
Kef�laio 2'Algebra Boole

2.1 Diktuwt�'Estw (A,≤) èna merik¸ diatetagmèno sÔnolo. An k�je dÔo stoiqe�atou èqoun èna monadikì el�qisto �nw fr�gma (supremum) kai èna monadikìmègisto k�tw fr�gma (infimum), ta opo�a an koun sto A, tìte to sÔnololègetai diktuwtì.Gia k�je diktuwtì (A,≤) up�rqei èna fusikì trìpo na or�soume miadom  (A,∨,∧), ìpou ∨,∧ e�nai dÔo eswterikè dimele� pr�xei sto A, tètoie¸ste gia k�je a, β ∈ A to a ∨ β (ant�stoiqa to a ∧ β) na isoÔtai me to
supremum tou (ant�stoiqa to infimum tou).Par�deigma 1 To diktuwtì pou apeikon�zetai sto epìmeno sq ma, gia tosÔnolo A = {a, b, c, d, e, f, g}.
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or�zei th dom  (A,∨,∧) ìpou oi pr�xei ∨,∧ or�zontai apì tou parak�twp�nake:
∨ a b c d e f g

a a a a a a a a

b a b a a b a b

c a a c a c c c

d a a a d a d d

e a b c a e c e

f a a c d c f f

g a b c d e f g

∧ a b c d e f g

a a b c d e f g

b b b e g e g g

c c e c f e f g

d d g f d g f g

e e e e g e g g

f f g f f g f g

g g g g g g g g1



Par�deigma 2 To diktuwtì (P(S),⊆), ìpou S = {a, b, c}, fa�netai stoparak�tw sq ma:
{a,b,c}

{a,b} {b,c}{a,c}

{a} {b} {c}

0Gia thn ant�stoiqh dom  (P(S),∨,∧) oi pr�xei ∨,∧ e�nai oi gnwstèpr�xei ∪,∩ ant�stoiqa pou d�nontai apì tou parak�tw p�nake:
∩ {a, b, c} {a, b} {a, c} {b, c} {a} {b} {c} ∅

{a, b, c} {a, b, c} {a, b} {a, c} {b, c} {a} {b} {c} ∅
{a, b} {a, b} {a, b} {a} {b} {a} {b} ∅ ∅
{a, c} {a, c} {a} {a, c} {c} {a} ∅ {c} ∅
{b, c} {b, c} {b} {c} {b, c} ∅ {b} {c} ∅
{a} {a} {a} {a} ∅ {a} ∅ ∅ ∅
{b} {b} {b} ∅ {b} ∅ {b} ∅ ∅
{c} {c} ∅ {c} {c} ∅ ∅ {c} ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅

∪ {a, b, c} {a, b} {a, c} {b, c} {a} {b} {c} ∅
{a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c}
{a, b} {a, b, c} {a, b} {a, b, c} {a, b, c} {a, b} {a, b} {a, b, c} {a, b}
{a, c} {a, b, c} {a, b, c} {a, c} {a, b, c} {a, c} {a, b, c} {a, c} {a, c}
{b, c} {a, b, c} {a, b, c} {a, b, c} {b, c} {a, b, c} {b, c} {b, c} {b, c}
{a} {a, b, c} {a, b} {a, c} {a, b, c} {a} {a, b} {a, c} {a}
{b} {a, b, c} {a, b} {a, b, c} {b, c} {a, b} {b} {b, c} {b}
{c} {a, b, c} {a, b, c} {a, c} {b, c} {a, c} {b, c} {c} {c}
∅ {a, b, c} {a, b} {a, c} {b, c} {a} {b} {c} ∅Parat rhsh To parap�nw par�deigma profan¸ genikeÔetai gia opoiod pote sÔnolo S.
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Oi pr�xei ∨,∧ th dom  pou antistoiqe� se èna diktuwtì, apodeiknÔetai ìti èqoun tiparak�tw idiìthte, gia k�je a, b, c ∈ A.
a ∨ b = b ∨ a
a ∧ b = b ∧ a

} (antimetajetikè)
a ∨ (b ∨ c) = (a ∨ b) ∨ c
a ∧ (b ∧ c) = (a ∧ b) ∧ c

} (prosetairistikè)
a ∨ a = a
a ∧ a = a

} (adÔname)
a ∨ (a ∧ b) = a
a ∧ (a ∨ b) = a

} (aporrofhtikè)2.2 Duadik  'Algebra Boole2.2.1 Orismì'Estw B = {0, 1} kai oi eswterikè pr�xei +, · (ant� ∨, ∧ ant�stoiqa) pou or�zontaiw ex :
x y x + y x · y1 1 1 11 0 1 00 1 1 00 0 0 0ApodeiknÔetai ìti h dom  (B, +, ·) or�zei èna diktuwtì kai ìti epiplèon isqÔoun oiidiìthte

x · (y + z) = x · y + x · z
x + y · z = (x + y) · (x + z)

