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Ta va kboovpe o vomua C| y |=| 2 | propotue puoi v epupubsove m
=) 2

10080 anahowgiig Tov Gauss. Evag @Aog Tpomog Eiva va ZpTIoIOTOLoovE T0

Yyeyovog bt o C eivan avnotpéyos. Exovue
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TPAMMIKA EYETHMATA
Mua @3 epapyoyii Tov oplovady civa 1 ETAVOT TETEIOVIKGY YPAKGY
CUGTTOV MOV EOVY AVTIGTPEYINO TIVAKG GUVTEREOTGY.

@cipnpa 8 (kavévag Tov Cramer)
Ocopoiyc iva wrpayoviks ypauuxd aiomua
a3 +ax5+ b,

QT b,
Gniadi éva ypouxd ciomua drov w0 Tifos v apGoTLY Ka 0 Tifos TV
edodozoy eivar 1 idi0. YroBizouue dti ) opiova wov Tivaxa wv suvieieotiy dev
eivas pndév. Tore n povaduwij o eivaa
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G100 D=del(a,) zivar 1 opiCovoa wov mivaka wy qwveizotdy kai D, aivar 1
opitovoa o0 mivaxa xov mpOKiTE amd oV mvGKG TV oUVIEAETTOV Qv
B

avaxazasvjoos oy i aojin pe ) oviin | : | wv oraepav dpov.

Tapaderypa
43y
©zopodyz To abomua 2v-+2y—
x+3y+dz

Me toug mporyodpevous cupBoricpoig Exovpe.
13
D=det|2 2 -1|=-12
134
031
Di=det| 11 2 -1|=—49
123 4
1101
D,=det|2 11 -
124
1310
Dy=det|2 2 11]=-8.
131

Apa vrdpyet povaduc kbon Tov divera and
D_—49_49
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BAZIKEX ENNOIEX

BAZEIZ
Opopéc 1 (mpies oto B")
YaevbupiCoope 6n pe B” ovpokilove 1o ovoro tov Suterayévov n-idov
(u,..,u,), 6mov u, € B Ta stoyzia 100 cuvéhov avtob propobv va fempnBoiv oav
ivaxe peyébovs 1xn, SnAad cav Tivaxes Tov &0vY H6vo ua Ypapwd, Toveris
ot0 ivaro R éovpe my mpdaliean mov opileta amd

(et )+ (e, ) = 0, 4V, +7,)
K exiong propobye va mollariacidaoos stougia tov B e apidjiod: cougove
e ov kavéva

ro—

Ta rapaderypa, (2,-1,3)+2(0,-3,7) =(2,-1,3)+(0,-6,14) = (2,-7,17).
‘Orav avagepbpacte 010 civoro R” pali pe g aponyodueves tpaceg .
JpnoyorowbyE Ty Exppaon 0 76pog B Ta otoryeia tov B* u ta Aépe kau
Suviopara.

(@u,..au,), aeR

Opropés 2 (ypappxés cuvdvacyos)

Eotw ,....v, R"
1. Evas ppappIKas covavacuis wv v,...v, eivas éva otoeio ov R” s

Hoppiic ay, +..+a,v,,q €R.
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2. O e 61 ta oroyEia ,....v, nAPaYOVY T0 Kipo R® av yia Kle

veR" undpgovy a,....a, € R wro dowe v=ay, +.+a,,
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apadzippata
1. Egstaovps av o (1,4,3) siva ypappuog owvdvaopos wov (1,2,-1),(
Snhadi eetaCovpe av vrdprovy a,be R tétow dote
(14.3)=a(1,2,-1)+5(0.1,2)  Exovpe

(14.3)=a(12,-)+b(0.1,2) &
1
4=2a+b
3=—a+2b

,2),

Bhémove peca om o Tehevtaio choTua e kbon, T @ =

=2 Apato
(1,4,3) siva ppappuxds cuvdvaouos wov (1,2,-1,(0,1,2) ka oo
(143)=(.2-)+20,1.2)

