia na apodeÐxoume ìti o q¸roc V eÐnai dianusmatikìc q¸roc prèpei
na isqÔoun oi 8 idiìthtec. ParathroÔme ìti oi idÐothtec pou sqetÐzontai me thn
eswterik  pr�xh isqÔoun, (anamenìmeno afoÔ h eswterik  pr�xh eÐnai h prìsje-
sh dianusm�twn ìpwc thn gnwrÐzoume) epomènwc proqwr�me stic idÐothtec thc
exwterik c pr�xhc. 'Ara gia λ, µ ∈ F kai u, v ∈ V èqoume

λ · (u+ v) = λ · ((x1, y1) + (x2, y2)) = λ · (x1 + x2, y1 + y2)

= (λ · (x1 + x2), y1 + y2))

= (λ · x1 + λ · x2, y1 + y2)

to dexÐ skèloc thc idiìthtac aut c ìmwc mac dÐnei

λ · u+ λ · v = λ · (x1, y1) + λ · (x2, y2)
= (λ · x1, y1) + (λ · x2, y2)
= (λ · x1 + λ · x2, y1 + y2)

epomènwc isqÔei. Sth sunèqeia

(λ+ µ) · u = (λ+ µ) · (x1, y1) = ((λ+ µ) · x1, y1)) = (λ · x1 + µ · x1, y1)

to dexÐ skèloc thc idiìthtac aut c ìmwc mac dÐnei

λ · u+ µ · u = λ · (x1, y1) + µ · (x1, y1)
= (λ · x1, y1) + (µ · x1, y1)
= (λ · x1 + µ · x1, 2 · y1)

Gia na isqÔei h idiìthta prèpei
y1 = 2y1

Pou shmaÐnei ìti y1 = 0V . Epomènwc gia y1 6= 0V h idiìthta den isqÔei kai �ra
to sÔnolo den eÐnai dianusmatikìc q¸roc epÐ tou F .

DianusmatikoÐ Upìqwroi

Orismìc 0.0.8. 'Estw V ènac dianusmatikìc q¸roc me F = IR. 'Ena mh
kenì sÔnolo E uposÔnolo tou V onom�zetai dianusmatikìc upìqwroc tou V
an eÐnai efodiasmèno me tic Ðdiec pr�xeic me to V kai eÐnai dianusmatikìc q¸roc
me F = IR.

Orismìc 0.0.9. 'Estw V ènac dianusmatikìc q¸roc kai E èna mh kenì upo-
sÔnolì tou. To sÔnolo E onom�zetai grammikìc   dianusmatikìc upìqwroc tou
V ìtan to E eÐnai dianusmatikìc q¸roc kai isqÔoun oi pr�xeic

e1 + e2 ∈ E
λe ∈ E

gia k�je λ ∈ IR kai e1, e2, e ∈ E. Dhlad  èqoume kleistìthta sto sÔnolo E
wc proc tic pr�xeic thc dianusmatik c prìsjeshc kai tou bajmwtoÔ pollapla-
siasmoÔ.
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Kai h parap�nw prìtash kai aut  pou akoloujeÐ qrhsimopoioÔntai ìtan jèloume
na apodeÐxoume ìti èna uposÔnolo enìc dianusmatikoÔ q¸rou eÐnai dianusmatikìc
q¸roc.

Prìtash 0.0.10. 'Estw F = IR to sÔnolo twn suntelest¸n kai V ènac
dianusmatikìc q¸roc. 'Ena mh kenì sÔnolo E ⊂ V eÐnai diasusmatikìc
upìqwroc tou V an kai mìno an gia k�je e1, e2 ∈ E kai λ, µ ∈ F èqoume

λe1 + µe2 ∈ E

Parat rhsh 0.0.11. 1. 'Estw V dianusmatikìc q¸roc kai E uposÔ-
nolì tou. Tìte autì pou mac lèei h parap�nw prìtash eÐnai ìti ìloi oi
grammikoÐ sunduasmoÐ dÔo stoiqeÐwn tou E suneqÐzoun na eÐnai stoiqeÐa
tou E, dhlad  eÐnai kleistì wc proc thn eswterik  kai thn exwterik 
pr�xh. Oi pr�xeic autèc sto E ikanopoioÔn kai tic 8 idiìthtec tou dianu-
smatikoÔ q¸rou V autìmata arkeÐ na apodeÐxei kaneÐc mìno thn prìtash
0.0.10(  thn prìtash 0.0.9 ).

