
GRAFHMATA TOXWN

1. BASIKOI ORISMOI

K�je du�da G = (X(G), U(G)),   (X,U), ìpou X eÐnai èna mh kenì sÔnolo kai U
eÐnai èna sÔnolo apì diatetagmèna zeÔgh (v, u) ∈ X2 onom�zetai gr�fhma tìxwn,  
prosanatolismèno gr�fhma,   gr�fhma me kateÔjunsh,   digr�fhma.
Ta stoiqeÐa tou X kaloÔntai korufèc,   shmeÐa,   kìmboi ìpwc kai sta graf mata

desm¸n, en¸ ta stoiqeÐa tou U kaloÔntai tìxa kai sumbolÐzontai grafik� me tìxa.
Par�deigma : H du�da G = (X(G), U(G)) ìpou X(G) = {v1, v2, v3, v4, v5, v6, v7, v8}

kai U(G) = {(v1, v5), (v2, v3), (v2, v5), (v3, v1), (v4, v1), (v4, v3), (v7, v8), (v8, v2), (v8, v3), (v8, v7)}
eÐnai èna gr�fhma tìxwn. H gewmetrik  tou apeikìnish eÐnai h akìloujh:
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To tìxo (v, v), v ∈ X onom�zetai brìqoc.
Oi orismoÐ eÐnai antÐstoiqoi me autoÔc pou d¸same sta graf mata desm¸n me tic ex c

epishm�nseic :
T¸ra orÐzetai bajmìc exìdou d+(v) enìc kìmbou v (pìsoi desmoÐ ��feÔgoun�� apì

ton kìmbo) kai bajmìc eisìdou d−(v) (pìsoi desmoÐ ��fj�noun��).
'Etsi,

d+(v) = |{u ∈ X(G) : (v, u) ∈ U(G)}|,
en¸

d−(v) = |{u ∈ X(G) : (u, v) ∈ U(G)}|
Profan¸c t¸ra o bajmìc d(v) enìc kìmbou v orÐzetai apì thn sqèsh

d(v) = d+(v) + d−(v).
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Par�deigma : Sto epìmeno gr�fhma
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eÐnai d+(v8) = 3, d−(v8) = 2, d(v8) = 5, d−(v2) = 2, d−(v3) = 0, k.lp.

H diadrom  se èna digr�fhma prèpei en gènei na ��akoloujeÐ�� th dieÔjunsh k�je kìmbou.
Up�rqoun di�fora eÐdh sunektikìthtac sta digraf mata :
'Ena gr�fhma onom�zetai monomer¸c sunektikì an gia opoiod pote zeÔgoc kìmbwn

tou up�rqei monop�ti eÐte apì ton pr¸to proc to deÔtero, eÐte apì to deÔtero prìc ton
pr¸to.
An gia k�je zeÔgoc up�rqei monop�ti kai proc tic dÔo kateujÔnseic tìte to digr�fhma

lègetai isqur� sunektikì.
To digr�fhma lègetai (asjen¸c) sunektikì an gia k�je zeÔgoc kìmbwn up�rqei mia

hmidiadrom  metaxÔ touc (dhlad  t¸ra epitrèpetai kai di�trexh k�poiou tìxou antÐjeta
me ton prosanatolismì tou).
ParadeÐgmata :
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To gr�fhma G1 eÐnai monomer¸c sunektikì (afoÔ gia par�deigma, den up�rqei v1 − v3
monop�ti).
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To gr�fhma G2 eÐnai isqur� sunektikì.
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To gr�fhma G3 eÐnai asjen¸c sunektikì (afoÔ gia par�deigma den up�rqei oÔte v2− v4,
oÔte v4 − v2 monop�ti. Up�rqei ìmwc h hmidiadrom  (v2, v3, v4).

Sun jwc h kleist  diadrom  pou sqhmatÐzetai apì tìxa lègetai kÔklwma.
Par�deigma :
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Sto gr�fhmaG h diadrom  (v2, v3, v5, v6, v2) eÐnai kÔklwma, en¸ h hmidiadrom  (v1, v2, v6, v1)
den eÐnai.