2. EgetdCovue av a (1,2,-1),(0,1,2) mapiyowy to R*, Snhasdi av yia kide
(€,¢5,¢,) € R viprowy a,b e R , tétow dote

(6.6,6)=a(12,-1)+5(0.1.2).
“Eyovpe.
(e =all2,-)+5(0,1,2) &

O eravEnévog Tivaxag Tov CVOTRATOS (1E AVGOTOVS a,b) eivar

10 ¢
21
12

Me Grotzeiddes peracmuanoposs ypaupoy (B, Kegihao 3) Prérovpe o1
awrég sivan YpapoicodIvaos ke tov

1o <
01 -2
00 ¢+5¢-2,




image14.PNG
Anb v tehevtaia ypayei PAérovpe ST av ¢, + S, ~2¢, %0, 6t 10 apqkd

ovoTpa eivar adivato. Apa a (1,2,-1),(0,1,2) dev apiyowy 1o R’
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Opiopéc 3 (ypappucii aveZapnoia)
ot v,,...v, €R". Ta owygeia avd Xéyovea ypoppikd aveldpryta av axd o)

opéon ay+.+a,,=0.0,€R, i avapaouki u a =0.

Auagopenkd avi ovoudlovas ypapuind eSaptipéva.

Tupadeiypara

1 Ta (1,2),(3,3) € R? eivan ypappuxd aveEdpma pari
a(l,2)+5(3,3)=0=
(a+3b,2a+3b)=0=>
a+3b=0
=
2a+3b

a=b=0.
2. Ageeticoupe avra (1,2),(3,3),(L3) € B civan ypaupicd aveEipma.
“Egovpe
a(1,2)+5(3,3)+¢(1,3)=(0,0,0) =
(a+3b+c,2a+3b+30)=(0,0,0)=
a+3bre=0
2a+3b+c=0.
To tehevtaio ebotnua et ko kn kbon exto: and m undevici (pob eivar
opoYEvES K 01 lvosTon eivn RepiosOTepol o eEiciazov, B Kep 3,
Ocipna 9). Apu ta Socuéva Siaviopara sivan paKd eapmpéva.

Opiopos 4 (Bion Tov R")
Eva 000l {v,...v, | oroigeicw v R" ovodletar phoy wv R av et ug sidyes

1. tav,...y, zapdyouy 0 R*

2. tav,,...v, eva ypaguxd avelaprta
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Tapaderypa
To atvoko {(1,2),(3.3)} eivan pa ion tov R Tpéypan,
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1. Ta (1,2),3,3) mapiyovy 0 B2 Eoto (¢,,c;) € B Tore

a(1,2)+53.) = (6,0
(a+3b,2a+3b)=

Bhérovpe 671 To GUGTIG e ayvOTONS T0VS a.b et Ao, agob
13
de <0
23
2. Eidue piv ot Tupudetyuara ov Opiowod 3 6n ta
(1,2).(3.3) & B eivan ypappxi aveZdponza.
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BAZEID
Tipéracn 2
Eotw on ta baviouata vi,..v, mapiyowy 10 R'. Av 10 v, ehve ypouKis

TVVEVaTUGS TV Vi, Tt 1@ V...V, Tapdyovy 10 R"

Ozipnpa 3 (windapidpog Paons)

Eotw ,....v, €R"
L Avaay,...v, ehva ypaguxd avesdpora, e ovue m<n.

2 Avaav,

¥,y TUpdyouy 10 R”, 1t grovue m > n.

3. AvTav,..v, axomioiv fion tov R", tite iyovus m=n.

ToviCovyz 6mt k0e pion tov R" anoteheita and n otovyeio.

Tépiopa 4
Eoto> {v,,...v,} S R". Tore ta axiiovfa zivar iwosivaua

1. To {v,,...v,} eivai ua paoy rov R

2. To {w,...v,} zapiyer o R"

3. To {v,...v,} eiva ypaguxd aveZiprro.
Soppuva pe 1o Tlopiope avtd, av &govse n otoyeia o0 B" kun Ochovue va
ehéyEous av auti axotehot Bion Tov B, tote apkei v ehéyZoops povo pia @
g Suo cuviiikes mov VPOV GTOV OPIGPG ™S Paomg.

Tiopiopa 5 (ioe kat opiZovees)

Eotw v,....v, € R ka ot A 0 nxn xivaxag 1ov oxoiov 1 ovi i civas 0

Lo, Tot 1 v,...,v, arowioby fioy oo R" av Kai évo av det 4%0.