2. K�je uposÔnolo gia na eÐnai dianusmatikìc upìqwroc prèpei na perièqei to
oudètero stoiqeÐo. (Fusik�! afoÔ eÐnai h idiìthta 3 tou OrismoÔ 0.0.4)
Gia autì to lìgo stic apodeÐxeic thc prìtashc 0.0.10 p�nta xekin�me me
to an to oudètero stoiqeÐo an kei sto uposÔnolo. Gia par�deigma gia èna
uposÔnolo tou IR3 prèpei na apodeÐxoume ìti to (0,0,0) eÐnai stoiqeÐo tou
kai �ra to uposÔnolo eÐnai mh kenì.

Par�deigma 0.0.12. 'Estw èna sunìlo A = {(x, y, z) ∈ IR3 : 2x+ 3y− z =
0}. Na apodeÐxete ìti eÐnai dianusmatikìc upìqwroc.

Apìdeixh. ArkeÐ na apodeÐxoume ìti isqÔei h prìtash 0.0.10. Epeid  to sÔnolo
mac eÐnai o IR3 prèpei to (0,0,0) na an kei sto A, to opoÐo isqÔei kaj¸c 2 · 0 +
3 · 0− 0 = 0 �ra A 6= ∅. 'Estw ìti v1 = (x1, y1, z1), v2 = (x2, y2, z2) ∈ A kai
epÐshc λ, µ ∈ IR tìte èqoume isodÔnama

λv1 + µv2 ∈ A⇔
λ(x1, y1, z1) + µ(x2, y2, z2) ∈ A⇔

(λx1 + µx2, λy1 + µy2, λz1 + µz2) ∈ A⇔
2(λx1 + µx2) + 3(λy1 + µy2)− (λz1 + µz2) = 0 ∈ A⇔

λ(2x1 + 3y1 − z1) + µ(2x2 + 3y2 − z2) = 0

to opoÐo isqÔei giatÐ ta dianÔsmata v1, v2 an koun sto A.

Par�deigma 0.0.13. 1. 'Estw IR2 dianusmatikìc q¸roc. Tìte to sÔnolo

V = {λx, x = (x1, x2), λ ∈ IR}

eÐnai dianusmatikìc upìqwroc tou IR2 kai parist�nei thn eujeÐa pou pern�
apì thn arq  twn axìnwn kai perièqei to di�nusma x. En¸ to sÔnolo

V = {λx+ µy, x, y ∈ IR3, λ, µ ∈ IR}

ìpou x, y 6= 0 eÐnai upìqwroc tou IR3 kai parist�nei epÐpedo pou pern�ei
apì thn arq  twn axìnwn kai perièqei ta dianÔsmata x, y.
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2. 'Estw h exÐswsh x+ 3y − z = 0. MporeÐ na apodeiqjeÐ ìti to sÔnolo twn
lÔsewn thc exÐswshc eÐnai dianusmatikìc upìqwroc tou IR3 kai parist�nei
èna epÐpedo pou pern�ei apì thn arq  twn axìnwn. En¸ to sÔnolo twn
lÔsewn thc exÐswshc x+3y−z = 3 den eÐnai dianusmatikìc upìqwroc tou
IR3 (to (0, 0, 0) den ikanopoieÐ thn exÐswsh).

'Askhsh 0.0.14. Na apodeÐxete ìti to sÔnolo A = {(x, y, z) ∈ IR3 : x− 2y+
5z = 0} eÐnai dianusmatikìc upìqwroc tou IR3.

Parat rhsh 0.0.15. 1. An V ⊂W tìte o V onom�zetai gn sioc upìqw-
roc.

2. To uposÔnolo {0} tou V onom�zetai mhdenikìc upìqwroc kai eÐnai o mi-
krìteroc dunatìc upìqwroc tou V. (blèpe to 5 apì to Par�deigma 0.0.5)

3. To V eÐnai o megalÔteroc dunatìc upìqwroc tou eautoÔ tou.

4. 'Estw V1, V2 dianusmatikoÐ upìqwroi tou V tìte to sÔnolo

V1 + V2 = {v1 + v2 : v1 ∈ V1, v2 ∈ V2}

onom�zetai �jroisma twn upoq¸rwn kai mporeÐ na apodeiqjeÐ ìti eÐnai dia-
nusmatikìc upìqwroc tou V. H prìtash aut  isqÔei kai gia perissìterouc
apì dÔo upoq¸rouc tou V.

5. 'Estw V1, V2 dianusmatikoÐ upìqwroi tou V tìte

V1 ⊆ V1 + V2, kai V2 ⊆ V1 + V2

epomènwc ja isqÔei V1 ∪ V2 ⊆ V1 + V2 . Prèpei na tonisjeÐ ed¸ ìti to
sÔnolo V1 ∪ V2 mporeÐ na mhn eÐnai dianusmatikìc q¸roc.

6. E�n ta sÔnola V1, V2 ikanopoioÔn th sqèsh V1 ∩ V2 = {0} tìte to
�jroism� touc onom�zetai eujÔ kai sumbolÐzetai wc V1 ⊕ V2.

