
1. BASIKOI ORISMOI

K�je du�da G = (V (G), E(G)),   (V,E),   (X,E) ìpou X eÐnai èna mh kenì sÔnolo kai
E eÐnai èna sÔnolo apì (mh diatetagmèna) zeÔgh {x, y}, x, y ∈ X onom�zetai gr�fhma
desm¸n,   aprosanatìlisto gr�fhma.
Ta stoiqeÐa tou X kaloÔntai korufèc,   shmeÐa,   kìmboi (vertices, points), en¸

ta stoiqeÐa tou E kaloÔntai desmoÐ,   grammèc,   qordèc,   pleurèc,   akmèc
(edges, lines).
Ja asqolhjoÔme ed¸ me peperasmèna graf mata, (dhlad  |X| ∈ N∗). To E mporeÐ

na eÐnai ∅. Suqn� gr�foume |X| = p   n kai |E| = q. O plhj�rijmoc |X| onom�zetai t�xh
tou graf matoc.
Par�deigma :
H du�da G = (X,E) ìpou X = {v1, v2, v3, v4, v5, v6, v7, v8} kai E = {{v1, v3}, {v1, v4},
{v1, v5}, {v2, v3}, {v2, v5}, {v2, v8}, {v3, v4}, {v3, v8},
{v7, v8}} eÐnai èna gr�fhma desm¸n. H gewmetrik  tou apeikìnish eÐnai h akìloujh:
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Sqhma 1. 5

An oi x, y tautÐzontai èqoume èna brìqo. Ed¸ ja asqolhjoÔme me graf mata qwrÐc
brìqouc ektìc an anaferjeÐ rht� to antÐjeto.

ISOMORFA GRAFHMATA
Ta graf mata desm¸nG = (X,E) kaiG′ = (X ′, E ′) onom�zontai isìmorfa an kai mìno

an up�rqei amfimonos manth apeikìnish f : X → X ′, me {x, y} ∈ E ⇔ {f(x), f(y)} ∈ E ′.
An dÔo graf mata G kai G′ eÐnai isìmorfa, ja gr�foume G ' G′.
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ParadeÐgmata :
Ta epìmena graf mata eÐnai isìmorfa :
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G (X, E) :
v1

’

’ ’ ’: G  (X , E  )

diìti gia thn f : X → X ′ me

f(v1) = v′4,
f(v2) = v′1,
f(v3) = v′2,
f(v4) = v′3,
f(v5) = v′5.

èqoume pr�gmati ìti
{vi, vj} ∈ E ⇔ {f(vi), f(vj)} ∈ E ′

(gia par�deigma :

{v1, v2} ∈ E kai {v′4, v′1} ∈ E ′
{v2, v4} /∈ E kai {v′1, v′3} /∈ E ′
{v4, v5} ∈ E kai {v′3, v′5} ∈ E k.o.k.).

Ta epìmena graf mata eÐnai ìla isìmorfa :

AntÐjeta ta epìmena dÔo graf mata den eÐnai isìmorfa:
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MORFES GRAFHMATWN

1) Mhdenikì gr�fhma : G = (X,E) me E = ∅.
Par�deigma :
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2) Tetrimèno gr�fhma : G = (X,E) me |X| = 1.

3) Pl rec gr�fhma : G = (X,E) tètoio ¸ste ∀x, y ∈ X me x 6= y isqÔei ìti {x, y} ∈
E.
Parat rhsh : To pl rec gr�fhma me n kìmbouc sumbolÐzetai me Kn.
Par�deigma : To gr�fhma K3 eÐnai èna trÐgwno :
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en¸ to gr�fhma K4 eÐnai to :
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4) Gem�to gr�fhma : Pl rec gr�fhma kai me ìlouc touc brìqouc.
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Par�deigma :
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UPOGRAFHMATA