Tapiderypa
Ta dwvbopata (1,2,1),(1,4,0),(2,-1,5) arotzhoiv aon tov B*, nati
112
det|2 4 -1 |=120.

105
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AYMENES. ASKHSEIS

Acxnon 1
Egeniore av o (1,2,-1) eivas ypogguxss ovvdvaouds

1wy (3,0.4)(54,2)
2wy (304,541

Avon

1. Sogova pe ov Opious 2 eZetalovus av vripgow a,be R pie
(1,2,-1)=a(3,0,4)+b(5,4,2). Eyovpis Sadoyic
(1,2,-D=a3,0,4)+b(5,4.2) =
(1,2,-1)=(3a+5b,4b 4a +2b) <
1=3a+5b
a
~1=da+2b,

Advoveag 1o sboTa PAérovge o vadpye kbon. (Midota, n Ao eiva
ovadua a:%,h:%,m‘mmmmwmm Mag eviagéper
 dmapci Toukdgotov wag Abeng). Apato (1,2,-1) eivat ypapyuds
Guvduaoyos tov (3,0,4),(5,4,2).
2. Egetalovpe av vmiprovy a,be R pe (1,2,-1)=a(3,0,4) +b(5,4,1). Exovpe
Sudogwi
(1,2,-)=a3,0,4)+b(5,4,) =

(1,2,-1)=(a-+5b,4b,4a +b) &
1=3a+5b

EtKoha Siamotivoups 611 1o oboma Sev gt kbon. Apa to (1,2,-1) dev
efvan ypapyukdg ovvdvaopss tov (3,0,4),(5,4,1).
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Acknon 2
1. Eetdore av 1o aivoio {(1,2,-1),(0,3,4),(0,2,1)} eiva fion tov B®.
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2. Na fipefoiv o1 apés ov x tézores cove 1o {(1,2,-1),(0,3,4),(0.2,2)} sivar

Pion o0 B
Adon
12 -1
1. EgappoCovra to [opioua 5, éxovpe det| 0 3 4 |=-520 ko Gpa w0
021
Soojiévo covoho eiva o).
12 -1
2. Me mapopowo tpémo éxovpe det| 0 3 4 | =3x8 xan dpa 10 Soopivo

02 x

Givoko eivat Pion av Kat povo av 3x*8¢0¢31:§,
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Acknon 3
Eéerdore av ta rapaxio duaviouata eival ypauKt: avelapmza.
1 (11,-1,2),(0,1,1,2),(2,3,0,1)
2. (11,-1,2),(0,1,1,2),(2,3,0,1),(2,4,5,1),(0,-1,-1,2).
Adon
1. Toppova pe tov Opioud 3, éoto a,b,c e R. Exovpe
a(1,1,-1,2)+5(0,1,1,2) +¢(2,3,0,1)=(0,0,0,0) =
(a+2c,a+b+3c,~a+b,2a+2b+c)=(0,0,0,0) >
a+2e=0
a+b+3c=0
~a+b=0
2a+2b+c=0.

Mug eviagéper av umdpyet ) pdevici] Abor tov mapanive cotiparos. T
0 oKomé atd ag eguppdcovps T pElodo amarowgic Tov Gauss  oTov
snavnpévo mivak 6mos padape oto Kegihao 3. Exoupe
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o= -
oo oo
e

o —-oco
oo oo

Ané tov tehevraio mivaka BAETOUHE GpEcE 6TL TO GUGTHA £l HOVASIKT
b o unevici. Apa o Soouéva Siavbopata eivat ypuyd aveEipma.
2. o Ou propodouye va eguppéoovpe Kt e5b TV TponyodyEvy pEdodo
kA amartodvia apKetés mpaEeic. EVag mo GOVIONOG Kat KORYGS TPOTOC
sivat va mapampiicovue Ot Eovpe 5 Saviopata oto R kat 6OpgoVa pE T0
Oedpnua 3 1) Gutd Sev £ival YpapuIKa aveEpmTa.
Znpeiwoy  Tto mpdto vrospéTa TG Goxneng avtiig eape om Y va
amopavBobye av Stavicpata v,,...,v, 00 R” eivat ypapyuke aveapmra, pmopodpe
VO GYMUaTICOVKE TOV nxm TVOKG PE GTHAES T V, KGL VO GEPOVHE TOV TVAKW GE
TpryoVIKi) popgi. Ao avti) EdKoAa GupTEpUivOVpE @V VpYEL ) unBeviK| Abon.
T10 SebTEPO VIOEPGTHA £idapE 6TL 0 TPONYOBEVOS ahyPIBpOG eV Efvan Thvia o
owovoIKGTEpog TpoToS emikuonc.