'Askhsh 0.0.16. 'Estw V ènac dianusmatikìc q¸roc kai E1, E2 dÔo upo-
sÔnol� tou. Na apodeÐxete ìti to sÔnolo E1 +E2 eÐnai dianusmatikìc upìqwroc
tou V.

'Estw V ènac dianusmatikìc q¸roc me λi ∈ IR kai v1, v2, ..., vk ∈ V ìpou
i = 1, 2, ..., k. K�je stoiqeÐo v tou V pou mporeÐ na grafeÐ wc grammikìc
sunduasmìc twn vi, dhlad 

v = λ1v1 + λ2v2 + · · ·+ λkvk.

Er¸thsh: P¸c ja epilèxoume ta vi;

Orismìc 0.0.17. 'Estw E èna mh kenì uposÔnolo tou dianusmatikoÔ q¸rou
V. To sÔnolo ìlwn twn stoiqeÐwn tou V pou eÐnai grammikoÐ sunduasmoÐ
stoiqeÐwn tou E onom�zetai grammik  j kh tou E kai sumbolÐzetai me [E]. Ta
dianÔsmata pou par�goun to q¸ro [E] onom�zontai genn torec.

Er¸thsh: Pìsa apì ta stoiqeÐa pou par�goun èna q¸ro qreiazìmaste gia na
ton kataskeu�soume;
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Grammik  AnexarthsÐa

'Estw o dianusmatikìc q¸roc V kai x èna tuqaÐo di�nusma tou. Tìte to
x mporeÐ na grafeÐ wc grammikìc sunduasmìc twn stoiqeÐwn pou ton par�goun
sÔmfwna me ta parap�nw, dhlad  gia par�deigma ean èqoume to dianusmatikì
q¸ro IRN

x = (x1, x2, ..., xn) = (x1, 0, .., 0) + (0, x2, 0, ..., 0) + · · ·+ (0, 0, ..., xn)

= x1(1, 0, ..., 0) + x2(0, 1, 0, ..., 0) + · · ·+ xn(0, 0, ..., 1)

= x1e1 + x2e2 + · · ·+ xnen.

Apì autì prokÔptei ìti ta e1, e2, ..., en eÐnai genn torec tou q¸rou IRN ,
dhlad  èqoume [e1, e2, ..., en] = IRN . EÔkola mporoÔme na apodeÐxoume ìti kai
to sÔnolo {e1 + e2, e2, e3, ..., en} eÐnai èna sÔnolo genhtìrwn tou IRN . 'Ara
up�rqei ènac el�qistoc arijmìc dianusm�twn pou par�goun èna q¸ro? kai an nai
pwc mporoÔme na ton upologÐsoume?

Orismìc 0.0.18. 'Estw V ènac dianusmatikìc q¸roc.
Ta dianÔsmata v1, v2, ..., vk ∈ V onom�zontai grammik� anex�rthta an kai mìno
an

λ1v1 + λ2v2 + · · ·+ λkvk = 0 (1)

sunep�getai ìti λ1 = λ2 = ... = λk = 0.

Dhlad  ta dianÔsmata v1, ..., vn onom�zontai grammik� anex�rthta ean o monadi-
kìc sunduasmìc pou par�gei to mhdenikì di�nusma eÐnai o 0 ·v1 +0 ·v2 + · · ·0 ·vn.

Parat rhsh 0.0.19. An ènac apì touc suntelestèc λi den eÐnai mhdèn
all� isqÔei h sqèsh (1) tìte ta dianÔsmata onom�zontai grammik� exarthmèna.
(Dhlad  mporoÔme na lÔsoume thn sqèsh (1) wc proc to mh mhdenikì λi kai ètsi
na gr�youme to antÐstoiqo di�nusma wc grammikì sunduasmì twn upoloÐpwn.
Epomènwc den mac eÐnai qr simo to ui giati mporoÔme na to kataskeu�soume
apì ta upìloipa. Gia par�deigma to (3, 2, 1) = λ1(1, 0, 1) + λ2(1, 1, 0) ìpou
λ1 = 1, λ2 = 2.)

Par�deigma 0.0.20. 'Estw ta dianÔsmata v1 = (1, 2, 0), v2 = (0,−1, 1), v3 =
(1, 0, 1) qrhsimopoi¸ntac ton orismì ja apodeÐxoume ìti eÐnai grammik� anex�r-
thta, dhlad 

λ1(1, 2, 0) + λ2(0,−1, 1) + λ3(1, 0, 1) = 0⇔
(λ1, 2λ1, 0) + (0,−λ2, λ2) + (λ3, 0, λ3) = 0⇔

(λ1 + λ3, 2λ1 − λ2, λ2 + λ3) = 0⇔
λ1 + λ3 = 0,

2λ1 − λ2 = 0

λ2 + λ3 = 0.