1)Upogr�fhma tou G = (X,E) : 'Ena gr�fhma G1 = (X1, E1) me X1 ⊆ X kai E1 ⊆ E.
Par�deigma :
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2) Genetikì (  gennhtikì,   merikì) gr�fhma,   gr�fhma zeÔxhc tou G =
(X,E): 'Ena gr�fhma G1 = (X,E1) me E1 ⊆ E.
Par�deigma :
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3) KlÐka: K�je pl rec upogr�fhma tou G.
Mègisth klÐka : KlÐka me to mègisto dunatì arijmì kìmbwn.
ParadeÐgmata :
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Oi mègistec klÐkec twn dÔo grafhm�twn shmei¸nontai me kìkkino qr¸ma.
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SUMPLHRWMA

7) Sumpl rwma Gc tou G = (X,E) me |X| = n : 'Ena gr�fhma Gc   Ḡ   G∗ = (X,Ec)
me Ec = E(Kn) \ E(G).
Par�deigma :
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Gia k�je v ∈ X orÐzoume ΓG(v) = {u ∈ V (G) : {v, u} ∈ E(G)}.
Tìte dG(v),   d(v),   deg(v) = |ΓG(v)|, eÐnai o bajmìc tou kìmbou v.
Dhlad  bajmìc tou v sto G, lègetai to pl joc twn desm¸n tou G twn opoÐwn o v eÐnai

�kro.
Par�deigma :
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Sto parap�nw gr�fhma, oi kìmboi tou èqoun touc akìloujouc bajmoÔc:

d(v1) = d(v4) = 3
d(v2) = 2
d(v3) = d(v6) = 1
d(v5) = 0.

K�je kìmboc bajmoÔ mhdèn lègetai memonwmènoc kìmboc.
'Ena gr�fhma G lègetai d-kanonikì an dG(v) = d, ∀x ∈ X.
Stic eidikèc peript¸seic d = 2, d = 3 ta antÐstoiqa graf mata lègontai kÔkloc kai

kubikì gr�fhma.
ParadeÐgmata :

G G1 2

Ta graf mata G1, G2 eÐnai kÔkloc kai kubikì gr�fhma antÐstoiqa.

To gr�fhma G = (X,E) lègetai v0 − vn monop�ti (  apl� monop�ti) m kouc n, an
X = {v0, v1, . . . , vn} me d(v0) = d(vn) = 1 kai d(vi) = 2, ∀i 6= 0, n.
Par�deigma :
'Estw G = (X,E) me X = {v1, v2, . . . , vn}.
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Monop�ti m kouc 8

AkoloujÐa bajm¸n tou G lègetai h peperasmènh akoloujÐa
(d(v1), d(v2), . . . , d(vn)).

Par�deigma :
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H akoloujÐa bajm¸n tou parap�nw graf matoc eÐnai (3,3,2,1,1,0).
Parat rhsh : Sun jwc gr�foume thn akoloujÐa bajm¸n enìc graf matoc se fjÐ-

nousa t�xh.

2. BASIKA APOTELESMATA

Protash 1.
|X|∑
i=1

d(vi) = 2|E|.

Porisma 2. Se k�je gr�fhma o arijmìc kìmbwn me perittì bajmì eÐnai �rtioc.

Porisma 3. K�je kubikì gr�fhma èqei �rtio pl joc kìmbwn.

Protash 4. An |X| = 6, tìte   to G   to Gc perièqei toul�qiston èna upogr�fhma
isìmorfo me to K3, (dhlad  èna trÐgwno).

Protash 5. An dÔo graf mata G,H eÐnai isìmorfa, tìte:
i) 'Eqoun thn Ðdia akoloujÐa bajm¸n, kai m�lista isqÔei ìti dG(v) = dH(f(v)), ∀v ∈ X(G).
ii) 'Eqoun isìmorfa upograf mata.

3. PRAXEIS

'Estw G1 = (X1, E1), G2 = (X2, E2).
'Enwsh G = G1 ∪G2 eÐnai to gr�fhma G = (X,E) me X = X1 ∪X2 kai E = E1 ∪E2.
Par�deigma : 'Estw

G1 G2
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H ènwsh twn grafhm�twn G1 kai G2 eÐnai to gr�fhma G = G1 ∪G2 :
'Ajroisma G = G1 + G2 eÐnai to gr�fhma G = (X,E) me X = X1 ∪ X2 kai E =