Sta graf mata tìxwn orÐzoume kai ta parak�tw eÐdh grafhm�twn :
Summetrikì onom�zetai èna gr�fhma tìxwn G = (X,U) gia to opoÐo isqÔei

(u, v) ∈ U ⇔ (v, u) ∈ U .
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Par�deigma :
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Antisummetrikì onom�zetai èna gr�fhma tìxwn G = (X,U) gia to opoÐo isqÔei

(u, v) ∈ U ⇔ (v, u) /∈ U
Par�deigma :
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Parat rhsh : Merikèc forèc emfanÐzontai graf mata pou perièqoun sugqrìnwc kai
desmoÔc kai tìxa.
Par�deigma :
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Ta graf mata aut�, ta jewroÔme ousiastik� wc graf mata tìxwn, antikajist¸ntac k�je
dèsmo {v, u} me dÔo tìxa (v, u) kai (u, v). 'Etsi, to prohgoÔmeno par�deigma gr�fetai :
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Fusik�, me thn Ðdia logik  mporoÔme genik� opoiod pote gr�fhma desm¸n na to jewr -
soume antÐstoiqa wc gr�fhma tìxwn, to opoÐo ja eÐnai profan¸c summetrikì. To meio-
nèkthma miac tètoiac prosèggishc eÐnai ìti h antÐstoiqh jewrÐa kai oi efarmogèc gÐnontai
genik� polÔ pio polÔplokec.

2. APEIKONISH GRAFHMATOS TOXWN

'Estw G = (X,U). OrÐzoume thn apeikìnish
Γ : X → P(X) me Γ(v) = {u ∈ X : (v, u) ∈ U}.

Parat rhsh : To zeÔgoc (X,Γ) orÐzei to gr�fhma G isodÔnama me to (X,U) kai
gi� autì mporoÔme na anaferìmaste kai sto gr�fhma (X,Γ) antÐ (X,U). H Γ onom�zetai
apeikìnish tou graf matoc tìxwn.
Par�deigma : Gia to gr�fhma
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èqoume Γ(v1) = {v2, v6}, Γ(v2) = {v5}, Γ(v3) = {v4} k.lp.
AntÐstoiqa me ta graf mata desm¸n, an A = {v1, v2, . . . , vk}, tìte

Γ(A) = Γ(v1) ∪ Γ(v2) ∪ · · · ∪ Γ(vk)
kai (anadromik�), gia n ∈ N∗ :

Γn(v) = Γ(Γn−1(v)).
ParadeÐgmata : Gia to teleutaÐo gr�fhma èqoume :

Γ2(v1) = Γ(Γ(v1)) = Γ({v2, v6}) = {v1, v5} kai
Γ3(v1) = Γ(Γ2(v1)) = Γ({v1, v5}) = {v2, v4, v6}.
An�loga orÐzoume

Γ−1 : X → P(X) me Γ−1(v) = {u ∈ X : (u, v) ∈ U},
Γ−1(A) = Γ−1(v1) ∪ Γ−1(v2) ∪ · · · ∪ Γ−1(vk), ìpou A = {v1, v2, . . . , vk}

kai (anadromik�) gia n ∈ N∗ :
Γ−n(v) = Γ−1(Γ−n+1(v)).
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Par�deigma : Gia to teleutaÐo gr�fhma èqoume :
Γ−1(v1) = {v6}, Γ−1(v2) = {v1, v4}, Γ−1(v3) = ∅ k.lp. kai
Γ−2(v6) = Γ−1(Γ−1(v6)) = {v3, v5, v6}.

3. MHTRA GRAFHMATOS TOXWN

'Estw G = (X,U) èna gr�fhma tìxwn. OrÐzoume thn |X| × |X| m tra MG   M tou G
wc ex c :

M = [mij] me mij =

{
1, an (xi, xj) ∈ U
0, an (xi, xj) /∈ U.

H m tra aut  onom�zetai m tra (geitonikìthtac) tou graf matoc tìxwn.
Par�deigma : Sto gr�fhma G
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antistoiqeÐ h m tra

M =


0 0 1 1 0
0 1 0 1 0
0 0 0 1 0
0 0 0 1 1
0 1 0 0 0

.
IsqÔei h parak�tw prìtash.

Protash 1. O arijmìc twn diadrom¸n m kouc ν, apì ton vi ston vj isoÔtai me to
stoiqeÐo µij thc m trac Mν = [µij].