Epomènwc èqoume λ1 = λ2 = λ3 = 0.

'Askhsh 0.0.21. Na exet�sete an ta dianÔsmata eÐnai grammik� anex�rthta
v1 = (1, 2, 1), v2 = (2, 1, 0), v3 = (−1, 2, 3).
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Parat rhsh 0.0.22. 'Estw V ènac dianusmatikìc q¸roc.
a) Ta x, y ∈ V eÐnai grammik� exarthmèna ean x = λy.
b) K�je mh mhdenikì di�nusma tou V eÐnai grammik¸c anex�rthto en¸ to
x = 0 eÐnai grammik� exarthmèno.

Par�deigma 0.0.23. 'Estw ta dianÔsmata v1 = (1, 2, 0), v2 = (1,−1, 1), v3 =
(3, 0, 2) qrhsimopoi¸ntac ton orismì ja apodeÐxoume ìti eÐnai grammik� exarth-
mèna, dhlad 

λ1(1, 2, 0) + λ2(1,−1, 1) + λ3(3, 0, 2) = 0⇔
(λ1, 2λ1, 0) + (λ2,−λ2, λ2) + (3λ3, 0, 2λ3) = 0⇔

(λ1 + λ2 + 3λ3, 2λ1 − λ2, λ2 + 2λ3) = 0⇔
λ1 + λ2 + 3λ3 = 0,

2λ1 − λ2 = 0

λ2 + 2λ3 = 0.

Epomènwc èqoume λ1 = −λ3, λ2 = −2λ3.

B�sh DianusmatikoÔ Q¸rou

Orismìc 0.0.24. 'Estw V dianusmatikìc q¸roc kai v1, v2, ..., vn dianÔsmat�
tou. Ta dianÔsmata apoteloÔn b�sh tou q¸rou an kai mìno an:
a) [v1, v2, ..., vn] = V,
b) ta v1, v2, ..., vn eÐnai grammik� anex�rthta.

Dhlad  èna peperasmèno sÔnolo onom�zetai b�sh ìtan èqei ton el�qisto dunatì
arijmì dianusm�twn pou ton par�goun (sunj kh (i)) kai me ton mègisto arijmì
grammik¸c anex�rthtwn dianusm�twn (sunj kh (ii)).

Epomènwc mporeÐ na apodeiqjeÐ ìti èna sÔnolo gennhtìrwn eÐnai b�sh an kai
mìno an isqÔei h (i)   isodÔnama an kai mìno an isqÔei h (ii).

Par�deigma 0.0.25. 'Eqoume to q¸ro IR3. GnwrÐzoume ìti ta dianÔsmata
pou ton par�goun eÐnai ta e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1), dhlad 
ta monadiaÐa dianÔsmata se k�je �xona. Ta dianÔsmata eÐnai grammik� anex�r-
thta (apìdeixh!). Epomènwc sÔmfwna me ton parap�nw orismì ja apoteloÔn mia
b�sh tou IR3. Th b�sh aut  thn onom�zoume sun jh   kanonik  b�sh tou
q¸rou. Genik� me thn onomasÐa {sun jhc b�sh} enìc q¸rou ja anaferìmaste
sta monadiaÐa dianÔsmata tou k�je �xon� tou.

Orismìc 0.0.26. O arijmìc twn stoiqeÐwn miac b�shc enìc dianusmatikoÔ
q¸rou V eÐnai stajerìc kai onom�zetai di�stash. SumbolÐzetai wc dimV.

Ston q¸ro IRN h sun jhc b�sh eÐnai {[e1, e2, ..., en]}.

Par�deigma 0.0.27. 'Estw V dianusmatikìc q¸roc.

1. Ta dianÔsmata v1, v2, v3, ..., vn eÐnai b�sh tou dianusmatikoÔ q¸rou V
an kai mìno an k�je stoiqeÐo v ∈ V gr�fetai kat� monadikì trìpo wc
grammikìc sunduasmìc twn stoiqeÐwn thc b�shc, dhlad 

v = λ1v1 + λ2v2 + · · ·λnvn (2)
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ìpou λi ∈ IR eÐnai monos manta orismèna.

2. Oi suntelestèc λi ∈ IR me i = 1, ..., n pou orÐzontai apì th (2) o-
nom�zontai sunist¸sec   suntetagmènec tou dianÔsmatoc v wc proc th
b�sh twn v1, v2, v3, ..., vn. Epomènwc oi suntetagmènec enìc dianÔsmatoc
anafèrontai p�nta wc proc mia diatetagmènh b�sh.