E1 ∪E2 ∪ {{vi, vj} : vi ∈ X1, vj ∈ X2} (dhlad  to G1 +G2 eÐnai to G1 ∪G2 mazÐ me ìlouc
touc desmoÔc pou en¸noun ta stoiqeÐa tou X1 me stoiqeÐa tou X2).
Par�deigma : 'Estw
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To �jroisma twn grafhm�twn G1 kai G2 eÐnai to gr�fhma G = G1 +G2 :
Ginìmeno G = G1 × G2 eÐnai to gr�fhma G = (X,E) me X = X1 × X2 kai an

α = (v1, u1), β = (v2, u2) ∈ X tìte (α, β) ∈ E an kai mìno an :
(v1 = v2 kai {u1, u2} ∈ E(G2)),   (u1 = u2 kai {v1, v2} ∈ E(G1)).
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Par�deigma :
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G   x  G2 1
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(u , v   )

(u , v   )

(u , v   )

(u , v   )

  2 (v   , u  )   2

1

2

3

1

1

1 2

1

v1 v
2

u1 u2 u3

2(u , v   )3

SÔnjesh G = G1(G2) eÐnai to gr�fhma G = (X,E) me X = X1 × X2 kai an α =
(v1, u1), β = (v2, u2) ∈ X tìte (α, β) ∈ E an kai mìno an :

({v1, v2} ∈ E(G1)),   (v1 = v2 kai {u1, u2} ∈ E(G2)).
Par�deigma :

G1 G2

1
3

1 2 2 3

21 11

1

2 

1

2 2

22

v v u u u

(v  , u  ) (v  , u  ) (v  , u  )

(u  , v  ) (u  , v  )2

31

1

(v , u  ) (v , u  ) (v , u  )

2

1

    2G  (G   )

2  1G  (G   )
 1(u  , v  ) 1 (u  , v  ) 2

 3(u   , v  ) 2   3(u    , v  )  1

Tèloc an G = (X,E) kai v ∈ X, e ∈ E orÐzoume ta graf mata G − v, G − e wc
ex c: X(G − v) = X \ {v}, E(G − v) = E \ {ei ∈ E : v ∈ ei}, en¸ X(G − e) = X,
E(G− e) = E \ {e}.
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ParadeÐgmata :
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4. SUNEKTIKOTHTA

Diadrom  pou en¸nei touc kìmbouc vi, vj enìc gr�fhmatoc G (  vi − vj diadrom )
eÐnai mia akoloujÐa thc morf c (vi, eik, vk, ekl, vl, . . . , vr, erj, vj), ìpou est eÐnai o desmìc
tou graf matoc pou en¸nei touc kìmbouc vs kai vt. (Sun jwc perigr�foume mia diadrom 
mìno me touc diadoqikoÔc kìmbouc thc : (vi, vk, vl, . . . , vr, vj)). M koc miac diadrom c
onom�zetai to pl joc twn desm¸n thc.
An se mia vi − vj diadrom  tou G k�je desmìc emfanÐzetai mia mìno for�, h diadrom 

lègetai vi − vj drìmoc tou G. An epiplèon, se èna vi − vj drìmo tou G k�je kìmboc
emfanÐzetai mia mìno for�, o drìmoc lègetai vi − vj monop�ti tou G.
Mia vi−vj diadrom    ènac vi−vj drìmoc tou G, me vi = vj lègetai kleist  diadrom 

touG   kleistìc drìmoc touG. Tèloc, ènac kleistìc drìmoc touG, ìpou k�je kìmboc
emfanÐzetai mia mìno for�, lègetai kÔkloc tou G.
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Par�deigma :
Gia to gr�fhma G èqoume :
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v1 − v5 diadrom  tou G : (v1, e1, v2, e7, v6, e9, v4, e8, v2, e7, v6, e5, v5),
  suntomìtera (v1, v2, v6, v4, v2, v6, v5).
v1 − v5 drìmoc tou G : (v1, v2, v3, v4, v2, v6, v5).
v1 − v5 monop�ti tou G : (v1, v2, v3, v4, v6, v5).
Kleist  diadrom  tou G : (v1, v2, v6, v4, v3, v2, v6, v1).
Kleistìc drìmoc tou G : (v1, v2, v3, v4, v2, v6, v1).
KÔkloc tou G : (v1, v2, v4, v6, v1).