Par�deigma : Gia to gr�fhma
èqoume

M =


0 1 0 1 0
0 0 1 0 1
0 0 0 0 1
0 1 0 0 1
0 0 0 0 0

, M2 =


0 1 1 0 2
0 0 0 0 1
0 0 0 0 0
0 0 1 0 1
0 0 0 0 0

,

M3 =


0 0 1 0 2
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0

, M4 =


0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

, M5 = O5.
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Sthn M3 èqoume q15 = 2, �ra up�rqoun dÔo diadromèc m kouc 3 apì to v1 wc to v5.
(Pr�gmati, eÐnai oi (v1, v2, v3, v5), (v1, v4, v2, v5)), en¸ q14 = 0, �ra den up�rqei diadrom 
m kouc 3 apì to v1 sto v4. Sthn M4 èqoume q15 = 1, �ra up�rqei mia diadrom  m kouc 4
apì to v1 wc to v5 : (v1, v4, v2, v3, v5).

Sta graf mata tìxwn emfanÐzetai merikèc forèc kai h m tra tìxwnN tou graf matoc,
h opoÐa orÐzetai wc ex c :
An G = (X,U), me X = {v1, v2, . . . , vn}, U = {e1, e2, . . . , em}, tìte h m tra N = [rij]

èqei n grammèc, m st lec kai

rij =


1, an o kìmboc vi eÐnai arq  tou tìxou ej,

−1, an o kìmboc vi eÐnai tèloc tou tìxou ej,

0, an o kìmboc vi den eÐnai �kro tou tìxou ej.
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Par�deigma : Gia to gr�fhma tìxwn G
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h m tra tìxwn eÐnai h

N =


1 0 0 0 0 0 −1 0
−1 1 −1 0 −1 0 0 1

0 −1 1 −1 0 0 0 0
0 0 0 1 1 −1 0 0
0 0 0 0 0 1 1 −1


4. DIATAXH PARAGWGHS - STAJMES

An èqoume mia drasthriìthta pou apoteleÐtai apì di�forec teqnologikèc diadikasÐec, oi
opoÐec upìkeintai se k�poiec sqèseic proteraiìthtac, mporoÔme na sqhmatÐsoume to sqetikì
gr�fhma tìxwn kai na katat�xoume tic korufèc se st�jmec (pou kajorÐzoun th ��seir���
me thn opoÐa pragmatopoioÔntai oi diadikasÐec) qrhsimopoi¸ntac thn parak�tw mèjodo
(Mèjodoc Demoucron). (H mèjodoc efarmìzetai me thn proôpìjesh ìti to antÐstoiqo
gr�fhma den èqei kukl¸mata) :
SqhmatÐzoume èna pÐnaka (me p grammèc) wc ex c :
Stic pr¸tec p st lec v1, v2, . . . , vp topojetoÔme 0 kai 1, ìpwc akrib¸c sth m tra geito-

nikìthtac tou graf matoc, (sun jwc paraleÐpoume ta 0).
Tic epìmenec st lec S0, S1, . . . , tic sumplhr¸noume diadoqik�, qrhsimopoi¸ntac thn ex c

anadromik  diadikasÐa :
Sth st lh S0 gr�foume stic antÐstoiqec grammèc to �jroisma twn 1 k�je gramm c (dh-

lad , touc bajmoÔc exìdou twn kìmbwn v1, v2, . . . , vp). Gr�foume k�tw apì ton pÐnaka
touc kìmbouc me bajmì exìdou 0. Oi kìmboi autoÐ ja topojethjoÔn sthn teleutaÐa st�j-
mh. (Den ja asqolhjoÔme �llo me tic grammèc pou antistoiqoÔn stouc kìmbouc autoÔc.
Gr�foume × se k�je st lh, dexi� apì k�je 0).
'Estw t¸ra, ìti èqoume sumplhr¸sei mèqri kai th st lh Sn, (n ≥ 0) kai èqoume gr�yei

k�tw apì ton pÐnaka kai touc kìmbouc vi, . . . , vj pou antistoiqoÔn sta 0 thc st lhc Sn,
(oi opoÐoi ja eÐnai oi kìmboi sthn n-st  prin apì to tèloc st�jmh).
Sth st lh Sn+1 gr�foume ta stoiqeÐa thc st lhc Sn, kajèna meiwmèno kat� tìsec

mon�dec, ìsa eÐnai ta 1 pou perièqontai stic st lec vi, . . . , vj thc antÐstoiqhc gramm c. Oi
kìmboi pou antistoiqoÔn sta 0 thc st lhc aut c, eÐnai ta stoiqeÐa thc (n + 1)-st c prin
apì to tèloc st�jmhc.
H diadikasÐa oloklhr¸netai ìtan sqhmatisjeÐ mia st lh Sl pou apoteleÐtai mìno apì 0

kai ×.
Par�deigma : 'Estw A,B,C,D,E, F,G,H oi teqnologikèc diadikasÐec, pou upìkein-

tai se mia sqèsh ��teqnologik c proteraiìthtac! �� wc ex c : A > B, A > C, C > B,
C > D, D > E, F > E, F > G, H > A, H > C, H > D, H > E, H > F , H > G,
(gr�foume x > y, ìtan h drasthriìthta x prohgeÐtai thc y).
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SqhmatÐzoume to antÐstoiqo gr�fhma tìxwn G :