3. K�je dianusmatikìc q¸roc pou perièqei èna sÔnolo S pou ton par�gei, èqei
kai mia b�sh. K�je �llh b�sh tou V ja èqei ton Ðdio arijmì stoiqeÐwn me
thn b�sh aut .

4. An dimV = n kai ta dianÔsmata v1, v2, v3, ..., vn ikanopoioÔn th sqèsh
a) tou OrismoÔ 0.0.24 tìte ta v1, v2, v3, ..., vn eÐnai mia b�sh tou V.

5. An dimV = n kai ta dianÔsmata v1, v2, v3, ..., vn ikanopoioÔn th sqèsh
b) tou OrismoÔ 0.0.24 tìte ta v1, v2, v3, ..., vn eÐnai mia b�sh tou V.

6. An ta v1, v2, v3, ..., vn par�goun ton V tìte k�poia apì aut� apoteloÔn
b�sh tou V. H eÔresh twn grammik¸c anex�rthtwn dianusm�twn gÐnetai
me th bo jeia: a) tou orismoÔ kai b) me th mejìdo thc klimakopoÐhshc.

7. An ta v1, v2, v3, ..., vk eÐnai grammik� anex�rthta dianÔsmata tou q¸rou V
kai dimV = n me k < n tìte up�rqoun dianÔsmata vk+1, vk+2, vk+3, ..., vn
tètoia ¸ste ta v1, v2, v3, ..., vn na apoteloÔn b�sh tou q¸rou V. (blèpe
Par�deigma 0.0.28)

SÔmfwna me ta parap�nw èqoume gia ton q¸ro IR3 ìti èna tuqaÐo shmeÐo x mporeÐ
na grafeÐ wc grammikìc sunduasmìc twn stoiqeÐwn thc b�shc tou, epomènwc wc
proc th sun jh b�sh

x = (x1, x2, x3) = x1(1, 0, 0) + x2(0, 1, 0) + x3(0, 0, 1) = x1e1 + x2e2 + x3e3.

Par�deigma 0.0.28. 'Estw o dianusmatikìc q¸roc IR3 kai ta dianÔsmata
v1 = (1, 2, 0), v2 = (1, 0, 2) na brejeÐ mia b�sh tou q¸rou.

Apìdeixh. Gia th lÔsh arqik� blèpoume ìti eÐmaste ston q¸ro IR3 kai epomènwc
qrei�zomaste 3 grammik� anex�rthta dianÔsmata gia na ton dhmiourg soume.
Den mac dÐdintai �lloi periorismoÐ kai epomènwc mporoÔme na dialèxoume èna
opoiod pote di�nusma tou q¸rou IR3. Mia eÔkolh epilog  eÐnai na p�roume èna
di�nusma apo th sun jh b�sh tou q¸rou, dhlad 

e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1).

Gia par�deigma to e1 = (0, 0, 1). 'Ara

λ1(1, 2, 0) + λ2(1, 0, 2) + λ3(0, 0, 1) = 0⇔
(λ1 + λ2, 2λ1, 2λ2 + λ3) = 0⇔

λ1 + λ2 = 0

2λ1 = 0

2λ2 + λ3 = 0.

Apì ìpou paÐrnoume λ1 = λ2 = λ3 = 0. Sunep¸c ta dianÔsmata eÐnai grammik�
anex�rthta kai to sÔnolo {[v1, v2, e3]} eÐnai mia b�sh tou q¸rou IR3.
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'Askhsh 0.0.29. Na melethjeÐ e�n ta sÔnola {v1, v2, e1}, {v1, v2, e2} apote-
loÔn b�seic tou q¸rou IR3.

Par�deigma 0.0.30. 'Estw to sÔnolo A = {(x, y, z) ∈ IR3 : 2x + y =
0, 3y + z = 0} na brejeÐ mia b�sh.

Apìdeixh. Se antÐjesh me to prohgoÔmeno par�deigma ed¸ den mac dÐnontai dia-
nÔsmata all� èna sÔnolo me periorismoÔc. Epomènwc h lÔsh diaforopoieÐtai.
Dhladh: PaÐrnoume èna tuqaÐo di�nusma tou sunìlou, èstw v. GnwrÐzoume ìti
k�je di�nusma mporeÐ na grafeÐ kat� monadikì trìpo wc grammikìc sunduasmìc,
dhlad  qrhsimopoi¸ntac tic dÔo exis¸seic tou A

v = (x, y, z) = (−y/2, y,−3y) = y(−1/2, 1,−3).

To di�nusma pou br kame (−1/2, 1,−3) par�gei èna opoiod pote tuqaÐo stoiqeÐo
tou A. 'Ara apoteleÐ mia b�sh tou A. (blèpe Orismì 0.0.24).