Parat rhsh : ParathreÐste th diafor� an�mesa stouc orismoÔc twn grafhm�twn
{monop�ti} kai {kÔkloc} pou dìjhkan nwrÐtera kai stouc orismoÔc {monop�ti graf matoc}
kai {kÔkloc graf matoc} pou dÐnontai ed¸.
'Akuklo lègetai èna gr�fhma pou den èqei kÔklouc.
ParadeÐgmata :

G1 G2

'Ena gr�fhma lègetai sunektikì an gia opoiousd pote dÔo kìmbouc tou, up�rqei mo-
nop�ti pou touc en¸nei.
ParadeÐgmata :

G G
1 2

Sunektik� graf mata

Sunist¸sa enìc graf matoc G onom�zetai k�je megistikì (maximal) sunektikì upo-
gr�fhm� tou (dhlad  k�je sunektikì upogr�fhm� tou pou den eÐnai upogr�fhma k�poiou
�llou sunektikoÔ upograf matoc tou G).
Profan¸c ta sunektik� graf mata apoteloÔntai apì mia mìno sunist¸sa : ton eautì

touc.
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Mh sunektik� graf mata

ParadeÐgmata : Sto prohgoÔmeno sq ma oi sunist¸sec tou G3 eÐnai ta dÔo trÐgwna
G3,1, G3,2 me X(G3,1) = {v1, v2, v3} kai X(G3,2) = {v4, v5, v6} antÐstoiqa, en¸ to G4 èqei
profan¸c treic sunist¸sec.
KleÐdwsh (  shmeÐo kop c) enìc sunektikoÔ graf matoc G lègetai k�je v ∈ X

tètoio ¸ste G− v : m  sunektikì.
ParadeÐgmata : Oi kìmboi v4, v6 tou parak�tw graf matoc G eÐnai kleid¸seic, en¸

o v1 den eÐnai.
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G−v G−v 6   1

v7

SÔnolo kleid¸sewn enìc sunektikoÔ graf matoc G lègetai k�je
{v1, v2, . . . , vn} ⊆ X tètoio ¸ste to (((G− v1)− v2)− · · · )− vn na eÐnai m  sunektikì.
Parat rhsh : Sun jwc mac endiafèroun ta el�qista sÔnola kleid¸sewn.
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Par�deigma : Gia to gr�fhma
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to sÔnolo {v2, v5} eÐnai èna el�qisto sÔnolo kleid¸sewn, afoÔ to G den èqei kleid¸seic,
en¸ to gr�fhma (G− v2)− v5 eÐnai mh sunektikì.

1

3

4

v

v

v

(G − v  ) − v 
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Isjmìc (  gèfura) enìc sunektikoÔ graf matoc G lègetai k�je e ∈ E tètoioc ¸ste
G− e : mh sunektikì.
Par�deigma :
Gia to gr�fhma
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o {v3, v4} eÐnai gèfura, afoÔ to gr�fhma
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G − {v  , v   }
 3 4 v

4

eÐnai mh sunektikì.

'Ena mh tetrimèno, sunektikì gr�fhma qwrÐc kleid¸seic lègetai mh diaqwrÐsimo ( 
sumpagèc,   disunektikì).
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Par�deigma :

An to H eÐnai èna megistikì mh diaqwrÐsimo upogr�fhma tou G (dhlad  to H den eÐnai
upogr�fhma k�poiou �llou mh diaqwrÐsimou upograf matoc tou G) tìte lègetai mplok
(  sumpagèc upogr�fhma) tou G.
Par�deigma :
Ta mplok tou graf matoc
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Protash 6. 'Estw G = (X,E) èna sunektikì gr�fhma kai v ∈ V . Oi parak�tw
prot�seic eÐnai isodÔnamec:
i) O kìmboc v eÐnai kleÐdwsh tou G.
ii) Up�rqei mia diamèrish tou X \ {v} se uposÔnola U,W tètoia ¸ste, ∀u ∈ U , ∀w ∈ W
o kìmboc v an kei se k�je u− w monop�ti.
iii) Up�rqoun kìmboi u,w di�foroi tou v tètoioi ¸ste o v an kei se k�je u− w monop�ti.