G
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H parap�nw diadikasÐa dÐnei :

A B C D E F G H S0 S1 S2 S3 S4

A 1 1 2 1 1 0 ×
B 0 × × × ×
C 1 1 2 1 0 × ×
D 1 1 0 × × ×
E 0 × × × ×
F 1 1 2 0 × × ×
G 0 × × × ×
H 1 1 1 1 1 1 6 4 2 1 0

Ta B,E,G brÐskontai sthn teleutaÐa st�jmh.
Ta D,F brÐskontai sthn proteleutaÐa st�jmh.
To C brÐsketai sthn trÐth apì to tèloc st�jmh.
To A brÐsketai sthn tet�rth apì to tèloc st�jmh.
To H brÐsketai sthn pr¸th st�jmh,

opìte

A

H

C

D

E

B

F

G
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5. ENA PARADEIGMA EFARMOGHS TWN GRAFHMATWN TOXWN
STON QRONIKO PROGRAMMATISMO

Upojètoume ìti gia tic ergasÐec enìc èrgou isqÔei o parak�tw pÐnakac, ìpou to i (antÐ-
stoiqa to j) sumbolÐzei thn ènarxh (antÐstoiqa th l xh) miac sugkekrimènhc drasthriìthtac
se èna èrgo, en¸ o qrìnoc tij eÐnai o anamenìmenoc qrìnoc gia thn pragmatopoÐhsh thc
drasthriìthtac (i, j) tou èrgou.

Drasth riìthtec Qrìnoc
i j tij
1 2 5
1 3 6
1 4 6
2 3 3
2 5 4
2 6 3
3 4 5
3 6 6
3 8 4
3 9 7
4 7 7
5 9 2
5 11 4
6 7 4
6 9 5
7 8 7
7 11 2
8 9 3
8 10 2
9 10 3
10 12 8
11 12 9

JewroÔme ìti h ènarxh thc drasthriìthtac (j, k) lamb�nei q¸ra mìno ìtan èqoun prag-
matopoihjeÐ ìlec oi drasthriìthtec (i, j), (gia j 6= 1).
Apì ta parap�nw prokÔptei èna gr�fhma tìxwn me kìmbouc tic en�rxeic kai tic l xeic

twn drasthriot twn, tìxa tic antÐstoiqec drasthriìthtec kai arijmoÔc sta tìxa oi opoÐoi
dÐnoun touc anamenìmenouc qrìnouc gia k�je tètoia drasthriìthta. O kìmboc 1 dÐnei thn
ènarxh kai o kìmboc 12 th l xh tou èrgou.
To gr�fhma den prèpei na perièqei kukl¸mata.
Zht�me ton enwrÐtero qrìno kat� ton opoÐo mporeÐ na oloklhrwjeÐ to èrgo. ArkeÐ loipìn

na broÔme diadoqik� ton enwrÐtero qrìno olokl rwshc gia na ft�soume se k�je kìmbo,
upojètontac ìti o enwrÐteroc qrìnoc gia to 1 (ènarxh) eÐnai 0.
O zhtoÔmenoc enwrÐteroc qrìnoc olokl rwshc tou èrgou, eÐnai loipìn profan¸c o enw-

rÐteroc qrìnoc gia ton kìmbo 12 (l xh tou èrgou).
Oi diadoqikoÐ qrìnoi eÐnai shmeiwmènoi dÐpla sthn k�je koruf  tou graf matoc.
Blèpoume loipìn ìti o enwrÐteroc qrìnoc gia thn olokl rwsh tou èrgou me ta dedomèna

tou prohgoÔmenou pÐnaka eÐnai 41.
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O drìmoc (1, 2, 3, 4, 7, 8, 9, 10, 12) pou antistoiqeÐ ston anwtèrw qrìno onom�zetai
krÐsimoc drìmoc tou èrgou kai oi antÐstoiqec drasthriìthtec krÐsimec drasthriì-
thtec.
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