Parat rhsh 0.0.31. Apì to prohgoÔmeno par�deigma parathroÔme ìti o
arqikìc mac q¸roc  tan 3 diast�sewn ( IR3 ) en¸ telik� apodeÐqjhke ìti o
dianusmatikìc upìqwroc A pou dhmiourgeÐtai apì touc dÔo periorismoÔc  tan
di�stashc 1. MporoÔme na bg�loume èna genikì sumperasma ìso afor� thn
anamenìmenh di�stash enìc upìqwrou sqoli�zontac mìno touc periorismoÔc pou
emfanÐzei; Nai! Dhlad , k�je periorismìc {kìbei} kai apì mia di�stash apì to
arqikì q¸ro. Epomènwc, sÔmfwna me ta parap�nw, èqoume gia to par�deigma:
3(diast�seic tou IR3) - 2(periorismoÔc tou A)=1 (telik  di�stash tou A).

'Askhsh 0.0.32. Na brejeÐ mia �llh b�sh tou prohgoÔmenou sunìlou A.
(lÔste tic exis¸seic tou A me diaforetikì trìpo ètsi ¸ste na ekfr�sete to
tuqaÐo di�nusma me diaforetikì grammikì sunduasmì)

Parat rhsh 0.0.33. 'Estw ènac dianusmatikìc q¸roc V kai M, N dÔo
dianusmatikoÐ upìqwroÐ tou, tìte isqÔei h sqèsh

dim(M +N) = dim(M) + dim(N)− dim(M ∩N). (3)

'Askhsh 0.0.34. 'Estw M = [(0, 1, 2), (2, 0, 1)], N = [(−2, 1, 0), (2, 1, 1)]
na brejeÐ h di�stash tou sunìlou M ∩N.

Apìdeixh. Blèpoume ìti M,N ⊂ IR3. Ja qrhsimopoi soume th sqèsh (3) kai
ja broÔme arqik� th di�stash tou sunìlou M + N brÐskontac mia b�sh tou
q¸rou. Blèpoume ìti ta dianÔsmata pou mac èqoun dojeÐ gia ton M kai N eÐnai
grammik� anex�rthta, dhlad  apoteloÔn th b�sh gia kajèna apo touc q¸rouc.
'Ara gia th di�stash tou M + N ja k�noume mia tuqaÐa epilog  tri¸n apì ta
tèssera dianÔsmat� touc miac kai pou o q¸roc mac ja èqei to polÔ di�stash 3
afoÔ eÐnai upìqwroc tou IR3. Epomènwc èstw [(0, 1, 2), (2, 0, 1), (−2, 1, 0)] sth
sunèqeia ja exet�soume ean eÐnai grammik� anex�rthta, dhlad 

λ1(0, 1, 2) + λ2(2, 0, 1) + λ3(−2, 1, 0) = 0⇔
(2λ2 − 2λ3, λ1 + λ3, 2λ1 + λ2) = 0⇔

2λ2 − 2λ3 = 0

λ1 + λ3 = 0

2λ1 + λ2 = 0.
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pou mac dÐnei ìti λ1 = λ2 = λ3 = 0. Epomènwc èqoume dim(M + N) = 3 kai
�ra apì th sqèsh (3) paÐrnoume ìti dim(M ∩N) = 1

B trìpoc

MporoÔme na broÔme tic desmeÔseic pou ikanopoieÐ k�je q¸roc xeqwrist� kai
sth sunèqeia na apait soume h tom  touc na tic ikanopoieÐ ìlec mazÐ. Epomènwc
èqoume arqik� gia ton q¸ro M:
opoiod pote di�nusma tou q¸rou autoÔ mporeÐ na grafeÐ wc grammikìc sundua-
smìc twn stoiqeÐwn thc b�shc tou �ra

(x, y, z) = λ1(0, 1, 2) + λ2(2, 0, 1)

= (0, λ1, 2λ1) + (2λ2, 0, λ2)

= (2λ2, λ1, 2λ1 + λ2)

epomènwc x = 2λ2, y = λ1, z = 2λ1 + λ2. ApaloÐfontac ta l�mda èqoume th
x + 4y − 2z = 0 pou ikanopoioÔn ìla ta stoiqeÐa tou M. Akolouj¸ntac thn
Ðdia diadikasÐa kai gia ta shmeÐa tou N paÐrnoume th sqèsh x + 2y − 4z = 0.
Sunep¸c èqoume

M ∩N = {(x, y, z) ∈ IR3 : x+ 4y − 2z = 0, x+ 2y − 4z = 0}

Tèloc k�je di�nusma tou M ∩N ja ikanopoieÐ kai tic dÔo sqèseic tou q¸rou,
dhlad  lÔnontac to sÔsthma prokÔptei x = 6z, y = −z kai �ra

(x, y, z) =)(6z,−z, z) = z(6,−1, 1)

apì ìpou paÐrnoume ìti dim(M ∩ N) = 1 kai b�sh tou q¸rou to sÔnolo
{[(6,−1, 1)]}.Mia parat rhsh pou mporoÔme na k�noume ed¸ eÐnai ìti o B trìpoc
mac brÐskei ektìc apì thn di�stash kai th b�sh tou q¸rou.