image24.PNG
Acknon 4
Eéerdore av ta rapaxiro daviouata zapdyovy o R’
L (12,-1),3,4,0),5.8,-2),(8,12,-2)
2 (1L13),2.0).
Abon
1. Toppova pe tov Opioud 2 éoto (c,.¢,.¢,) € B Oa eéeticope av vmiprovy
a,b,c.d R téow bote
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a(1,2,-1)+b(3,4,0)+¢(5,8,-2) +d(8,12,-2) = (¢, c1.c,)
i 108tvapa

a+3b+5c+8d=c,

2a+4b+8c+12d=c,

—a-2c-2d=c,
O exavEnEvOS TivaKas Tov GUGTIATOS Eivat 0

135 8 ¢

248 12 ¢

10 2 2 ¢
Kat spapy6lovias m 16030 axakotpi Tov Gauss Bpiokovyc, petd and
4PKETOTS GTOYEIDBELS HETUOINATIGODS YPUpUGY, TIY aviTypévn KhpaxoT
Hopei

10220
01120
00001

A6 TV TerevTaia Ypaypi GupmEpuivovys 6Tt T0 GhoTIH eiva uBbvato, dpa
0 Soopéva Sravicpata dev mapiyowy o R’

. "Eyovpe 2 Siaviopata 6to R kat chpgove pe 10 Oedpnua 3 2) autd dev
mapéyowy to B
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Acknon 5
Eéetdors o wowa k ta (1,2,-1),(3,4,0),(5,8,-2),(8,12,k) mapdyovv 10 B,
Abon
1% 1pémog. Epyalopevor 6moc axpBis 6to apéro uépog T mponyoduevng
Goxneng godvovpe 610 svoTIA

a+3b+5c+8d =c,

2a+4b+8c+12d =c,

—a-2c+kd=c,.
O £RAVENPEVOS TIVEKOS TOD GUGTHNATOS £ivat O

13 5 8 ¢

248 12¢
10 2 k o
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Merdt and pepiots GTonEbBE HETUoYHATIONODS Ypayudy BpioKovpe my

Tpryovic popor
13 5 8 <
0 -2 -2 —4

0 0 0 -2k-4 -2 +dc-3c,

Ta Soopéva Siavboparta tapiyovy 1o R* av ka1 jovo av 10 6DOTIHA 70V avTioTonget
o0 tehevraio mivaxa e bom 1 ke ¢, . ATd TV TekevTaia Ypapi PAérovps dn
av ~2k-4=0, Snhadi av k=-2, 10 cbompa civen adHvaTo GTNY TEpiTTOON TOV
~2¢, +4¢, -3¢, #0. Apa o Sviopata Sev mapiyouy T R’. Aviifeta, i xide
k-2, w0 obomua ivar copfipactd v kide ¢, Kat o Siavbopate TapEYOLY T
R.

2 tpémos. Edkoka enakndebovus 6n ta mpéta tpia Savicpoata eivar ypuppkd
efapruéva kat rovpe (5,8,-2)=2(1,2,~1)+(3,4,0). Apa 1o pomua mg dornon
1008uvaei e 10 Vi Bpospe Tig T Tov k i T omofes o Siaviopata

(1,2,-1),3,4,0).(8,12,4)

mapiyowy to B, Enerdi avtd eivar 3 Suaviopata oto B, &ovps om Siideor pog
w0 Iopiope 5. Avid  opmpotiCow  évav  mivaka  mov  éxst opiloven