} (epimeristikè)Or�zoume ep�sh thn eswterik  monomel  pr�xh ��sumpl rwma�� sto B h opo�a sumbo-l�zetai me ′ (  ) kai or�zetai w ex :
x x′1 00 1To diktuwtì autì (ìpou to B e�nai disÔnolo kai epiplèon isqÔei h epimeristik  idiìthtakai or�zetai h ènnoia tou sumplhr¸mato) onom�zetai duadik  �lgebra Boole.Parat rhsh O orismì th duadik  �lgebra Boole epekte�netai (genikeÔonta thnènnoia tou sumplhr¸mato) kai sthn per�ptwsh ìpou to B èqei p�nw apì dÔo stoiqe�a.
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2.2.2 IdiìthteAfoÔ h duadik  �lgebra Boole e�nai diktuwtì, isqÔoun ta parak�tw
x + y = y + x
x · y = y · x

} (antimetajetikìthta)
x + (y + z) = (x + y) + z
x · (y · z) = (x · y) · z

} (prosetairistikìthta)
x + x = x
x · x = x

} (adunam�a)
x + (x · y) = x
x · (x ∨ y) = x

} (aporrofhtikìthta)kai epiplèon
x · (y + z) = x · y + x · z
x + y · z = (x + y) · (x + z)

} (epimeristikìthta)IsqÔoun ep�sh oi parak�tw idiìthte:
i. (x′)′ = x
ii. x + 0 = x kai x + 1 = 1.
iii. x · 0 = 0 kai x · 1 = x.
iv. x + x′ = 1 kai x · x′ = 0.
v. x + x = x kai x · x = x.
vi. x + x′ · y = x + y.
vii. (x + y)′ = x′ · y′

(x · y)′ = x′ + y′

} (tÔpoi De Morgan).Oi apode�xei twn idiot twn g�nontai me p�nake   qrhsimopoi¸nta prohgoÔmene idiì-thte.Parade�gmata1. Apìdeixh th prosetairistik  idiìthta
x + (y + z) = (x + y) + z

x y z y + z x + (y + z) x + y (x + y) + z1 1 1 1 1 1 11 1 0 1 1 1 11 0 1 1 1 1 11 0 0 0 1 1 10 1 1 1 1 1 10 1 0 1 1 1 10 0 1 1 1 0 10 0 0 0 0 0 0
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2. Apìdeixh twn epimeristik¸n idiot twn
x · (y + z) = x · y + x · z

x y z y + z x(y + z) xy xz xy + xz1 1 1 1 1 1 1 11 1 0 1 1 1 0 11 0 1 1 1 0 1 11 0 0 0 0 0 0 00 1 1 1 0 0 0 00 1 0 1 0 0 0 00 0 1 1 0 0 0 00 0 0 0 0 0 0 0
x+y · z = (x+y) · (x+z)

x y z yz x + yz x + y x + z (x + y)(y + z)1 1 1 1 1 1 1 11 1 0 0 1 1 1 11 0 1 0 1 1 1 11 0 0 0 1 1 1 10 1 1 1 1 1 1 10 1 0 0 0 1 0 00 0 1 0 0 0 1 00 0 0 0 0 0 0 03. Apìdeixh twn idiot twn iv

x + x′ = 1 kai x · x′ = 0

x x′ x + x′ xx′0 1 1 01 0 1 04. Apìdeixh th aporrofhtik  idiìthta
x + x · y = x :

x + xy = x1 + xy = x(1 + y) = x1 = x.5. Apìdeixh th idiìthta vi.
x′ + x · y = x′ + y :

x′ + xy = (x′ + x)(x′ + y) = 1(x′ + y) = x′ + y5



2.2.3 Exis¸seiJèloume na broÔme ti timè tou x,   twn x, y,   twn x, y, z, . . . gia ti opo�e epalh-jeÔontai oi exis¸sei. (Fusik� x, y, z, . . . ∈ B = {0, 1}.)Par�deigma 1 Na luje� h ex�swsh
x′y + xy′ = 0.