Sth sunèqeia ja diatup¸soume to Je¸rhma Epèktashc B�shc (blèpe to 7 tou
ParadeÐgmatoc 0.0.27).

Orismìc 0.0.35. (Je¸rhma epèktashc b�shc) Se èna dianusmatikì q¸ro pe-
perasmènhc di�stashc k�je sÔnolo peperasmènhc di�stashc mporeÐ na epektajeÐ
¸ste na gÐnei b�sh tou q¸rou.

EpÐshc èqoume to akìloujo apotèlesma.

Parat rhsh 0.0.36. 'Estw ènac dianusmatikìc q¸roc V me dimV = n tìte
k�je pl joc n+k, me k ≥ 1 dianusm�twn tou V ja eÐnai grammik¸c exarthmèno.

'Askhsh 0.0.37. Na brejeÐ mia b�sh tou q¸rou IR4 pou na perièqei ta dia-
nÔsmata [a = (−1, 1, 0, 0), b = (0, 0, 2, 2)].

Apìdeixh. Arqik� gnwrÐzoume ìti ta dianÔsmata an koun sto q¸ro IR4. SÔm-
fwna me to je¸rhma epèktashc b�shc arkeÐ na broÔme grammik� anex�rthta
dianÔsmata tètoia ¸ste mazÐ me ta dianÔsmata a, b na dhmiourgoÔn mia b�sh tou
q¸rou IR4.
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Daneizìmaste èna apì ta dianÔsmata thc sun jhc b�shc, èstw to e3 = (0, 0, 1, 0).
Ja exet�soume an ta a, b, e3 eÐnai grammik� anex�rthta.

λ1(−1, 1, 0, 0) + λ2(0, 0, 2, 2) + λ3(0, 0, 1, 0) = 0⇔
(−λ1, λ2, 2λ2 + λ3, λ2) = 0⇔

−λ1 = 0,

λ2 = 0

2λ2 + λ3 = 0

2λ2 = 0.

Epomènwc λ1 = λ2 = λ3 = 0. Epeid  o q¸roc eÐnai di�stashc 4 daneizìmaste
�llo èna di�nusma apì th sun jh b�sh tou IR4 gia na exet�soume an eÐnai
grammik� anex�rthta. 'Estw to (0, 1, 0, 0)

λ1(−1, 1, 0, 0) + λ2(0, 0, 2, 2) + λ3(0, 0, 1, 0) + λ4(0, 1, 0, 0) = 0⇔
(−λ1, λ2 + λ4, 2λ2 + λ3, λ2) = 0⇔

−λ1 = 0,

λ2 + λ4 = 0

2λ2 + λ3 = 0

2λ2 = 0.

apì ìpou paÐrnoume ìti λ1 = λ2 = λ3 = λ4 = 0. Sunep¸c mia b�sh tou q¸rou
eÐnai h [(−1, 1, 0, 0), (0, 0, 2, 2), (0, 0, 1, 0), (0, 1, 0, 0)].

Parat rhsh 0.0.38. GiatÐ sthn prohgoÔmenh �skhsh exet�same arqik� e�n
ta λ1(−1, 1, 0, 0) + λ2(0, 0, 2, 2) + λ3(0, 0, 1, 0) = 0 eÐnai grammik� anex�rthta
kai met� ta λ1(−1, 1, 0, 0)+λ2(0, 0, 2, 2)+λ3(0, 0, 1, 0)+λ4(0, 1, 0, 0) = 0 kai ìqi
ìla mazÐ, dhlad  λ1(−1, 1, 0, 0) +λ2(0, 0, 2, 2) +λ3(0, 0, 1, 0) +λ4(0, 1, 0, 0) = 0
apì thn arq ;
Autì to k�name giatÐ e�n arqik� paÐrname to telikì grammikì sunduasmì kai
mac èbgaine ìti eÐnai grammik� anex�rthta ta dianÔsmata den ja xèrame poio apì
ta 4 mac dhmiourgeÐ to prìblhma. 'Ara ja anagkazìmastan na to diasp�soume kai
na ta elegxoume xeqwrist�. ('Enac pio gr goroc trìpoc eÐnai h klimakopoÐhsh
pou ja doÔme argìtera)

'Askhsh 0.0.39. Na lujeÐ h prohgoÔmenh �skhsh epilègontac gia bohjhtik�
dianÔsmata pr¸ta to (1, 0, 0, 0) kai met� to (0, 1, 0, 0). Ti parathreÐte?