138

det| 2 4 12|=-2k-4 xa avr eivo Suigopn oV PBEVOS AV Kat pévo av
10 k

k#-2.
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Aoknon 7

Eote 6u {v,,v,,v,} eivas pua fion rov R*.
1. Amodeidre 6nito B ={2v, +v,, 2, +v,,2v, +v,} sivas pa fioy rov R’

2. Hapaotijots 10 v, ~v, +3v, oav ypauuixd ovvdvaous tov aroiov s fions

B
Abon
1. Enexdij 1o B anoteheiton and 3 otoyzeia tov R, apei v SeiZovpe 671 avtd
sivar ypoppuxd aveZiprea (6pioy 5). Exovpe
a2y, +v,) +b(2v, +v,) + (v, 1) =02
(Qa+cv, +(a+2b)v, +(b+2c)v, =0.
A6 v vm60Eon Ta v,,v,, v, Eiven Ypoppikd ave£GprnT. Toveni and Ty
whevtaie ogfon maipvoups 2a+c=a+2b=b+2c=0. Abvovias To
cbomue atd Préitovpe 6n a=b=c=0. Apu t oroysic tov B sivar
TpoypKG aveZiprta.
2. Byovpe

30, =a(2y +1,) +h(2y, +1) ey, +1,) S
2a+cyy, +(a+2b)v, +(b+2c)v,

Vv 3y

A6 Ty tekevtai 16T Kot m povadidme Tov suvigheotoy (Ipéraon
6) muipvoupe To cleTpa

5
Aivovedc to ppiokovpe a = 3+ Apa o Lobpevos rpappkds

GUVBVAGROS v v, ~v, +3v, =

%(Zvl +v1)7%(2v, +vj)+§(2v, +v).
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Acknon 8

Na fpeoin o1 s wou k yia g omoiss 1o (k,2,1) aivas ypaguuxis oovivaouds rv
ML), T us wpés aveds va mapasmioree w0 (k2,1) oav ypauns
auvdvaoud v (1L11,(2,1-1).

Abay

Avalntape ta k yia ta onoia vadpyowy a,b ol dote
(k,2,1)=a(1,1,1)+b(2,1,~1). To avtictogo chomua sivar

+2b

I=a-b

Anb g Svo tekevtaies eEiohoeis Ppiokovus a:%,

O Gicotpevos ypaupkos cuvivacyss eivat (k,2,1) =a(LLD-+b(2,1, 1), Snkadi

% Téte 1 apérm diver k:%

5 3 1
G2D=50LD+ LD,
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KAIMAKQTH MOPOH IINAKA
Opiopic 8 (sToyz1bGING peTacmpaTionss Ypappey)
Eorw A€M, (F). Kabcud axé ug mapaxie dadiasies ovoudlewa ivas
Croues s peracypaTionds paudv zov zivaxa A
* ovomiacidfous pa ypauyui tov A e éve p unbeviis oroigsio oo
* poobitonus o pua ypay zoliamidaro ding ypauic
* vaiddaconus b0 ypauus.
“Eoto 7, 0 ypap 1ov A. Ot aveiotozot vuPokiopol tov xaparive Sudikasiby

sivan

* 1@ (roMamhaoiovpe TNV £, peT0 @ £0)

® nonar (om ypap 1, RpocBEtovps @ Gopéc TV 1, )

1 > 1} (evakhiooovpE TS 1,1, ).

Oprouts 9 (ypappoicodivapor rivakes)
Eoww ABeM,,(F). Oa iiye bu o B civar ypappoizodsvauos ue wv A av o B
ToxiTT axd v A peti axb ua memepacuévy axolovia  cronEnsdy
HETAOYIUaTIONGY Jpapcy.

12 3
0717

I et

Oprops 10 (khpaxorol mivaxes)
a. Evas mivaxas A ovouddera Kipaxetis av
1. w0 apéo  pndevixs orogcio o Kibe ) pndevini Jpagyui
ehvarwo 1
2. 0 mpdito 1 oz Kabe g pdevini) spagyu fpioneta oa decid o0
Zpaitov 1 o1¢ zponyoiuevys ypavic

123
] :ivmyw‘moloo&l'vmpnguzmv[ ] agob

—
m:moﬂﬁnypun[ a1 s
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