x y x′ x′y y′ xy′ x′y + xy′1 1 0 0 0 0 01 0 0 0 1 1 10 1 1 1 0 0 10 0 1 0 1 0 0'Ara 









x = y = 1 
x = y = 0.Par�deigma 2 Na luje� h ex�swsh

xz′ + x′yz + y′z′ = 1.'Estw F = xz′ + x′yz + y′z′.
x y z z′ xz′ x′ yz x′yz y′ y′z′ xz′ + x′yz F1 1 1 0 0 0 1 0 0 0 0 01 1 0 1 1 0 0 0 0 0 1 11 0 1 0 0 0 0 0 1 0 0 01 0 0 1 1 0 0 0 1 1 1 10 1 1 0 0 1 1 1 0 0 1 10 1 0 1 0 1 0 0 0 0 0 00 0 1 0 0 1 0 0 1 0 0 00 0 0 1 0 1 0 0 1 1 0 1

'Ara,


















































x = y = 1, z = 0 
x = 1, y = z = 0 
x = 0, y = z = 1 
x = y = z = 0.
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Par�deigma 3 Na luje� (kai diereunhje�) h ex�swsh
ax + bx′ = 0, ìpou a, b ∈ B.

a b ax + bx′1 1 x + x′ (=1)1 0 x0 1 x′0 0 0 → 'Ara adÔnath.
→ 'Ara x = 0.
→ 'Ara x′ = 0, (dhlad  x = 1).
→ 'Ara tautìthta, dhlad  isqÔeigia k�je x, (dhlad  isqÔeigia x = 0 kai gia x = 1).2.2.4 Sust mataNa luje� to sÔsthma {

x′ + xy′ = 1
x + xy = 0 }

.

x y x′ y′ xy′ xy x′ + xy′ x + xy1 1 0 0 0 1 0 11 0 0 1 1 0 1 10 1 1 0 0 0 1 00 0 1 1 0 0 1 0'Ara (x, y) = (0, 1)   (x, y) = (0, 0).2.2.5 Sunart sei BooleK�je sun�rthsh f : Bn → B lègetai sun�rthsh Boole.Par�deigma 1
f : B2 → B me f(x, y) = xy′ + x′y.H f pa�rnei ti timè:

f(1, 1) = 1 · 0 + 0 · 1 = 0 + 0 = 0,
f(1, 0) = 1 · 1 + 0 · 0 = 1 + 0 = 1,
f(0, 1) = 0 · 0 + 1 · 1 = 0 + 1 = 1,
f(0, 0) = 0 · 1 + 1 · 0 = 0 + 0 = 0,  (me p�naka)
x y y′ xy′ x′ x′y f1 1 0 0 0 0 01 0 1 1 0 0 10 1 0 0 1 1 10 0 1 0 1 0 0 7



Par�deigma 2
f : B3 → B me f(x, y, z) = xy + z′.H f pa�rnei ti timè:

f(1, 1, 1) = 1 · 1 + 0 = 1 + 0 = 1.
f(1, 1, 0) = 1 · 1 + 1 = 1 + 1 = 1.
f(1, 0, 1) = 1 · 0 + 0 = 0 + 0 = 0. k.lp.2.2.6 Efarmogè1. DiakìpteDiakìpte �par�llhloi� −→ +

1 + 1 = 1 1 + 0 = 1 0 + 0 = 0
(0 + 1 = 1)Diakìpte �se seir��−→ ·

1 · 1 = 1 1 · 0 = 0 0 · 0 = 0
(0 · 1 = 0)2. D�polaSe k�je sun�rthsh Boole antistoiqe� èna d�polo kai ant�strofa:Sto d�polo

x’

z

y

x

y’

antistoiqe� h sun�rthsh
f(x, y, z) = x′y′ + z(x + y).
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Sto d�polo
x

y’ z

y

wantistoiqe� h sun�rthsh
f(x, y, z, w) = xy + xwz + y′wy + y′z

= xy + xwz + y′yw + y′z

= xy + xwz + 0w + y′z

= xy + xwz + y′z.Ant�strofa:Sth sun�rthsh
f(x, y, z) = xy′z′ + x′yz + xyzantistoiqe� to d�polo

y’ z’

yx’ z

zyx

x

All�
f(x, y, z) = xy′z′ + (x′ + x)yz

= xy′z′ + 1 · yz

= xy′z′ + yz,opìte pa�rnoume to ant�stoiqo (aploÔstero) d�polo
x y’ z’

y z
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3. 'Algebra logik¸n prot�sewnA (alhj  prìtash) ant� 1.Y (yeud  prìtash) ant� 0.
∨ ( ) ant� +.
∧ (kai) ant� ·.
∼ (�rnhsh) ant� ′.Oi trei pr�xei th 'Algebra Boole, d�noun ti ant�stoiqe pr�xei th �lgebra lo-gik¸n prot�sewn.