'Askhsh 0.0.40. Na exet�sete an ta dianÔsmata (2,−3, 4), (1, 0, 3), (−1, 2,−2)
apoteloÔn b�sh tou q¸rou IR3.

MejodologÐa eÔreshc b�shc upìqwrou

An o dianusmatikìc upìqwroc dÐnetai apì sqèseic pou ikanopoioÔn oi suntetag-
mènec twn dianusm�t¸n tou tìte akoloujoÔme ta ex c b mata

1. LÔnoume tic sqèseic wc proc tuqaÐec suntetagmènec (eleÔjeroi �gnwstoi).

2. K�noume antikat�stash se èna tuqaÐo di�nusma tou upìqwrou autoÔ.
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3. Epeid  k�je di�nusma gr�fetai kat� monadikì trìpo san grammikìc sun-
duasmìc twn stajer¸n dianusm�twn me suntelestèc touc eleÔjerouc �-
gnwstouc h b�sh ja apoteleÐtai apì ta stajer� dianÔsmata.

'Askhsh 0.0.41. 'Estw Y = {(x, y, z) ∈ IR3 : x + y + z = 0)}. Na brejeÐ
mia b�sh tou.

Apìdeixh. SÔmfwna me thn Parat rhsh 0.0.31 afoÔ to Y eÐnai uposÔnolo
tou IR3 kai èqei èna periorismì perimènoume na pèftei stic dÔo diast�seic.
Epomènwc lÔnoume thn sqèsh wc proc mia tuqaÐa suntetagmènh x = −y − z.
GnwrÐzoume ìti k�je stoiqeÐo tou Y ikanopoieÐ th sqèsh epomènwc gia tuqaÐo
shmeÐo v èqoume

v = (x, y, z) = (−y−z, y, z) = (−y, y, 0)+(−z, 0, z) = y(−1, 1, 0)+z(−1, 0, 1).

Profan¸c to tuqaÐo shmeÐo v mporeÐ na grafeÐ kat� monadikì trìpo sunart sei
twn dianusm�twn (−1, 1, 0), (−1, 0, 1). Ta dianÔsmata (−1, 1, 0), (−1, 0, 1) eÐnai
grammik� anex�rthta (den up�rqei λ tètoio ¸ste (−1, 1, 0) = λ(−1, 0, 1) ) kai
�ra apoteloÔn b�sh tou Y.

'Askhsh 0.0.42. 'Estw V1 = {(x, y, z) ∈ IR3 : x + y + z = 0}, V2 =
{(x, y, z) ∈ IR3 : x − y = 0}. Na brejoÔn oi b�seic kai oi diast�seic twn
V1, V2, V1 ∩ V2, V1 + V2.

LÔsh: Apì thn prohgoÔmenh �skhsh gnwrÐzoume ìti b�sh tou V1 eÐnai h

[(−1, 1, 0), (−1, 0, 1)]

opìte dimV1 = 2. Akolouj¸ntac thn Ðdia diadikasÐa gia thn b�sh V2 èqoume
(x, y, z) = (−y, y, z) = y(−1, 1, 0) + z(0, 0, 1) kai �ra dimV2 = 2. (afoÔ eÐnai
grammik� anex�rthta!)

A trìpoc

Gia ton upologismì thc b�shc tou V1 ∩ V2 lÔnoume to sÔsthma

x = −y − z,
x = y

sunep¸c

x = y,

z = −2y

Epomènwc èna tuqaÐo di�nusma tou V1 ∩ V2 gr�fetai wc

(x, y, z) = (y, y,−2y) = y(1, 1,−2)

'Ara dimV1 ∩ V2 = 1. Qrhsimopoi¸ntac th sqèsh (3) èqoume

dim(V1 + V2) = dimV1 + dimV2 − dim(V1 ∩ V2) = 3.

B trìpoc
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Gia ton upologismì thc b�shc tou V1 + V2 arkeÐ na broÔme to pl joc twn
grammik� anex�rthtwn dianusm�twn touc. Profan¸c h j kh tou q¸rou ja eÐnai

[(−1, 1, 0), (−1, 0, 1), (1, 1, 2)]

Ta dianÔsmata eÐnai grammik� anex�rthta (apìdeixh!!). Epeid  o q¸roc IR3 eÐnai
peperasmènhc di�stashc kai dim(V1 + V2) = 3 apì th sqèsh (3) èqoume

dim(V1 ∩ V2) = dimV1 + dimV2 − dim(V1 + V2) = 1.
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