Protash 7. 'Estw G = (X,E) èna sunektikì gr�fhma kai e ∈ V . Oi parak�tw
prot�seic eÐnai isodÔnamec:
i) O desmìc e eÐnai isjmìc.
ii) O desmìc e den an kei se kanèna kÔklo tou G.
iii) Up�rqei diamèrish tou X se U,W tètoia ¸ste gia k�je u ∈ U , w ∈ W o desmìc e
an kei se k�je u− w monop�ti.
iv) Up�rqoun u,w ∈ X tètoioi ¸ste o desmìc e an kei se k�je u− w monop�ti.

Apìstash d(u, v) metaxÔ dÔo kìmbwn u, v miac sunist¸sac tou G onom�zetai to el�-
qisto m koc metaxÔ ìlwn twn diadrom¸n pou touc sundèoun.
Gewdesikì lègetai k�je u− v monop�ti enìc graf matoc G, me m koc Ðso me d(u, v).
Di�metroc d(G) enìc sunektikoÔ graf matoc G lègetai to m koc tou megalÔterou

gewdesikoÔ tou, (dhlad  h megalÔterh apìstash an�mesa se ìla ta dunat� zeÔgh kìmbwn).
Ekkentrìthta e(v) enìc kìmbou v enìc sunektikoÔ graf matocG eÐnai h max

u∈X(G)
d(u, v).
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Parat rhsh : Profan¸c d(G) = max
v∈X(G)

e(v).

AktÐna r(G) enìc sunektikoÔ graf matoc G eÐnai h el�qisth ekkentrìthta, an�mesa
se ìlouc touc kìmbouc tou G, dhlad  r(G) = min

v∈X(G)
e(v).

O v lègetai kentrikìc kìmboc tou sunektikoÔ graf matoc G, an e(v) = r(G).
Kèntro tou sunektikoÔ graf matoc onom�zetai to sÔnolo twn kentrik¸n tou kìmbwn.
Par�deigma :
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d(v1, v6) = 3
(v1, v2, v4, v6): gewdesikì, (v1, v2, v7, v6): gewdesikì
(v1, v2, v4, v7, v6): ìqi gewdesikì
d(G) = 3
e(v1) = e(v3) = e(v5) = e(v6) = e(v8) = 3
e(v2) = e(v4) = e(v7) = 2
r(G) = 2
Kèntro tou G = {v2, v4, v7}.
An up�rqei ènac drìmoc tou graf matoc G, o opoÐoc qrhsimopoieÐ ìlouc touc desmoÔc

tou G, lègetai drìmoc Euler. An to G perièqei èna kleistì drìmo Euler, tìte lègetai
gr�fhma Euler.
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ParadeÐgmata :

 1G 2

1 6

5

3

4
v

v v

v

v

v
 2G 1

6 4

3

2

v

v v

v

v

v5

G  3

To gr�fhma G1 perièqei to drìmo Euler (v1, v2, v3, v4, v5, v2, v6) all� den eÐnai gr�fhma
Euler.
To gr�fhmaG2 eÐnai gr�fhma Euler, afoÔ perièqei ton kleistì drìmo Euler (v6, v1, v2, v3, v4,

v1, v3, v6, v4, v5, v6).
To gr�fhma G3 den perièqei drìmo Euler.

Protash 8. 'Ena sunektikì gr�fhma G eÐnai gr�fhma Euler an kai mìno an ìloi oi
kìmboi tou èqoun �rtio bajmì.

'Enac kÔkloc tou G o opoÐoc dièrqetai apì ìlouc touc kìmbouc tou G lègetai kÔkloc
Hamilton. An to G perièqei èna kÔklo Hamilton, lègetai gr�fhma Hamilton.
ParadeÐgmata :

G

21 3

4

6

7

5

8

v v v

v

v

v

vv

1

G  2

To gr�fhmaG1 eÐnai gr�fhma Hamilton, afoÔ perièqei ton kÔklo Hamilton (v1, v2, v5, v3, v4,
v6, v7, v8, v1), en¸ to gr�fhma G2 den eÐnai gr�fhma Hamilton, afoÔ profan¸c den perièqei
èna kÔklo Hamilton.
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