p q p ∨ q p ∧ qA A A AA Y A YY A A YY Y Y Y p ∼ pA YY AEp�sh or�zontai kai oi pr�xei → (an ... tìte), ↔ (an kai mìno an) me b�sh tonparak�tw p�naka:
p q p → q p ↔ qA A A AA Y Y YY A A YY Y A AO èlegqo th al jeia twn logik¸n prot�sewn g�netai me p�nake al jeia.Par�deigma Gia thn prìtash

(p → q) → (p ∧ q)prokÔptei o parak�tw p�naka al jeia:
p q p → q p ∧ q (p → q) → (p ∨ q)A A A A AA Y Y Y AY A A Y YY Y A Y Y
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Ekfr�sei th Logik  kai th 'Algebra Boole oi opo�e d�noun se k�je per�ptwshant�stoiqa apotelèsmata (A ant� 1 kai Y ant� 0) jewroÔntai ant�stoiqe sth Logik  kaithn 'Algebra Boole.Par�deigma 1 H sunepagwg  p → q th Logik  antistoiqe� sthn èkfrash x′ + y th'Algebra Boole, afoÔ
p q p → qA A AA Y YY A AY Y A x y x′ x′ + y1 1 0 11 0 0 00 1 1 10 0 1 1Par�deigma 2 H isodunam�a p ↔ q th Logik  antistoiqe� sthn èkfrash xy + x′y′ th'Algebra Boole afoÔ

p q p ↔ qA A AA Y YY A YY Y A x y xy x′ y′ x′y′ xy + x′y′1 1 1 0 0 0 11 0 0 0 1 0 00 1 0 1 0 0 00 0 0 1 1 1 14. Arqè Logik  Arq  th dipl  �rnhshH (x′)′ = x antistoiqe� sthn ∼ (∼ p) ↔ p.Arq  th tou tr�tou apokle�sewH x + x′ = 1 d�nei ìti p∨ ∼ p : Alhj .Arq  th ant�fashH xx′ = 0 d�nei ìti p∧ ∼ p : Yeud .
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Ask sei1) Sto sÔnolo N
∗ or�zetai h merik  di�taxh / (diairetìthta), me x/y an kaimìno an o x diaire� ton y. An E e�nai to sÔnolo twn diairet¸n tou 36,na deiqje� ìti to (E, /) e�nai èna diktuwtì, gia to opo�o na doje� kai toant�stoiqo sq ma.2) Sto sÔnolo N
2 or�zetai h merik  di�taxh ≤ (di�taxh ginìmeno), me

(x1, y1) ≤ (x2, y2) an kai mìno an x1 ≤ x2 kai y1 ≤ y2.An E = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3)}, na deiqje� ìti to (E,≤)e�nai èna diktuwtì, gia opo�o na doje� kai to ant�stoiqo sq ma.3) Na apodeiqjoÔn oi idiìthte v, vi kai vii (De Morgan) th 'Algebra
Boole.4) Me qr sh twn idiot twn, na aplopoihjoÔn oi parast�sei:

i) xy′ + yz + z′w + x′y′z.
ii) x(x′ + y)(z′ + w)z.5) Na lujoÔn oi exis¸sei th 'Algebra Boole:
i) x′ + xy′ = 1.
ii) xy′ + x′y + yz′ = 0.
iii) xyz′ + x′yz + xyz = 1.6) Na lujoÔn ta sust mata th 'Algebra Boole:
i) {

x′ + xy′ = 1
x + xy = 0.

ii) {

y + x′y + z = 1
y′ + xz + y′z = 0.

iii) {

x′ + xy′ + y′ = 0

y + x′y + x = 1.7) Na brejoÔn ta d�pola pou antistoiqoÔn sti sunart sei:
i) f(x, y, z) = (x + y)z + x′y′z′.
ii) f(x, y, z) = xyz + x′yz + xy′z′.12



8) i) Na breje� h sun�rthsh pou antistoiqe� sto d�polo
x’ z’

x

y

z

w

ii) Na aplopoihje� to parap�nw d�polo.9) Na aplopoihjei to parak�tw d�polo.
x

y

x y

x’

10) Na grafe� o p�naka al jeia gia ti parak�tw logikè prot�sei:
i) (p ∨ q) → (∼ p ∨ q).
ii) p → (q ∧ r).
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